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Preface

It may be said that a substantial part of the theory of incidence
geometry is devoted to questions about ‘covers’of the set of points or
lines (or ‘blocks’) by various means. It has been fashionable recently to
consider ‘flocks’of quadric sets, which are covers of elliptic, hyperbolic
quadrics or quadratic cones by maximal sets of mutually disjoint conics.
All of these covers are, in turn, equivalent to certain partitions of a four-
dimensional vector space by sets of mutually disjoint two-dimensional
vector subspaces, which is one example of a ‘spread’of a vector space.
Indeed, vector space ‘spreads’in this context are equivalent to ‘pro-

jective spreads’of a three-dimensional projective space. In this context,
projective spreads are sets of mutually skew lines that form a disjoint
cover of the set of points. These objects are of considerable interest
in that they construct very interesting examples of projective or affi ne
planes. Going a bit further with the ideas of covers, a ‘packing’or ‘par-
allelism’of the three-dimensional projective space is a disjoint cover of
the set of lines by a set of spreads. In a very real sense, this is perhaps
the most fundamental of the covering objects in incidence geometry
and at the same time one that has, until recently, very few ‘interesting’
or ‘nice’examples.
Many geometers are drawn to the subject of incidence geometry by

the elegant beauty and simplicity of the examples. Of course, there
now are a number of fascinating examples of ‘parallelisms,’ and the
point of the text is to show how to construct most if not all of the more
interesting ones.
It seems that spreads are also very much of interest in the more

general sense, that of a set of mutually disjoint vector subspaces of the
same dimension of a given finite dimensional vector space. Not much
is really known of spreads that have nice group properties, but what is
known shall be essentially given in this text. More generally, arbitrary
partitions of vectors by subspaces not necessarily of the same dimension
are beginning to have applications. Recently, general spreads of vector
spaces have been used to study and construct ‘subgeometry partitions
of projective spaces.’Here there are some very basic questions, such as

xv
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what might be the variety of the subgeometries involved in a partition
of a projective space?

Definition 1. Let P be a projective space. A ‘parallelism’of P
is an equivalence relation on the set L of lines such that the Euclidean
parallel postulate holds.

Let ` be a line and denote by [`], the equivalence class containing `.
Then let P be any point of P that is not incident with `. Then there
exists a unique line `P , incident with P and ‘parallel’to `. Hence, there
is a partition of the points of P by any equivalence class.

Definition 2. A partition of the points of a projective space P by
a set of disjoint lines is said to be a ‘line spread’of P .

Just as we have pointed out previously:

Remark 1. Since partitions of the line set of a projective space
and equivalence relations are equivalent, we see that a partition of the
lines of a projective space by spreads is equivalent to a parallelism of a
projective space.

Why are parallelisms of projective spaces of interest to geometers?
Suppose the spreads of a parallelism produce ‘field’ affi ne planes (or
projective planes). We shall get to the exact meaning of this in due
course, but merely think of the affi ne Euclidean plane over the field
of real numbers R, where we insert an arbitrary field for the field R.
Since field planes are so very easy to construct, it would seem likely
that there are many parallelisms consisting of field spreads. However, it
turns out that such parallelisms are quite hard to come by. For reasons
that will come later, we call such parallelisms ‘regular’and the effort
to find regular parallelisms does pay off in the construction of new and
quite amazing affi ne planes.
In graduate school in 1964 at Washington State University, I was

studying algebraic geometry when my advisor thought that I should
broaden my reading and suggested that I take a course in finite geom-
etry from T.G. Ostrom, who was charting some very new directions in
the construction of affi ne and projective planes. The short version of
this story is that I never went back to algebraic geometry and became
fascinated by the ideas of ‘derivation’ that Ostrom was developing.
Derivation is a construction method by which a renaming of certain
subplanes (called ‘Baer subplanes’) as ‘new’lines together with certain
of the ‘old’lines sometimes can produce a totally different affi ne plane
from a given one. Projectively, a projective Baer subplane is a sub-
plane that touches all points and lines, in the sense that every point is
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incident with some line of the subplane and every line is incident with
some point of the subplane. The derivation process is perhaps the most
important construction procedure in the construction of affi ne and pro-
jective planes. The reader interested in more details on derivation is
directed to the author’s text Subplane Covered Nets, [114].

Actually, this text forms the fourth volume of a series of works on
finite geometry and a word on where the present volume fits is appro-
priate. In the text Subplane Covered Nets, [114], there is a complete
theory of derivation. The analysis of a derivable affi ne plane focuses
more properly on the associated net that contains the Baer subplanes
that are used in the process and which are redefined as lines in the
derived affi ne plane. Considered in this manner, a derivable net is a
net that is covered by subplanes in the sense that given any two affi ne
points P and Q of the net that are collinear, there is a unique subplane
πP,Q of the net that contains P and Q and which shares the set of
parallel classes of the net as the line at infinity of the corresponding
projective plane. The text then concerns the analogous theory of nets
that are covered by subplanes as in the previous manner. In this text,
there is the introduction of the direct product of affi ne planes of the
same order (or cardinality), which becomes a net containing the two
affi ne subplanes. When the two affi ne subplanes are Pappian, the con-
structed net is a derivable net, and in this case, we identify the affi ne
subplanes. If the Pappian subplanes correspond to quadratic field ex-
tensions of a given field K, then repeated application of these ideas
produces a set of derivable nets that share a regulus net coordinatized
by K. If L is a component of this regulus net and is a four-dimensional
K-space, then any Pappian K-spread of L induces a direct product
derivable net sharing the regulus net. Considering L as a projective
space PG(3, K), then any Pappian parallelism of PG(3, K) induces a
set of derivable nets, the union of which produces a spread in PG(7, K)
for a translation plane admitting SL(2, K).
Thus, the text Subplane Covered Nets, provides ideas for the analy-

sis of parallelisms of projective spaces. In this work, we shall repeat
parts of the theory of direct products that applies to parallelisms, so
as to keep this text as self-contained as possible.
The study of parallelisms in PG(3, q) involves, of course, a set of

q2 + q+ 1 spreads in PG(3, q) that construct translation planes. In the
work Foundations of Translation Planes, [21], a complete background
is given not of only of translation planes of "dimension two," which
arise from spreads in PG(3, q), but also of general translation planes.
The reader is directed to the foundations text for general information
on translation planes, but again, we shall include enough of the theory
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here so that the reader is not necessarily dependent on this previous
text.
Suppose that a parallelism in PG(3, q) admits a collineation group

that leaves one spread invariant and acts transitively on the remain-
ing q2 + q spreads. Then we shall show that the fixed spread defines a
Desarguesian translation plane and the remaining spreads define trans-
lation planes of order q2 with associated spreads in PG(3, q) that admit
Baer groups of order q (a group of order q that fixes a Baer subplane
pointwise). Such translation planes actually correspond to flocks of
quadratic cones and so certain of the theory of flocks of quadratic sets
shall be developed in this text.
Considering that a parallelism is defined as a covering of the line set

by a spread, a natural generalization would be to consider analogous
geometries as follows: If a spread is a covering of the point set by
mutually disjoint ‘blocks,’then a covering of the block set by spreads
can be called a parallelism. When we consider parallelisms of quadric
sets in PG(3, K), for K a field, we would used the term ‘flock’instead
of spread so that a parallelism of a quadric set is a covering of the
conics by a set of mutually disjoint flocks. Generalizations include
parallelisms of sharply k-transitive geometries, for k ≥ 2.

In general, there is a tremendous variety of connections with the
theory of translation planes and other point-line geometries, all of
which are explicated in the text Handbook of Finite Translation Planes,
[138]. What has not been done is to give a comprehensive and "up to
date" treatment of parallelisms of projective spaces and other geome-
tries, and, of course, the intent here is to do just that. We have men-
tioned translation planes and the vector space partitions that produce
them but there are other spreads that do not produce translation planes
but may produce Sperner Spaces. One important class of geometric
structures associated with Sperner Spaces is that of a subgeometry
partition of a projective space. More generally, a subgeometry parti-
tion of a projective space need not produce or correspond to a Sperner
space or a translation plane but always gives rise to a general partition
of a vector space. Even though there are some examples of partitions
of vector spaces known, there is almost no theory that has developed
from such covers. Here we also provide a census of most of the known
examples of partitions and what can be said theoretically of associated
point-line geometries. Since there are many new subgeometry parti-
tions constructed, we then provide a complete description of all known
examples.

Therefore, it is felt that this fourth text Combinatorics of Spreads
and Parallelisms, is a strong complement to the previous three texts
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Subplane Covered Nets, Foundations of Translation Planes, and Hand-
book of Finite Translation Planes.
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here. Much of the work, however, is quite new, and a set of open
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(Gabriel) has had on my career in mathematics. My mother was a
talented mathematician in spirit and ability, but my grandfather was
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Part 1

Partitions of Vector Spaces



In this part, we consider a variety of partitions of vector spaces,
which are more general than the spreads that construct translation
planes. This material is very general, and there are many new areas of
research presented. We also focus on the so-called focal-spreads, which
are partitions of a vector space of dimension t+ k by subspaces of two
different dimensions, t and k, where there is a unique t-subspace. It
will turn out that such focal-spreads can become the building blocks
for general partitions.

2



CHAPTER 1

Quasi-subgeometry Partitions

0.1. Partitions of Vector Spaces. A ‘t-spread’ of a finite di-
mensional vector space over a skewfield K is a partition of the non-zero
vectors by vector subspaces of the same dimension t. Apart from their
intrinsic interest, these partitions are important geometrically, which
we shall see in due course.
We shall assume, for the most part, that the reader is familiar

with basic aspects of affi ne and projective planes and their collineation
groups. In our previous texts on finite geometry, the main emphasis
has been on the type of projective and affi ne planes called ‘translation
planes.’ Of course, the main reason for this is that all known finite
projective planes are intrinsically related to finite vector spaces and
for this reason are connected somehow to translation planes. In the
following, we note the connection between translation planes and vector
spaces.
We start at the beginning with the fundamental definitions.

Definition 3. An ‘affi ne plane’ is a triple (P ,L, I), of sets of
‘points P,’ ‘lines L,’ and ‘incidence I ⊆ P × L,’ with the following
properties:
(1) Given two distinct points P and Q, there is a unique line `

incident with P and Q, and which we shall denote by PQ.
(2) Given a line ` and a point P not incident with `, there is a

unique line m that is not incident with any points (is ‘disjoint from’)
with ` and is incident with P . The line m is said to be ‘parallel’to `.
(3) There are at least four points no three of which are ‘collinear’

(are not incident with a common line).

Remark 2. It is easy to show that ‘parallelism’is an equivalence
relation on the set of lines of an affi ne plane. The equivalence classes
are called ‘parallel classes.’ So, given two lines from distinct parallel
classes, there is a unique point incident with the lines, and each point
is incident with a unique line of each parallel class.

Definition 4. A ‘projective plane’is a triple (P ,L, I), of sets of
‘points P,’‘lines L,’and ‘incidence I,’with the following properties:

3
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(1) Given two distinct points P and Q, there is a unique line `
incident with P and Q, and which we shall denote by PQ.

(2) Given two distinct lines p and q, there is a unique point L
incident with p and q, and which we shall denote by p ∩ q.

(3) There are at least four points no three of which are ‘collinear’
(are not incident with a common line).

Remark 3. It is well known and straightforward to check that given
a projective plane π+, it is possible to construct an affi ne plane by
removing a line ` and the subset of the points incident with `, [`], and
where incidence of the new structure is inherited from the projective
plane. Hence, if (P ,L, I) is a triple that defines a projective plane,
then (P−[`],L − {`}, I − {(P, `);P ∈ [`]}) is an affi ne plane π.
The affi ne plane is called the ‘affi ne restriction of the projective

plane by `.’ The line ` then defines the set of parallel classes of the
affi ne plane and is sometimes called the ‘line at infinity.’
If π is an affi ne plane, for each parallel class α, formally adjoin a

‘point’ to each line of α and let the union of the parallel classes be a
formal line `∞, again called the ‘line at infinity’of π. With the natural
extension of the point, line, and incidence sets, an associated projective
plane π+ is constructed, called the ‘projective completion of the affi ne
plane π.’

We shall also be interested in point-line geometries with line par-
allelism with a slightly weaker set of axioms than that of an affi ne
plane.

Definition 5. A ‘Sperner Space’ is a triple (P ,L, I), of sets of
‘points P,’ ‘lines L,’ and ‘incidence I ⊆ P × L,’ with the following
properties:
(1) Given two distinct points P and Q, there is a unique line `

incident with P and Q, and which we shall denote by PQ.
(2) There is an equivalence relation on the line set called ‘paral-

lelism.’
(3) Given a line ` and a point P not incident with `, there is a

unique line m that is parallel with ` and is incident with P .
(4) For any two distinct lines ` and m, the cardinal number of the

set of points incident with `, [`], is equal to the cardinal number of the
set of points incident with m, [m].

Remark 4. Let π be an affi ne plane and α and β be distinct parallel
classes and let lines ` ∈ α and m ∈ β. Then clearly m and ` are
incident with a unique common point, for otherwise m would be parallel
to `.
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More generally, if S is a Sperner space the lines from distinct par-
allel classes need not share a common incident point. For example, an
affi ne space is a Sperner space.

Definition 6. A ‘translation’of an affi ne plane (respectively, of a
Sperner Space) is a collineation that leaves invariant all parallel classes
and fixes each line of some parallel class. The group generated by the
set of translations is called the ‘translation group.’

Definition 7. A ‘translation plane’ (respectively, a ‘translation
Sperner Space’) is an affi ne plane (respectively, Sperner Space) that
admits a translation group that acts transitively on the points (i.e.,
‘affi ne points’).

It turns out that a translation plane or a translation Sperner Space
has an underlying vector space whose vectors are the points of the
structure. We consider a construction that turns out to be canonical.

Theorem 1. Let V be a vector space of dimension kt over a skew-
field K, whose non-zero vectors are partitioned by a set of mutually
disjoint t-dimensional subspaces. We define such a partition to be a
‘t-spread.’ Define ‘points’ to be vectors, define a ‘t-component’ to be
any t-subspace of the t-spread, and define ‘lines’ to be vector translates
of t-components, with incidence inherited from the vector space.
(1) Then the point-line geometry constructed is a translation Sperner

Space.
(2) If the dimension of the vector space is 2t, then the point-line

geometry is a translation plane.

Proof. Let P and Q be distinct points. Translate Q to the zero
vector 0 by a translation τQ. Then τQP is incident with a unique t-
component `t. P and Q are incident with a unique line τ−1

Q `t. Two
lines are said to be parallel if and only if one is an image of the other
by a translation. The translations act on the points and hence induce
mappings on the corresponding points. Given any component `t, there
is a translation subgroup that fixes `t and acts transitively on the points
incident with `t. The parallel classes of lines are, then the set of orbits
of the components under the vector space translation group (which,
of course, is transitive on the points). Note that every vector space
translation is a ‘translation’ in the sense of Definition 6, since every
group element τ−1

Q that maps 0 to Q will fix the unique t-space 0Q
that contains 0 and Q and hence must fix each element of the orbit of
0Q. It now follows directly that a translation Sperner Space is obtained.
Now assume that the dimension of the vector space is 2t. Let i and j
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be distinct lines and let `t and mt be the two distinct components such
that i is in the translation orbit of `t and j is in the translation orbit
of mt. Then `t ⊕ mt = V , so that if T`t and Tmt are the translation
subgroups that fix `t and mt, respectively, then the full translation
group T = T`tTmt . Note that there exists an element τmt of Tmt that
maps `t to i and an element τ `t that maps mt to j. Then τ = τ `tτmt
maps (`t,mt) to (i, j), as the group is Abelian. Hence, i ∩ j = τ0.
Therefore, the point-line geometry is a translation plane. �

Remark 5. The construction in the preceding can be made much
more general. For example, we illustrate this in the finite case. De-
fine a ‘partition’of a finite vector space over a field K isomorphic to
GF (q), for q = pr, a prime power, to be a set of vector subspaces whose
union is a exact cover of the non-zero vectors of V . Then a point-line
geometry P may be defined by taking the ‘points’as vectors and ‘lines’
as translates of the partition subspaces (‘components’of the partition),
and where two lines are said to be ‘parallel’ if and only if they belong
to the same orbit under the translation group of the vector space. In
this setting, lines do not have to be incident with the same number of
points.

Definition 8. Let P be a point-line geometry such that any two
distinct points are incident with a unique line, and which admits an
equivalence relation on the line set satisfying the Euclidean parallel ax-
iom. A translation is defined as a collineation that fixes all parallel
classes and fixes one parallel class linewise. In the finite case, if there
are at least three parallel classes and if there is a set {s1, .., sk} such that
each line of a parallel class is incident with exactly si points and each
sj is the number of points of some line, we shall say that the point-line
geometry is of type (s1, .., sk), for s1 > s2 > ... > sk.

The translation group is the group of translations (each element is
a translation) and if the translation group is transitive on the points of
P then we shall say that we have a ‘translation geometry.’
In the partition case, we then say that we have a ‘translation geom-

etry of type (s1, .., sk).’

We shall have the occasion to study translation geometries of var-
ious types. Later in this text, we shall be considering the theory of
‘focal-planes’and, more generally, ‘double-planes.’

Definition 9. A ‘focal-plane’is a point-line geometry of type {s1, s2},
there is exactly one parallel class each of whose lines are incident with
s1 points and all remaining lines are incident with s2 points.



Combinatorics of Spreads and Parallelisms 7

A ‘translation focal-plane’is a translation geometry whose underly-
ing point-line geometry is a focal-plane.
A ‘double-plane’ is a point-line geometry of type {s1, s2} and a

translation double-plane is a translation geometry whose underlying
point-line geometry is a double-plane.

In the following, we shall give constructions of focal-spreads and of
more general double spreads, where the ‘spread’(or perhaps general-
ized spread or partition) is the underlying set of vector subspaces of a
translation geometry that corresponds to a vector space.

0.2. Beutelspacher’s Construction. Let Vt+k be a vector space
of dimension t + k over GF (q) for t > k and let L be a subspace of
dimension t. Let V2t be a vector space of dimension 2t containing Vt+k
(t > k required here) and let St be a t-spread containing L. There are
always at least Desarguesian t-spreads with this property. Let Mt be a
component of the spread St not equal L. Then Mt ∩Vt+k is a subspace
of Vt+k of dimension at least k. But, since Mt is disjoint from L, the
dimension is precisely k and we then obtain a focal-spread with focus
L. This construction may be found in Beutelspacher [14], Lemma 2,
page 205. The corresponding focal-spread is said to be a ‘k-cut of a
t-spread,’ and we shall adopt this terminology and use the notation
F = St\Vt+k for the focal-spread F .
The similar formal definition is

Definition 10. A partition of a finite-dimensional vector space
of dimension t + k by a partial Sperner k-spread and a subspace of
dimension t 6= k shall be called a ‘focal-spread of type (t, k).’ The
unique subspace of dimension t of the partition shall be called the ‘focus’
of the focal-spread.
We define a ‘planar extension’ of a focal-spread as a t-spread such

that the focal-spread is of type (t, k) and arises from the t-spread as a
k-cut.
The ‘kernel’ of a focal-spread of dimension t+k, over GF (q), with

focus of dimension t, shall be defined as the endomorphism ring of the
vector space that leaves the focus and each k-component invariant.

Now we turn to a similar construction of more general double-
spreads.

0.3. Double-Spreads Constructed from t-Spreads. Of course,
the idea of cutting or slicing a spread could conceivably lead to other in-
teresting partitions. For example, from a t-spread of a 2t-dimensional
vector space, we could simply select a 2t − 1 dimensional subspace
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and form the possible intersections to construct a partition, leading
ultimately to a focal-spread of type (t, t − 1). In general, it is very
diffi cult to achieve any sort of uniformity with such slicing with explic-
itly determined subspaces. However, one type of cut that does produce
interesting partitions arises as follows: Let Pt be a t-spread of a st-
dimensional vector space over GF (q), where k > 1. Let U denote any
vector subspace of dimension st− 1. Consider any component of Pt, it
follows easily that Pt ∩U has dimension either t or t− 1. Let a denote
the number of components of intersection of dimension t − 1 so that
(qst− 1)/(qt− 1)−a components then have dimension t. Therefore, by
intersections, we clearly have a cover of U so that

qst−1 − 1 = a(qt−1 − 1) + ((qst − 1)/(qt − 1)− a)(qt − 1).

This implies that

aqt−1(q − 1) = qst−1(q − 1),

so that a = qt(s−1).
Therefore, we have constructed a double-spread (a partition of a

vector space with exactly two cardinalities of components) of type
(t, t− 1) with (q(s−1)t− 1)/(qt− 1) subspaces of dimension t and qt(s−1)

subspaces of dimension t− 1.

Definition 11. The notation becomes also problematic, since we
use only the dimensions and say that the double-spread is of type (t, t−
1). However, in this case, there are qt(s−1)−1

qt−1
subspaces of dimension t

and qt(s−1) subspaces of dimension t−1. The double-spread of this type
is said to be a ‘(t−1)-cut’of a t-spread for an st-dimensional subspace.

Remark 6. Note that t+ k = st− 1 if and only if t(s− 1) = k+ 1
and for k < t. So, t(s − 1) ≤ t − 1 + 1, implying that s ≤ 2. So,
when s = 2, we see that we have a focal-spread of type (t, t−1). Hence,
the previous construction provides a focal-spread of type (t, k), exactly
when s = 2 and otherwise, a double-spread that is not a focal-spread is
constructed.

Remark 7. Of course, given any double-spread of type (t, t−1), in
a vector space of dimension st − 1, the natural question is whether it
arises from a t-spread of a st-dimensional vector space, as a (t−1)-cut.

We shall develop the theory of focal-spreads more completely in a
later chapter and further give several other constructions of double-
spreads and triple-spreads.
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0.4. Main Theorem on Finite Translation Geometries. The
following material also is valid for arbitrary translation planes and the
reader is referred to the Foundations text [21] to see this. The proof of
the theorem stated below for finite translation geometries is more gen-
erally valid for arbitrary translation planes, with appropriate changes.

Theorem 2. Every finite translation geometry corresponds to a
finite vector space over a field K. The field K may be identified with
the endomorphism ring of the associated translation group that leaves
invariant each parallel class.

We shall give the proof as a series of lemmas, parts of which are left
to the reader to complete. In the following, we assume the hypothesis
of Theorem 2. We first point out some trivial facts.

Remark 8. (1) Each point is incident with a unique line of each
parallel class.

(2) A non-identity translation σ fixes a unique parallel class linewise.
(3) A non-identity translation is fixed-point-free so that the group

T of translations is fixed-point-free.

Proof. Part (1) follows immediately from the definitions. Let σ
be a translation. Then σ fixes all parallel classes and fixes one parallel
class α linewise. Suppose that σ fixes another parallel class β 6= α
linewise. Choose any point P , so there is a line `α of α and a line `β
of β both incident with P . Since σ fixes both of the indicated lines, it
follows that σ fixes P , so that σ fixes all points and hence is the identity
mapping. If σ fixes an affi ne point P , then σ fixes all lines incident
with P as it fixes all parallel classes. Choose any point Q distinct from
P and form the line QP . Let m be the line of α incident with Q. Since
σ fixes QP and m, it follows that it also fixes Q. Hence, σ fixes all
points and so is the identity translation. If τ is in the translation group
it then fixes all parallel classes. If τ fixes an affi ne point P , then τ fixes
all lines incident with P . �
Definition 12. If σ is a translation of a translation geometry, the

unique parallel class linewise fixed by σ is called the ‘center’of σ. If α
is a parallel class, let T (α) denote the group of translations with center
α.

The first two parts of the following lemma are immediate.

Lemma 1. Let T denote the group of translations of a translation
geometry.

(1) Then T (α) is a normal subgroup for each parallel class α.
(2) T = ∪αT (α), a partition of T .
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(3) T is Abelian.

Proof. (3): Let g and h be elements of T (α) and T (β), for α 6= β.
Then the commutator ghg−1h−1 is in the intersection of both trans-
lation subgroups, which are disjoint. Hence, elements of T (α) and
elements of T (β) commute. Let g and k be elements of T (α) and
h an element of T (β). Then (gk)h = g(kh) = g(hk) = (gh)k, and
kh ∈ T (γ), for a parallel class γ distinct from α or β, implying that
g(kh) = (kh)g = k(hg) = (hg)k, using the same principle. Hence,
(gh)k = (hg)k, so that gh = hg. This completes the proof. �
Lemma 2. Let K denote the set of endomorphisms of T that fix each

T (α). Then K is a field and T is a vector space over K. Identifying
the point set with T , then the translation geometry becomes a vector
space over K and the lines incident with 0 are vector subspaces over K
so that we have a partition of a vector space.

Proof. Let σ be a non-zero endomorphism. If σ is not injective,
then since T is Abelian, we may assume that σ(z) = 1, for some non-
identity element z of a partition element, say T (α). For u in T (β),
for α 6= β, then zu ∈ T (γ), for γ distinct from α or β. So, σ(zu) =
σ(z)σ(u) = σ(u), but σ(zu) ∈ T (γ) and σ(u) ∈ T (β) so both are in
the intersection T (β)∩ T (γ) = 〈1〉. Therefore, T (β) ⊆ Kernelσ, which
also implies that ∪δ 6=αT (δ) ⊆ Kernelσ. Now repeat the argument for
a kernel element w in T (β), to obtain T (α) ⊆ Kernelσ, so that σ is
the identity endomorphism. Since the translation geometry is finite, it
follows that K is a field. Then considering the natural endomorphism
ring of T , T becomes a K-vector space. Now identifying the points
of the translation geometry with the elements of T and using additive
notation, choose the point 0 (the ‘origin’) then it follows immediately
that lines through the origin may be identified with the groups T (α),
which are clearly K-vector subspaces. This completes the proof of the
theorem. �

1. Collineation Groups of Translation Geometries

In this section, we show that the full collineation group of a trans-
lation geometry with underlying vector space V over the field K (or
skewfield if the translation geometry is a translation plane) is a semi-
direct product of a subgroup of ΓL(T,K) by the translation subgroup
T . The proof given is essentially the same as that in Lüneburg [167]
(1.10), determining isomorphisms of finite translation planes.
If G is a collineation group of a translation geometry π (finite with

field kernel K or an arbitrary translation plane with skewfield kernel
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K), let T denote the translation group and let G0 denote the subgroup
of G that fixes the zero vector 0. Clearly, T is a normal subgroup
so that for g ∈ G, then if g0 6= 0, there is a translation τ so that
τg0 = 0, so that τg ∈ G0, which implies that G ⊆ G0T . Now if h
is a collineation that fixes 0, h will permute the lines incident with 0
(components), which means that h permutes the parallel classes. We
wish to prove that h ∈ ΓL(T,K), that is, h is a semi-linear group
element, where T is a K-vector space. For τP ∈ T , where τP (0) = P ,
we, of course, know that hτPh−1 is a translation τQ, where τQ(0) = Q,
for points P and Q of π. Since h leaves 0 invariant, we note that
τQ = τhPh−1 = hτPh

−1 = τhP .
Now consider τh(P+Q)h−1 = τh(P+Q) :

τh(P+Q) = τh(P+Q)h−1 = hτP+Qh
−1 = hτP τQh

−1 = hτPh
−1hτQh

−1

= τhPh−1τhQh−1 = τhP τhQ

= τhPh−1+hQh−1 .

Therefore,
h(P +Q) = hP + hQ.

It remains to show that if k is any element in the kernel K of T then
h(kP ) = kρh(P ), for all points P , where ρ is an automorphism of K. It
is clear thatK may be considered a normal subgroup of the collineation
group that fixes 0. Let hkh−1 = kρ. First, h(kP ) = hkh−1(hP ) =
kρh(P ), and for k, k′ ∈ K, we have that

h(k + k′)P = (k + k′)ρhP = h(kP + k′P ) =

h(kP ) + h(k′P ) = kρh(P ) + k′ρh(P )

= (kρ + k′ρ)(hP ),

implying that (k + k′)ρ = (kρ + k′ρ).

Similarly,

h(kk′P ) = (kk′)ρh(P ) = h(k(k′P ) = kρh(k′P )

= kρk′ρh(P ),

implying that (kk′)ρ = kρk′ρ.

Theorem 3. In any translation geometry (or translation plane)
with ambient vector space V over a field (or skewfield K), the full
collineation group is a semi-direct product of the subgroup of ΓL(V,K)
by the translation subgroup T .
The subcollineation group that fixes the zero vector shall be called the

‘translation complement.’ The subgroup of the translation complement
of GL(V,K) is called the ‘linear translation complement.’
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1.1. Collineation Groups of Translation Planes. We now spe-
cialize to finite translation planes. We shall be mostly interested in fi-
nite translation planes whose underlying vector space is 4-dimensional
over a field K isomorphic to GF (q), where q = pr, for p a prime and r
a positive integer. We shall refer to the parallel classes of a translation
plane as the points on the line at infinity.

Definition 13. If V is a vector space of dimension z over a field L,
the ‘projective geometry PG(z−1, L)’ is the lattice of vector subspaces
of V . A 1-dimensional subspace is said to be a ‘point,’a 2-dimensional
vector subspace a ‘line,’and a 3-dimensional vector space a ‘plane.’

An ‘affi ne space AG(z, L),’is the geometry of translates of the sub-
spaces of a vector space.

Definition 14. A collineation σ of a (an affi ne) translation plane
is a ‘central collineation’provided σ fixes a line ` of the plane pointwise.
The collineation is an ‘elation’if σ fixes all lines parallel to `, and we
say the ‘center’ of σ is incident with ` (on the line at infinity) and `
is the ‘axis’of σ. The collineation is a ‘homology’if σ fixes all lines of
a parallel class β not containing `. If the line of β incident with 0 is
denoted by 0β, we shall say that ` is the ‘axis,’0β is the ‘coaxis’and
β is the ‘center’of σ.

Definition 15. If π+ is a finite projective plane of order q2 (q2 +1
is the number of points per line), a projective subplane of order q is
said to be a ‘Baer’subplane π+

0 . Any associated affi ne restriction π of
π+ is also said to have order q2. If the Baer subplane of π+ contains
the line of restriction, then the corresponding affi ne subplane of order
q is a subplane of π.

A ‘Baer collineation group’of a finite affi ne plane is a collineation
group that fixes a Baer subplane pointwise.

Remark 9. For finite translation planes of order q2, it is known
that any Baer collineation group has order dividing q(q−1). For more
details, the reader is directed to Biliotti, Jha, Johnson [21].

Notation 1. In this text, when considering translation planes of
order q2, constructed or equipped with a 2-spread over GF (q), we may
always represent vectors in the form (x1, x2, y1, y2), for all xi, yi ∈
GF (q), i = 1, 2, and further let x = (x1, x2), y = (y1, y2). Then there
is a set of q2 2× 2 matrices over GF (q), including the zero matrix, so
that the components of the 2-spread are as follows:

x = 0, y = 0, y = x

[
g(t, u) f(t, u)
t u

]
;u, t ∈ GF (q),
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and g and f are functions from GF (q)×GF (q) such that the matrices
and their differences are either non-singular or the zero matrix.
Conversely, any set of q2 2× 2 matrices, including the zero matrix

with the above properties, determines a translation plane of order q2.
This representation shall become extremely important when we con-

sider flocks of quadratic cones.
The translation complement of any translation plane of this type is

a subgroup of ΓL(4, q).



CHAPTER 2

Finite Focal-Spreads

In the previous chapter, we briefly discussed focal-spreads and the
Beutelspacher’s construction. Although there are a number of examples
of such partitions, there has been no theory developed about general
partitions. Part of our treatment in this text is modeled from the article
by Jha and Johnson [77], and the reader is directed to this article for
additional details.
Although it is certainly possible to consider focal-spreads over arbi-

trary fields, all of the material that is presented in this text is for finite
focal-spreads. The reader is directed to the open problem chapter 40
for more information.
In this chapter, we begin to build a theory of partitions based on

focal-spreads and their obvious connections to translation planes. For
general focal-spreads, however, nothing is known. For example, it is
not known whether collineations that fix components pointwise or ho-
mologies are elations or whether an involution that does not fix a com-
ponent pointwise becomes a Baer collineation or a kernel involution.
In the ‘Handbook of Finite Translation Planes’[138], it is mentioned
that there are not very many known partitions of vector spaces, in
the sense that the partitions are not refinements of Sperner t-spreads.
Furthermore, the existence of such partitions has been established by
Beutelspacher [14], who proves if the dimension of the vector space is n
and it is required to find a partition, where the dimensions of the sub-
spaces are {t1, t2, .., tk}, where ti < ti+1, then if gcd{t1, t2, .., tk} = d and
n > 2t1([tk/(d·k)]+t2+...+tk), a partition may be constructed with var-
ious subspaces of dimension ti. However, these partitions are basically
constructed using focal-spreads and general spreads. We give some of
the constructions later in the section on ‘towers of focal-spreads.’
The main point of this chapter is to use of ideas and theory of

finite translation planes in order to develop a certain theory of focal-
spreads and, since these seem to be important building blocks of general
spreads, such work might prove useful to the general theory of parti-
tions.

15
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Given a k-cut, of course, there is a corresponding spread for a trans-
lation plane that produces it. It is a central and potentially important
question to ask if every focal-spread is a k-cut; if it can ‘extended’to
a spread for a translation plane.
Therefore, here we give the basics of focal-spreads and use some

theory from translation planes for their study. We also show that the
existence of focal-spreads of type (k + 1, k) leads to a construction of
designs of type 2 − (qk+1, q, 1) and to other double-spreads or triple-
spreads (partitions where there are subspaces in the partition of either
two or three different dimensions, respectively).
The formal definition of a focal-spread has been given in Definition

10.

1. Towers of Focal-Spreads

As we begin our discussions on t-spreads, we have briefly discussed
focal-spreads and found that they are readily constructed, but we might
also just as well ask the obvious question: How hard is it to find general
partitions of vector spaces? That is, partitions of the non-zero vectors
by a set of subspaces of dimensions ti, for i = 1, 2, .., k.

In Beutelspacher [16], and more generally in Heden [65], there are a
variety of results of the existence of partitions of type T = {t1, t2, .., tk},
in vector spaces of dimension n over GF (q), where the partition admits
exactly subspaces over GF (q) of dimension ti, for i = 1, 2, .., n, for
t1 < t2 < ...tk. (The reader is cautioned that our previous notation of
partitions has the inequalities in the opposite order.) Many of these
results rely basically on focal-spreads of type (t, k), in the sense that a
variety of focal-spreads or t-spreads are used in the construction. We
give here one construction that provides a partition of type T in any
vector space of dimension n =

∑k
i=1 αiti over GF (q), showing that

again general partitions are readily available.
First, we note the following lemma.

Lemma 3. In an st-dimensional vector space over GF (q), there is
always a t-spread over GF (q).

Proof. Let the vectors be represented by GF (qst). Take the cosets
ofGF (qt)∗ inGF (qst)∗. Note thatGF (qt)∗g∪{0} is aGF (q)-subspace.
Since the cosets partition GF (qst)∗, representing the non-zero vectors,
the lemma is proved. �
Lemma 4. Let V be a t1 + t2-dimensional vector space over GF (h),

for h a prime power. If t2 > t1, then there is focal-spread of type
(t2, t1).
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Proof. Form a 2t2-dimensional vector space over GF (h) and con-
struct a t2-spread. Since t2 > t1, there is a proper focal-spread of type
(t2, t1) constructed as a t1-cut. �
Theorem 4. A partition of type {t1, t2, .., tk} exists in any vector

space of dimension
∑k

i=1 αiti over GF (q).

Proof. First assume that αi = 1, for all i = 1, 2, .., k. Construct
a (t2, t1)-focal-spread in a t1 + t2-dimensional vector space over GF (q).
Now there are three cases (1) t1+t2 > t3, (2) t1+t2 = t3, (3) t1+t2 < t3.
In case (1), in a t1 + t2 + t3-dimensional vector space, construct a
(t1 + t2, t3)-focal-spread. We consider the direct sum of a vector space
of dimension t1 + t2 with a vector space of dimension t3 and make the
obvious identifications. On the unique focus, we identify our original
(t2, t1)-focal-spread. We then would have subspaces of dimensions ex-
actly t1, t2, t3. In case (2), if t1 + t2 = t3, in a 2t3-dimensional subspace,
we always have a t3-spread. In any proper subset of the components,
we may consider forming (t2, t1)-focal-spreads, again providing the re-
quired subspaces of dimensions t1, t2, t3. Finally, in case (3), we con-
struct a (t3, t2 + t1)-focal-spread. Then on all (t2 + t1)-components, we
construct (t2, t1)-focal-spreads. Clearly, this sort of argument may be
continued and completes the proof of the theorem, in the case when all
αi = 1.
Now more generally, we claim that in a vector space of dimension

α1t1 + α2t2, there is a partition of type {t1, t2}. Since t2 > t1, form
a focal-spread of type (α1t2 + α2t2, t1). Then on the unique focus of
dimension α1t1 + α2t2 construct another focal-spread of type ((α1 −
t)t1 + α2t2, t1). If we continue with the same line of argument, we
end up with a focal-spread with focus of dimension α2t2, which always
contains a t2-spread by Lemma 3. Now consider a vector space of
dimension α1t1 +α2t2 +α3t3 = z+α3t3 and form a sequence of (e, t3)-
focal spreads until we obtain a focus (or vector space) of dimension
α1t1 + α2t2 + t3. We consider the cases (1) α1t1 + α2t2 > t3, (2)
α1t1 + α2t2 = t3, and (3) α1t1 + α2t2 < t3.
In case (1), we may form a (α1t1 + α2t2, t3)-focal-spread. Then, on

the focus of dimension α1t1 + α2t2, by the previous argument, we may
find a {t1, t2}-partition. In case (2), we have a 2t3-dimensional vector
space, which allows a t3-partition. Take any component of dimension
t3 = α1t1 +α2t2 and again find a {t1, t2}-partition. In case (3), we form
a series of (r, ti)-focal-spreads on the corresponding foci, for i = 1, 2,
possible since t3 > ti, for i = 1, 2. This leaves us with a focus of
dimension t3. Clearly, this argument is inductive, thus completing
the proof of the theorem. Alternatively, in this last case (3), form a
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(t3, α1t1 +α2t2)-focal-spread and on each subspace of dimension α1t1 +
α2t2 form {t1, t2}-partitions. �

Definition 16. A partition of a vector space V of dimension n over
GF (q) shall be called a ‘tower of general focal-spreads’ if and only if
there is a sequence of vector subspaces F1 ⊆ F2 ⊆ F3, ..,⊆ Fk = V , such
that Fj is a vector space of dimension

∑j
i=1 αiti admitting a partition by

a set of focal-spreads of type (e, tz), for z = 1, 2, .., j, or by tz-spreads,
for αi a positive integer, i = 1, 2, .., j.

We note that built into the construction of towers of general focal-
spreads, there is a certain variation. For example, consider the con-
struction of a {4, 5, 9}-partition in a 18-dimensional vector space over
GF (q). We begin with the construction of a (5, 4)-focal spread in a
9-dimensional vector space and form the direct sum of a 9-dimensional
and a second 9-dimensional vector space. In this 18-dimensional vec-
tor space, we take any 9-spread. Now take any proper subset of 9-
dimensional components and form (5, 4)-focal-spreads. Since we may
do this construction for any proper subset, we always end up with a
partition of type {4, 5, 9} that arises from a tower of focal-spreads. This
complexity makes the problem listed above potentially quite challeng-
ing.
So, we are interested in what can be said about the general the-

ory of focal-spreads, as focal-spreads and t-spreads seem to form basic
building blocks of arbitrary partitions, about which we know essentially
nothing beyond existence. We shall see in the next chapters that there
are a number of ways of constructing focal-spreads that do not appear
to arise from the Beutelspacher cut-method.

2. Focal-Spreads and Coordinatization

It is tempting to define a focal-spread simply as a partition by sub-
spaces of two different dimensions, of which there is a unique subspace
of one of the dimensions. For example, if the dimension of the ambient
vector space is n and the subspaces have dimensions t and k, we call
such partitions of ‘type (n; (t, k))’and if n = t+ k, then of type (t, k),
over a finite field GF (q). In fact, it is possible to construct such par-
titions as we have previously seen and which, we shall also do in due
course. In the beginning, we insist that the dimension is t+k, for focal-
spreads of type (t, k). We first consider how to represent focal-spreads
using matrices, in a manner analogous to that of the representation of
translation planes.



Combinatorics of Spreads and Parallelisms 19

2.1. Matrix Representation of Focal-Spreads. As for planar
spreads, it is usually helpful to express these results in terms of matri-
ces. The reader might wish to work through this material carefully as
the ideas closely parallel analogous matrix coordinatization for trans-
lation planes. For addition background, the Foundations text can be
consulted [21].
Let B be a focal-spread of dimension t + k over GF (q) with focus

L of dimension t. Fix any k-component M . We may choose a basis
so that the vectors have the form (x1, x2, .., xk, y1, y2, .., yt). Let x =
(x1, x2, .., xk) and y = (y1, y2, .., yt), where the focus L has equation x =
0 = (0, 0, 0, .., 0) (k-zeros) and the fixed k-component M has equation
y = 0 = (0, 0, 0, .., 0) (t-zeros). We note that qt+k − qt = qt(qk −
1), which implies that there are exactly qt k-subspaces in the focal-
spread. We refer to this as the ‘partial Sperner k-spread’. Take any
k-component N distinct from y = 0. There are k basis vectors over
GF (q), which we represent as follows: y = xZk,t, where Zk,t is a k × t
matrix over GF (q), whose k rows are a basis for the k-component.
It is clear that we obtain a set of qt k-components, which we also
represent as follows: Row 1 shall be given by [u1, u2, .., ut], as the ui
vary independently over GF (q). Then the rows 2, .., k have entries
that are (turn out to be) linear functions of the ui. It then now follows
directly that the k× t matrices in the focal-spread have rank k and the
difference of any two distinct matrices associated with k-components
also has rank k.
The following is the analogous result of translation planes:

Theorem 5. Let Vt+k be a t + k-dimensional vector space over
GF (q) and let S be a set of qt − 1 k × t matrices of rank k such that
the difference of any two distinct matrices also has rank k. Then there
is an associated focal-spread constructed as

x = 0, y = 0, y = xM ; M ∈ S,
where x is a k-vector and y is a t-vector over GF (q), where the focus
is x = 0.
In particular, it is possible to choose one k-space to have 1’s in the

(i, i), position and 0’s elsewhere in the k × t matrices. We denote this
matrix by Ik×t.

Conversely, any focal-spread has such a representation.

The reader is directed to the open problem chapter 40 for more
discussion on how a generalization for arbitrary partitions might be
phrased using a matrix approach.
There is, of course, a coordinate-free approach given as follows:
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Definition 17. Let V = Vt⊕Vk be a finite vector space of rank t+k
expressed as a direct sum of subspaces Vt and Vk, having dimensions
t and k, respectively. Then a ‘(t,k)-spread set on V ,’based on axes
(Vk, Vt), is a collection S of linear maps from Vk to Vt, such that

(1) 0 ∈ S;
(2) the nonzero maps in S are injective;
(3) the difference between any two members of S is injective or zero;
(4) S is transitive in the sense that for any pair of non-zero vectors

The following remarks are then left to the reader to verify.

Remark 10. Every (t, k)-spread set S as above yields a focal-spread
of type (t, k), with component set {MS : S ∈ S} ∪ {Vt}, where MS :=
{(x, xS) : x ∈ Vk}.
Every focal-spread of type (t, k) may be coordinatized by a (t, k)-

spread set, and any focal-spread of type (t, k) arises by coordinatization
by a (t, k)-spread set, which is uniquely determined by the focus and
any other component chosen as ‘basis.’

3. k-Cuts and Inherited Groups

In this section, if a focal-spread is a k-cut of a translation plane,
we ask what sorts of collineations of the translation plane become
collineations of the focal-spread? More generally, given an abstract
focal-spread, how are central collineations defined? We begin with the
simplest type of collineation of a focal-spread, a ‘homology.’

Definition 18. In a focal-spread of dimension t + k over GF (q)
and focus L of dimension t, every collineation is assumed to be an
element of ΓL(t+ k, q) that leaves invariant the focus L and permutes
the components of the partial Sperner k-space S.
A ‘homology’h is a collineation of GL(t + k, q) with the following

properties:
(1) h leaves invariant the focus L and another k-subspace of S,
(2) h fixes one of the two fixed components pointwise and acts fixed-

point-free on another fixed component (in the case that a k-component
is fixed pointwise, we assume that the group acts fixed-point-free on the
focus).

To show why there is a potential problemwith dealing with collineations
that one might wish to call a homology, consider the focal-spread of
type (2, 1) over GF (q), represented as

x = 0, y = x[t, u], for all t, u ∈ GF (q),
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where the focus is x = 0, a 1-vector. Let B =

[
1 1
0 1

]
, and consider

the collineation rB : (x, y) → (x, yB). We note that (0, 1)

[
1 1
0 1

]
=

(0, 1), so that rB is not semi-regular on the focus, and since y = x[0, 1] is
fixed by rB, the collineation is also not semi-regular on the components
other than the putative coaxis x = 0.
In terms of homologies that are not affi ne collineations that fix the

line at infinity pointwise (the axis) and fix an affi ne point (the center),
the situation is much more manageable. This is because a finite focal-
spread is a finite translation geometry, and Theorem 3 shows that the
subgroup that fixes each component (k-component and focus) is the
cyclic subgroup of a field; the kernel is a field.
We now intend to show that a non-identity homology (see Definition

18) fixes exactly two components. The pointwise fixed subspace is
called the ‘axis’of h and the fixed subspace is the ‘coaxis’of h. Thus,
the focus is either the axis or coaxis of any homology.

Proposition 1. A non-identity homology of a focal-spread fixes
exactly two components and permutes the remaining components semi-
regularly.

Proof. We represent the focal-spread in the form

x = 0, y = 0, y = xM ; M is a k × t matrix in setM
for x a k-vector and y a t-vector, where x = 0 is the focus, and y = 0
is a k-space, and where we choose Ik×t ∈ M. Assume that y = xM1

is fixed pointwise by a collineation h. Choose a basis by the mapping
(x, y)→ (x,−xM1 + y), to change the form to

x = 0, y = 0, y = x(M1 −M); M is a k × t matrix in setM.

Now choose any of these matrices M1 −M2, of rank k, and column-
reduce to Ik×t. The other matrices M1 −M reduce to rank k matri-
ces, whose differences are also of rank k. Hence, if y = xM1 is fixed
pointwise by h, we may assume without loss of generality that y = 0
is fixed pointwise by h. Therefore, any collineation in GL(t + k, q)
that fixes a component pointwise may be represented in either the
form lA : (x, y) → (xA, y), where A is a non-singular k × k matrix
or rB : (x, y) → (x, yB), where B is a non-singular t × t matrix.
First, assume that rB is a homology, so that B acts fixed-point-free
on the focus. Assume that rB fixes x = 0, y = 0, and y = xM . So,
xMB = xM . Choose then any x0M = z0, for z0 a t-vector, so that
z0B = z0. However, this is contrary to the action of B. Since the
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previous argument is also valid for any power Bj 6= It, then 〈rB〉 fixes
exactly two components and acts semi-regularly on the remaining com-
ponents. Now assume that lA is a non-identity collineation that fixes
the focus pointwise. Assume that lA fixes x = 0, y = 0 and y = xN , so
that A−1N = N . Column reduce to A−1Ik×t = Ik×t, and then realize
that this forces A−1 = Ik, a contradiction. This proves (1) and (2). �
Now we prove that, contrary to when a k-component is fixed point-

wise, if a collineation fixes the focus pointwise, it must be a homology,
provided it fixes another component.

Proposition 2. If a collineation h fixes the focus pointwise and
fixes another component then h is a homology.

Proof. Assume that h fixes a k-component y = xM and fix the
focus pointwise. Change representation so that the fixed k-component
is y = 0. Then represent h as lA : (x, y) → (xA, y), where A is a
non-singular k× k matrix. The proof of the previous result shows that
if A is not Ik, then lA is semi-regular on the remaining components.
Assume that x0A = x0. Then (x0, x0Ik×t) is on both y = xIk×t and
y = xA−1Ik×t, a contradiction. Hence, h is a homology. �
We now define the concept of an ‘elation’of a focal-spread.

Definition 19. An ‘elation’e of a focal-spread of type (t, k) over
GF (q) is a collineation of GL(t+k, q) with the following two properties:
(1) e fixes the focus L pointwise, and (2) if V is the associated vector
space of dimension t+ k over GF (q), e fixes V/L pointwise.

Note that a collineation e in GL(t+ k, q) that fixes the focus x = 0
pointwise may be represented in the form eA,C : (x, y)→ (xA, xC + y),
where A is a non-singular k × k matrix, where C is a k × t matrix of
rank k. Without additional assumptions, there is no reason to assume
that A is necessarily I. But, under the assumption of Definition 19,
condition (2), a collineation eA,C is an elation if and only if A = I, since
on V/(x = 0), eA,C acts on (z, w)+(x = 0) as (zA, zC+w)+(x = 0) =
(z, w)+(x = 0) if and only if (zA−z, zC) ∈ (x = 0), so A = I. We note
then that when A = I, the collineation is additive and semi-regular or
order p, because ejI,C : (x, y) → (x, jxC + y) (for q = pr, p a prime)
on M∪ {0}. Furthermore, any group E of elations is an elementary
Abelian p-group that acts semi-regularly on the partial Sperner spread.
In terms of inherited groups, the following is immediate:

Lemma 5. Let V = V (2t, q) and let S be a t-spread on V and
assume that G is a collineation group of S. Let W be a subspace of
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dimension t+k containing a component L and assume that bothW and
L are G invariant. Then G acts faithfully as a group of collineations
of the k-cut F = S \W .

So, obviously, any kernel homology group of the translation plane
of order qt that leaves k-subspaces invariant inherits as a collineation
group of any k-cut. Therefore, we obtain the following corollary in-
volving the inheritance of central collineations.

Corollary 1. (1) Any affi ne homology group with axis y = 0, and
coaxis x = 0, of the t-spread inherits as a collineation group of a k-cut
focal-spread with focus x = 0.
(2) Any affi ne elation group with axis x = 0 of the t-spread inherits

as a collineation group of any k-cut focal-spread with focus x = 0.

Proof. Consider the axis y = 0 of an affi ne homology group. Take
the subspace Vt+k generated by any k-subspace of y = 0 and x = 0.
Then the affi ne homology group will leave Vt+k invariant. This proves
(1). Let E be an elation group with axis x = 0. An elation group acts
trivially on the quotient space V2t/(x = 0) and hence will leave Vt+k
invariant. This proves (2). �
We note that planar extensions of focal-spreads do not have to be

unique, as one extension might admit a particular collineation group
that the other does not. We need, therefore, a definition of what it
might be for a planar extension to admit a given collineation group.

Definition 20. Let F be a focal-spread of type (t, k) with collineation
group G in ΓL(t+k, q) and let V be a 2t-dimensional vector space over
GF (q). Let W be a t + k-dimensional subspace of V containing the
focus L of F . Then we shall say that F has a ‘planar extension with
group G’ if and only if there is a t-spread S of V and a group G′ in
ΓL(2t, q), such that there is a GF (q)-linear monomorphism φ : F → V
and a group isomorphism f : G → G′ such that φ(L) lies in a unique
spread component L′ of S, where φ(Lα) ⊆ L′f(α), for α ∈ G.

When G = 〈1〉, we simply say that F has a ‘planar extension.’

Now we show at least one situation where a focal-spread necessarily
is a k-cut. As a guide to the argument that we give, we formulate a
matrix-based method to construct k-cuts from t-spreads (corresponding
to translation planes of order qt with kernel containing GF (q)). The
situation that we then consider will show almost immediately that the
focal-spread in question can arise as a k-cut.

3.1. Matrix Representation of k-Cuts.



24 Finite Focal-Spreads

Theorem 6. Let π be a translation plane of order qt, and ker-
nel containing GF (q). Represent points of the 2t-dimensional GF (q)-
vector space as

(x1, .., xt, y1, .., yt), where xi, yi ∈ GF (q), for i = 1, 2, .., t.

Assume that we have a matrix t-spread set

x = 0, y = 0, y = xM, M ∈M,

whereM is a set of non-singular t× t matrices, where the differences
of distinct matrices are also non-singular, and where

x = (x1, .., xt), y = (y1, .., yt).

Let Vt+k be the t+ k-dimensional subspace of vectors

(x1, .., xk, 0, .., 0, y1, y2, .., yt)

for all xj, yi ∈ GF (q), for j = 1, 2, .., k, i = 1, 2, .., t.

If we form the k-cut, Vt+k ∩ Z, where Z is one of the components of
the matrix t-spread, we have the focal-spread:

Vt+k ∩ (x = 0) = (x = 0), (note the two uses of x = 0)

Vt+k ∩ (y = 0) = {(x1, .., xk, 0, 0, .., 0);

xi ∈ GF (q), i = 1, 2, .., k},
Vt+k ∩ (y = xM) = {(x1, .., xk, 0, .., 0), (x1, .., xk, 0, .., 0)M},

∀M ∈ M.

Now if Ik×t is the k × t matrix with 1 in the (i, i) positions, for i =
1, 2, .., k and zeros in all other positions, then

(x1, .., xk, 0, ...0)M = (x1, .., xk)Ik×tM.

Now suppress the t = k zeros in x and now use x to represent (x1, .., xk).
Then the focal spread of type (t, k) over GF (q) is

x = 0, y = 0, y = xIk×tM , for M ∈M,

where x is a k-vector and y is a t-vector.

Two major questions regarding focal-spreads and homology or ela-
tion groups arise. If a focal-spread admits a collineation group fixing a
line pointwise and acting regularly on the remaining non-fixed compo-
nents, is the focal-spread a k-cut of a spread of a translation plane? If
the group is a putative homology group, then we may prove that this
is always the case. We begin with a fundamental proposition.

Proposition 3. A collineation h of a focal-spread that fixes a k-
component pointwise and is semi-regular on the remaining components
is a homology.
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Proof. Represent the focal-spread in the form

x = 0, y = 0, y = xM ; M is a k × t matrix in setM
for x a k-vector and y a t-vector, where x = 0 is the focus, and y = 0
is a k-space. Assume furthermore that Ik×t ∈ M. By Proposition 2,
we may choose a representation so that the collineation is of the form
σB : (x, y)→ (x, yB), where B is a non-singular t× t matrix. Assume
that some σB does not act fixed-point-free on the focus x = 0. Let
y0B = y0, where y0 is a non-zero t-vector (that is, (0, y0) is fixed by
σB). There exists a non-zero k-vector x0 and a matrixM ofM so that
x0M = y0. Hence, (x0, x0MB) = (x0, y0B) = (x0, y0) = (x0, x0M),
so that (x0, y0) is a vector on y = xMB and y = xM , so this means
that σB leaves y = xM , invariant, a contradiction to our assumptions.
Hence, h is a homology group and as such acts sharply transitive on
the non-zero vectors of the focus x = 0. �

3.2. Nearfield Focal-Extension Theorem.

Theorem 7. Let F be a focal-spread of type (t, k) over GF (q).
Assume that there is an affi ne group G of order qt− 1 fixing the focus,
fixing a k-component pointwise and acting transitively on the remaining
k-spaces of the partial Sperner k-spread.

(1) Then G is a homology group (every non-identity element of G
is an affi ne homology with the same axis and coaxis).
(2) There is a nearfield plane π of order qt so that F is a k-cut of

π. Hence, there is a planar extension with group G.

Proof. By the previous proposition, since G is semi-regular, it
follows that G is an affi ne homology group. In the context of the
matrix cut procedure 3.1, recalling that we may always assume that y =
xIk×t is a k-component, we begin by first considering x and y t-vectors
and form the associated 2t-dimensional vector space over GF (q) with
vectors (x1, .., xt, y1, .., yt) = (x, y). Let C denote the group {B;σB =[
Ik 0
0 B

]
∈ G}. Form the putative t-spread:

x = 0, y = 0, y = xB, B ∈ C.
Now we claim that this is a t-spread. To see this, we note that if y = xB
and y = xD, for B,D ∈ C, share a vector (x0, x0B) = (x0, x0D), for
x0 6= 0, then x0BD

−1 = x0. However, C is fixed-point-free, as noted
above. Hence, we obtain a t-spread and by the matrix cut procedure
3.1, it follows immediately that the focal-spread is a k-cut. This com-
pletes the proof of the theorem. �
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We shall return to these ideas in Chapter 39, when we consider
doubly transitive focal-spreads. In this setting, it is possible to produce
elation groups as well as homology groups.

4. Spread-Theoretic Dual of a Semifield

We interrupt our discussion of focal-spreads to prepare for the ideas
of an ‘additive’focal-spread, which would be the natural analogue of
a semifield spread. Although all of the material in this chapter can
be given by various other methods, we treat the concepts here strictly
from a spread-theoretic viewpoint. This chapter is modified from work
of Jha and Johnson [81].

Given an affi ne translation plane, complete to the projective exten-
sion and dualize the projective plane. If the translation plane is a semi-
field plane and if the line at infinity becomes the parallel class (∞), then
restricting to the affi ne plane from the dual semifield plane, another
semifield plane is constructed. Normally all of this is done using the
coordinate semifield, as taking the reverse or opposite multiplication,
a coordinate semifield for the dual ‘affi ne’semifield plane may be con-
structed. Specifically, given a finite semifield (S,+, ◦), then the ‘dual
semifield’(S,+, ∗) may be defined by the multiplication a ∗ b = b ◦ a.
It is also true that for finite translation planes, a duality of the

associated projective space provides what we call a ‘dual spread’, which
is always a spread in the finite case. From a matrix spread set, if

x = 0, y = x, y = xM , for M ∈ SMat

is a matrix spread set for a semifield plane, then

x = 0, y = x, y = xM t, for M ∈ SMat,

whereM t denotes the transpose of the matrixM , also gives a semifield
(see, e.g., Johnson [133]). In general, there are six semifields associated
with a given one, and in this chapter, we develop a notion of the dual of
a semifield strictly from the matrix spreadset viewpoint. This material
explicates the original results of Kantor [156] but given completely in
terms of the spreads and gives a spread description of the six semifields
arising from a given semifield.

5. The Dual Semifield Plane

We begin with the dual semifield. Of course, any finite semifield
spread of order pn, for p a prime, may be written in the form

x = 0, y = xM ,
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forM in an additive set S of n×n matrices, including the zero matrix
and such that all non-zero matrices are non-singular, and where x and
y are n-vectors (considered as row vectors). The reader should note
that we are not asserting anything about the kernel of the associated
translation plane, merely that we may always consider an arbitrary
semifield spread in this form. It will turn out that by working over the
prime field the ideas we shall be considering are more easily formulated.

The set of non-zero elements of S is a sharply transitive set acting on
the set of all n-vectors. Fix a row vector w0. Then given any non-zero
n-vector w, there is a unique matrix Mw that maps w0 to w. Hence,
there is a bijection between the set of all n-vectors and the elements
of S that maps the zero vector to the zero matrix. More generally, we
have a (pre)semifield (i.e., lacks an identity) defined by any bijection
φ : V → S (which maps zero to zero) in which multiplication has form
x ◦ w = xMw, where Mw denotes the matrix φ(w).

The projection mappings Ai that map each matrix Mw ∈ S onto
its i-th row are additive and hence linear, so we consider each Ai as a
matrix such that the map w 7→ Aiw coincides with the i-th row ofMw.
Hence, the spreadset S coincides with the set of matrices:{Mw ∈ S} =

y = x



wA1

wA2

wA3

.

.

.
wAn


.

for all n-vectors w (rows) over GF (p)


Moreover, since the non-

zero Mw are required to be non-singular, it follows that the additive
group generated by the matrices Ai, A = 〈A1, A2, . . . An〉 consists en-
tirely of non-singular elements (and zero), hence A is a spreadset.
Actually, this is the spreadset of the plane π′, dual to π, coordina-
tized by the pre-semifield with multiplication w � x := x ◦ w. Letting
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x = (x1, x2, .., xn), we have

w � x : = x ◦ w = x



wA1

wA2

wA3

.

.

.
wAn


=

n∑
i=1

xiwAi = w(

n∑
i=1

xiAi).

This means that the spread

x = 0, y = x(
n∑
i=1

αiAi), for all αi ∈ GF (p),

is the semifield spread given by the dual presemifield.
There is a similar partition of a spreadset S into its column vectors.

If a semifield is represented in the form

(2.1) x = 0, y = x[C1w
t, C2w

t, .., Cnw
t],

where x and w are row vectors, then the semifield spread for the dual
semifield is

(2.2) x = 0, y = x[Ct
1w

t, Ct
2w

t, .., Ct
nw

t].

Let � be the dual of ◦:

w � x := x ◦ w
= x

[
C1w

t, C2w
t, . . . , Cnw

t
]

=
[
xC1w

t, xC2w
t, . . . , xCnw

t
]
,

=
[
wCt

1x
t, wCt

2x
t, . . . , wCt

nx
t
]
,

(since xtCiy are scalars, they may be transposed)

= w
[
Ct

1x
t, Ct

2x
t, . . . , Ct

nx
t
]
.

Notice that [Ct
1x

t, Ct
2x

t, . . . , Ct
nx

t] is the slope map of some element of
the spreadset generated by {Ct

1, . . . , C
t
n}, i.e. in the transposed spread

of the initial spreadset S. This provides the basic sketch of the following
result, which makes the ideas of ‘dual’clear spread theoretically.
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Theorem 8. (1) Let π denote a semifield spread of order pn written
in the form

x = 0, y = x



wA1

wA2

wA3

.

.

.
wAn


, for all n-vectors x over GF (p),

Then the following is the semifield spread corresponding to the dual
pre-semifield of π:

x = 0, y = x

(
n∑
i=1

αiAi

)
, for all αi ∈ GF (p).

(2) Let the semifield spread be written in the form

(2.3) x = 0, y = x[C1w
t, C2w

t, .., Cnw
t],

then the semifield spread for the dual pre-semifield is:

(2.4) x = 0, y = x[Ct
1w

t, Ct
2w

t, .., Ct
nw

t].

6. The Six Associated Semifields

From the previous section, we recall that every semifield spread of
order pn may be written in the form:

(2.5) (∗) : x = 0, y = x[C1w
t, C2w

t, .., Cnw
t],

for all n-vectors w, where C1, C2, .., Cn are non-singular n×n matrices
over GF (p). The transposed semifield spread then may be represented
as

x = 0, y = x



wC1

wC2

wC3

.

.

.
wCn


;w a n-vector.

We have shown in Theorem 8 that the dual of the semifield spread may
be given by

y = x

(
n∑
i=1

αiCi

)
, for all αi ∈ GF (p).
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These steps clearly also reverse. Hence, we have the following descrip-
tion of the transpose and dual of a semifield spread (here dual refers
to the dual of the semifield).

Theorem 9. Let S be a semifield spread of order pn. If D and E are
semifields let Dt, Ed denote the spreads corresponding to the transpose
and dual for the semifields D and E, respectively. Then there are non-
singular matrices Ci, for i = 1, 2, .., n, such that we have the following
representations for the various spreads.

S : x = 0, y = x[C1w
t, C2w

t, .., Cnw
t]

⇐⇒ transpose

St : x = 0, y = x



wCt
1

wCt
2

wCt
3

.

.

.
wCt

n


⇔ dualize

Std : x = 0, y = x

(
n∑
i=1

αiC
t
i

)
, for all αi ∈ GF (p),

⇐⇒ transpose

Stdt : x = 0, y = x

(
n∑
i=1

αiCi

)
, for all αi ∈ GF (p),

⇐⇒ dualize

Stdtd : x = 0, y = x



wC1

wC2

wC3

.

.

.
wCn


⇐⇒ transpose

Stdtdt : x = 0, y = x[Ct
1w

t, Ct
2w

t, .., Ct
nw

t]

⇐⇒ dualize

Stdtdtd = S : x = 0, y = x[C1w
t, C2w

t, .., Cnw
t].
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Finally, we consider the connections between two representations of
the same spread:

(2.6) x = 0, y = x[C1w
t, C2w

t, .., Cnw
t],

and

x = 0, y = x



wA1

wA2

wA3

.

.

.
wAn


, for all n-vectors x over GF (p).

We have noted that

x = 0, y = x

(
n∑
i=1

αiAi

)
, for all αi ∈ GF (p),

represents the spread of the dual pre-semifield and we know that

x = 0, y = x

(
n∑
i=1

αiCi

)
, for all αi ∈ GF (p),

is also a spread, and it follows immediately that this is the transposed-
dual-transposed spread of our spread.

6.1. The ‘Transfer.’Here we simply note the transfer from the
two possible representations of a semifield spread.

Theorem 10. If the semifield spread is represented both by

(2.7) x = 0, y = x[C1w
t, C2w

t, .., Cnw
t],

and by

x = 0, y = x



wA1

wA2

wA3

.

.

.
wAn


, for all n-vectors x over GF (p),

Then the ordered set of columns of Aj is the ordered set of transposes
of the j-th rows of the Ci for i = 1, 2, .., n. Similarly, the ordered set
of rows of Cj is the ordered set of transposes of the j-th columns of the
Ai, for i = 1, 2, .., n.
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Proof. If Aj = [Dj1, Dj2, .., Djn], where the Dji are the columns

of Aj, for i = 1, 2, .., n, and Cj =


E1j

E2j

.
Enj

, where Eij are the rows of
Cj, for i = 1, 2, .., n. Then we obtain

[wDij] =
[
Eijw

t
]

so Dij = Et
ij. Then Aj = [Et

j1, E
t
j2, .., E

t
jn], so the set of columns of

Aj is the set of transposes of the j-th rows of the Ci for i = 1, 2, .., n.

Similarly, Cj =


Dt

1j

Dt
2j

.
Dt
nj

, and we have that the set of rows of Cj is the
set of transposes of the j-th columns of the Ai, for i = 1, 2, .., n. �

7. Symplectic Spreads

In Kantor [156], there is a beautiful and fundamental connec-
tion between commutative semifield spreads and symplectic semifield
spreads, using the Knuth cubical arrays. Here we consider these ideas
from the matrix spreadset viewpoint. Although we not doing anything
new, we do generalize these connections somewhat. So, in this section,
we are interested in the iterative process of transposition and duality of
a semifield spread with the initial assumption that the original spread
is self-dual, which is always true if the semifield is commutative. Recall
again that there is possible confusion between the concept of transpo-
sition, which refers to the dual spread in the projective space and the
procedure of duality, which refers to the dual projective plane. To be
clear, we first define a symplectic spread.

Definition 21. A ‘symplectic spread’is a t-spread in a vector space
of dimension 2t, equipped with a symplectic form that leaves invariant
each component of the spread (the subspaces are totally isotropic sub-
spaces with respect to a symplectic polarity).

Remark 11. With a suitable representation, a symplectic spread is
obtained if and only if the associated matrices of a matrix spread set are
symmetric. Hence, a symplectic spread is self-transpose but, of course,
a self-transpose spread need not be symplectic.

Here we use the column version of the representation of a semifield
spread of order pn and write the spread in the form:

(2.8) x = 0, y = x[C1w
t, C2w

t, .., Cnw
t], for all w n-vectors
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where C1, C2, .., Cn are non-singular n× n matrices over GF (p), for all
n-vectors w and x. Now we apply Theorem 9, that shows the spread
corresponding to the dual pre-semifield is

(2.9) x = 0, y = x[Ct
1w

t
1, C

t
2w

t
1, .., C

t
nw

t
1], for all w1 n-vectors.

In particular if,

(2.10) x ◦ w = x[C1w
t, C2w

t, .., Cnw
t],

then ∗ defines the dual pre-semifield if
x ∗ w = w[C1x

t, C2x
t, .., Cnx

t].

Now assume that the spread obtained from the dual pre-semifield is
the same as the original spread then

(2.11) x[C1w
t, C2w

t, .., Cnw
t] = x[Ct

1w
t
1, C

t
2w

t
1, .., C

t
nw

t
1],

where the mappingw → w1 is a bijection. This means that {C1, C2, .., Cn} =
{Ct

1, .., C
t
n}, (note here the subtle difference between self-dual and self-

transpose), which we symbolize by

{Ci; i = 1, 2, .., n}t = {Ci; i = 1, 2, .., n}.
If we now transpose and dualize, we see the corresponding spread is

x = 0, y = x

(
n∑
i=1

αiC
t
i

)
, for all αi ∈ GF (p),

which shows that(
n∑
i=1

αiC
t
i ;αi ∈ GF (p)

)t

=

(
n∑
i=1

βiC
t
i ; βi ∈ GF (p)

)
.

In other words, the original spread is self-dual if and only if the transposed-
dual spread is self-transpose. Note that a semifield spread defines a
commutative pre-semifield if and only if it is individually self-dual and
a semifield spread is symplectic (the components are totally isotropic
subspaces of a symplectic form) if and only if the matrices are sym-
metric.

Theorem 11. (Compare with Kantor [156] in the symplectic case)
Let (S,+, ◦) be a pre-semifield (or semifield) of order pn defining a
self-dual semifield spread. Then take the semifield spread

(2.12) x = 0, y = x[C1w
t, C2w

t, .., Cnw
t] = x ◦w; for all n-vectors w,

where Ci is a non-singular n× n matrix.
(1) Then {Ci; i = 1, 2, .., n}t = {Ci; i = 1, 2, .., n}, and Ci = Ct

i if
and only the pre-semifield is commutative.
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(2) Transpose the matrices of the self-dual pre-semifield spread to

obtain y = x



wC1

wC2

wC3

.

.

.
wCn


.

(3) Dualize to obtain the spread

y = x

(
n∑
i=1

αiCi

)
, for all αi ∈ GF (p).

Then note that (
∑n

i=1 αiC
t
i ;αi ∈ GF (p))

t
= (
∑n

i=1 βiC
t
i ; βi ∈ GF (p)).

So, the spread itself is self-transpose. The spread is symplectic if and
only if the original spread is commutative.
(4) Conversely, if(

n∑
i=1

αiC
t
i ;αi ∈ GF (p)

)t

=

(
n∑
i=1

βiC
t
i ; βi ∈ GF (p)

)
defines a self-transpose semifield spread then the dual semifield spread
is

y = x



wC1

wC2

wC3

.

.

.
wCn


and the transpose of this spread is

(2.13) y = x[C1w
t, C2w

t, .., Cnw
t].

Now define a multiplication by

x ◦ w = x[C1w
t, C2w

t, .., Cnw
t]

for all x,w n-vectors over GF (p). Since

{Ci; i = 1, 2, .., n}t = {Ci; i = 1, 2, .., n},
it is immediate that we obtain a self-dual pre-semifield, which is com-
mutative if and only if Ct

i = Ci.

Proof. Then simply apply Theorem 8 or Theorem 9. �
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Finally, we note that in our results, we have chosen a specific repre-
sentation for an initial semifield spread; either in row or column form.
The column form is best suited to determine whether a semifield is
self-dual and the row form is ideal if asking if a semifield spread is
self-transpose. Theorem 10 shows how to deal with the two opposite
situations.
For example, if we have a representation

x = 0, y = x



wA1

wA2

wA3

.

.

.
wAn


, for all n-vectors x over GF (p),

and wish to determine if the semifield is self-dual or commutative, we
note that by Theorem 10 then Ct

j is the set of ordered j-th columns
of the A1, A2, .., An. Hence, the semifield is commutative if and only
if the Ct

j = Cj and is self-dual if and only if {Cj; j = 1, 2, .., n}t =
{Cj; j = 1, 2, .., n}.

8. Additive Focal-Spreads

We now return to the study of ‘additive focal-spreads.’ Again, we
choose the standard representation for a focal-spread and consider the
focus as x = 0, the unique t-dimensional subspace of the partition,
and y = 0 a k-space. We have seen in Theorem 7 if there is a group
of the focal-spread of order qt − 1 that fixes a k-component pointwise,
fixes the focus, and acts transitively on the remaining components then
the focal-spread is a k-cut of a nearfield plane. However, if the group
fixing the focus pointwise is transitive on the partial Sperner k-space
and fixes x = 0 pointwise, it is not known that the focal-spread is a
k-cut of a semifield plane or even that the group is an elation group.
If we assume that a group of order qt fixes x = 0 pointwise (and fixes
no other points), then the group will act sharply transitive on the set
of qt k-spaces of the partial Sperner k-space.

Definition 22. A focal-spread of type (t, k) over GF (q) shall be
said to be ‘additive’if there is an elation group E of order qt with axis
the focus.

The following remark shows from where the term ‘additive’arises.
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Remark 12. Choose a standard representation for the focal-spread.
Then if there is an elation group E of order qt with axis the focus, then
there is a matrix spread set for the focal-spread as follows:

x = 0, y = xC; C ∈M,

whereM is an elementary Abelian p-group of order qt of k×t matrices.
The group E =

〈
eC : (x, y)→ (x, xC + y) = (x, y)

[
Ik C
0 It

]
;C ∈M

〉
.

Thus, an additive focal-spread has a matrix representation whose
matrix set is an additive group of k × t matrices.

So, natural generalizations of semifield spreads are additive focal-
spreads.
Suppose that we have an additive focal-spread of type (t, k) over

GF (q). Then the focal-spread is x = 0, y = xM, where M is in a set S
of qt k×t matrices of rank k or the zero matrix, such that the difference
of any two distinct matrices in S is also of rank k and, where S is an
elementary Abelian p-group and hence a vector space over GF (p).

The following result now follows immediately from Remark 12.

Theorem 12. A focal-spread of type (t, k) that admits an elemen-
tary Abelian matrix spread set is an additive focal-spread (admits an
elation group qt that fixes the focus pointwise and acts transitive on the
partial Sperner k-spread).

Although it may seem that additive focal-spreads are diffi cult ob-
jects to study, actually they are natural geometries that arise from
additive partial spreads by a method analogous to that of dualization
of a semifield spread, which apart from the wonderful matrix transfor-
mations describing the six connecting semifields, is the principal reason
for including these ideas in the material on focal-spreads.
As we have mentioned previously for semifields, it is also true here

for additive focal-spreads, it is helpful to work over the prime field,
for the connections to additive partial spreads arises with this consid-
eration, regardless of the kernel. We invite the reader to reread the
nature of the dual of a semifield spread using the matrix approach and
supply the proof of the following theorem (the proof, of course, can be
read in the article [77]). We do supply the proof of the converse, that
additive partial spreads do produce an additive focal-spread using a
generalization of the dual semifield, which we term the ‘companion.’

Theorem 13. (1) Each additive focal-spread of type (t, k) over
GF (p), for p a prime, gives rise to a partial spread of k t× t matrices,

y = xAi, for i = 1, 2, .., k,
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where A1 = I and

x

(
kr∑
i=1

αiAi

)
= 0,

implies αi = 0, for i = 1, 2, .., k, for any x non-zero.
(2) Any additive partial spread that can be extended to some additive

t-spread produces a (t + k)-additive focal-spread over GF (p), which is
a k-cut; the extension of the additive partial spread is equivalent to the
extension of the additive-focal spread.

Proof. Left to the reader as an exercise. �
Definition 23. The partial spread obtained from an additive focal-

spread as in the previous theorem shall be called the ‘companion partial
spread.’ If we actually have an additive spread, that is, a semifield
spread, we call this related semifield spread the ‘companion semifield
spread’and the previous chapter discusses this situation.

Theorem 14. Additive focal-spreads of dimension t+ k with focus
of dimension t over GF (p) are equivalent to additive partial t-spreads
of degree 1 + pk; the companion of the partial spread is an additive
focal-spread.

Proof. It remains to show that an additive partial spread pro-
duces an additive focal-spread. Consider any additive partial spread
of order pt, and degree pk. By definition, an additive spread is an el-
ementary Abelian p-group so is a GF (p)-vector space and thus has a
basis {A1 = I, A2, .., Ak} of t× t matrices such that the partial spread
is
∑k

i=1 αiAi, where αi ∈ GF (p). Now consider a t + k-vector space
over GF (p) with vectors

(x1, x2, .., xk, y1, y2, .., yt).

Regard y = 0 = (y1, .., yt) to be in the original additive spread. Now
form

x = 0, y = x
[
wT (wA2)T (wA3)T , .., (wAk)

T
]
,

We claim that this is a t+k-dimensional additive focal-spread with fo-
cus of dimension t. To see this we note that

∑k
i=1 αiAi is a non-singular

linear transformation, for αi not all zero and so for w non-zero t-vectors
then w

∑k
i=1 αiAi = 0, if and only if αi = 0, but w

∑k
i=1 αiAi =∑k

i=1 αiwAi, since the αi are in GF (p). Therefore, the matrices[
wT (wA2)T (wA3)T , .., (wAk)

T
]T

are all of rank k and therefore we have an additive focal-spread of
dimension t+k with focus of dimension t. This completes the proof. �
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9. Designs, and Multiple-Spreads

In this section, we give some constructions of designs and double
and triple spreads that may be constructed from focal-spreads. In
Chapter 0.1, we have shown how a double-spread may be obtained from
a t-spread of an st-dimensional vector space and have discussed more
generally partitions with a number of different dimensions of subspaces.
We recall the definition of a double-spread.

Definition 24. A ‘double-spread’of a vector space is a partition
using subspaces of two distinct dimensions. So a focal-spread is also
a double-spread. Similarly, a ‘triple-spread’ is a partition of a vector
space into subspaces of three distinct dimensions.

9.1. Design Lemma. The following lemma begins a procedure
that constructs designs from focal-spreads of type (1 + k, k), using
hyperplanes that intersect the focus in a k-dimensional subspace.

Lemma 6. Suppose that B is a focal-spread of dimension 2k + 1 of
type (1 + k, k) over GF (q). Then each hyperplane that intersects the
focus in a k-dimensional subspace induces a partition of a vector space
of dimension 2k over GF (q) by q + 1 subspaces of dimension k and
qk+1 − q subspaces of dimension k − 1. Hence, each hyperplane then
produces a double-spread.

Proof. For a focal-spread of type (1+k, k), with focus L, consider
any hyperplane H, a subspace of dimension 2k, that intersects L in
a subspace of dimension k. Since 2k + k − (2k + 1) = k − 1, then
H intersects each k-component in at least a k − 1-subspace. Let a
denote the number of k-dimensional intersections not equal to L, so
that qk+1 − a is the number of k − 1-dimensional intersections.

a(qk − 1) + (qk+1 − a)(qk−1 − 1) = q2k − qk,
which implies that

aqk−1(qk − 1) = qk(qk − 1),

so that a = q. �
In a similar manner, triple-spreads may be constructed. The fol-

lowing may be proved in a manner similar to the previous lemma and
will be left to the reader.

Lemma 7. Given any focal-spread of type (t, k) with focus L. Then
any subspace H2k−1 of dimension 2k − 1 that intersects L in a k-
dimensional subspace is partitioned by a subspace of dimension k, q2

subspaces of dimension k − 1, and (qk+1 − q2) subspaces of dimension
k − 2. Thus, in this way, a triple-spread is obtained.
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Using the design lemma, we construct resolvable 2 − (qk+1, q, 1)-
designs.

9.2. The Design Theorem.

Theorem 15. Let F be any focal-spread of type (1+k, k) with focus
L. Denote by D = D(F) = (P,B) the incidence structure whose
point set P = F−{L} and whose blocks B are the hyperplanes that
do not contain L. Then D is an affi ne (or resolvable) 2− (qk+1, q, 1)-
design. Any parallel class is formed from the hyperplanes that intersect
L in a common k-space.

Proof. By Lemma 6, every block contains q points.
Since

|B| = (q2k+1 − 1)/(q − 1)− (qk − 1)/(q − 1)

= qk(qk+1 − 1)/(q − 1),

there are exactly qk hyperplanes that intersect L in a common k-space
U . Since any point P lies in the hyperplane P +U , it follows that this
set of hyperplanes covers the points. Furthermore, two hyperplanes
containing U cannot share a point. In addition, the points P and Q lie
in a unique hyperplane P +Q of B. This completes the proof. �

10. Focal-Spreads from Designs

In the previous section, we have seen that given a focal-spread of
type (k+ 1, k), there is a corresponding 2− (qk+1, q, 1)-design. Here we
try to find a converse construction to recapture the focal-spread from
a design with the indicated parameters.
Note that in a 2− (qk+1, q, 1)-design, there are qk(qk+1− 1)/(q− 1)

blocks, of which there are exactly (qk+1− 1)/(q− 1) containing a given
point. If the design can be embedded into a vector space of dimension
2k+ 1 over GF (q), where the blocks are hyperplanes, there are exactly
(qk − 1)/(q − 1) hyperplanes not in the block set. A similar proof to
the following theorem is also found in Jha and Johnson [77].

10.1. Focal-Spread Reconstruction Theorem.

Theorem 16. Let D = (P,B) be a 2 − (qk+1, q, 1)-design with
the following properties: (we shall refer to the points of the design as
‘d-points’)
(a) The d-points are subspaces of a (2k + 1)-dimensional GF (q)-

space V .
(b) The blocks are hyperplanes of V .
Then D = D(F), where F is a focal-spread of type (k + 1, k).
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The proof will be given by a series of lemmas.

Lemma 8. Every d-point space P has dimension k and all hyper-
planes containing P are in B.

Proof. If P is an s-space, then there are (q2k+1−s − 1)/(q − 1)
hyperplanes containing P . Let H denote the set of qk(qk+1−1)/(q−1)
hyperplanes of the design. Since there are exactly (q2k+1 − 1)/(q − 1)
hyperplanes, there are exactly (qk−1)/(q−1) hyperplanes that do not
belong to H. There are exactly (qk+1 − 1)/(q − 1) hyperplanes of H
that contain P . Therefore, the maximum number of hyperplanes that
contain P is (qk+1 − 1)/(q − 1)+ (qk+1 − 1)/(q − 1). Hence,

(qk+1 − 1)/(q − 1) + (qk − 1)/(q − 1) ≥ (q2k+1−s − 1)/(q − 1),

or equivalently,

qk+1 + qk ≥ q2k+1−s + 1 > q2k+1−s.

Therefore, qk+1 + qk > q2k+1−s so that q > qk+1−s − 1. It follows that
q ≥ qk+1−s, which implies that 1 ≥ k+ 1− s or rather that s ≥ k. But
s ≯ k since otherwise there could not be (qk+1−1)/(q−1) hyperplanes
containing P . This completes the proof. �

Lemma 9. P is a partial spread of k-spaces on V .

Proof. If not assume that the subspace 〈P,Q〉 is of dimension s
≤ 2k− 1 so lies in exactly (q2k+1−s− 1)/(q− 1) hyperplanes. So, there
are at least (q2− 1)/(q− 1) hyperplanes containing P and Q and these
are the hyperplanes of B that contain P . But, there is exactly one
block containing P and Q. Therefore, the dimension of 〈P,Q〉 is 2k,
hence the proof is complete. �
Lemma 10. Let N denote the set of hyperplanes that do not be-

long to B. Then L = ∩H∈NH is a (k + 1)-dimensional subspace that
intersects trivially with all points.

Proof. Set Γ = (V − {0})−∪P∈P (P − {0}). Then |Γ| = qk+1 − 1
by Lemma 8. Moreover, H ∈ N does not contain any d-point by the
same lemma. Therefore, dimH ∩ P = k − 1 for P ∈ P . This shows

|(H − {0})− ∪P∈P ((P ∩H)− {0}| = qk+1 − 1,

as ∪P∈P ((P ∩H)− {0} has cardinality qk+1(qk−1 − 1).
Therefore, it follows that Γ ⊆ H, which implies that Γ ⊆ L.

Therefore, the dimL = ` ≥ k + 1. As L is contained in exactly
(q2k+1−`−1)/(q−1) hyperplanes, but there are exactly (qk−1)/(q−1)
hyperplanes of V that are not in H, therefore, dimL = k + 1, which
completes the proof of the lemma. �
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The sets of lemmas then establishes the proof of the theorem.

10.2. Parallelisms of Designs. Given a 2 − (qk+1, q, 1)-design,
there are qk(qk+1 − 1)/(q − 1) lines (or blocks). The point set can be
covered by a set of qk+1 lines. If the line set can be partitioned into
disjoint subsets, this is often called a ‘resolution’of the design. Here
we adopt the term ‘parallelism’for this concept.

Corollary 2. Assume that a 2− (qk+1, q, 1)-design can be embed-
ded into a vector space of dimension 2k + 1 such that the points are
vector subspaces and the lines are hyperplanes. Then there is a paral-
lelism of the lines into (qk+1 − 1)/(q − 1) parallel classes of qk+1 lines
each.

The reader interested in how isomorphic focal-spreads reflect iso-
morphic designs is directed to Jha and Johnson [77].



CHAPTER 3

Generalizing André Spreads

There is an important class of translation planes called the ‘André
planes,’that may be constructed from the Desarguesian plane by a set
of mutually disjoint derivations, that is, by ‘multiple derivation.’ The
representation of the spreads have the general form{

x = 0, y = 0, y = xq
i

m;m(qn−1)/(q−1) = δ;m ∈ GF (qn)∗
}
,

( i is fixed for each δ).

If a spread for a translation plane can be represented in the form{
x = 0, y = 0, y = xq

λ(m)

m;m ∈ GF (qn)∗
}
,

where λ is a function of GF (qr)∗ to {1, 2, .., n}, then the translation
plane is called a ‘generalized André plane.’
Although with the use of the term it might seem that the set of

generalized André planes has been completely determined, actually the
opposite is true– almost nothing is known and the complete set of
generalized André planes is (probably) almost unknown.
Now our terminology becomes problematic as we wish to extend the

ideas and construction of the André spreads from Desarguesian planes,
where our generalization intends to mean to generalize from spreads
defining translation planes to arbitrary t-spreads defining translation
Sperner spaces. Now this might be considered acceptable, but now
what does one call a generalization of a generalized André spread?
In any case we shall try to make it clear what we are trying to do

as follows: As mentioned, we wish to generalize the construction of the
finite André planes π with kernel containing GF (q) from Desarguesian
affi ne planes Σqn of order qn, where q = pr, for p a prime, in such a
way so that certain important collineation groups that are present in
André planes are also present in these generalized structures.
In order to follow our generalizations from André planes, we give a

primer on the construction on André planes. Some of this chapter is
modified from the author’s work [98].

43
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1. A Primer on André Planes

We begin the constructions of the most basic type of André plane
those that can be constructed from Desarguesian planes by multiple
derivation of a certain set of regulus nets. These planes are the so-
called ‘subregular André planes.’ It is not diffi cult to show that if a
spread S in PG(3, q), for q > 2, has the property that there is a regulus
generated by any three distinct spread components and if this regulus is
also in S, the spread is forced to be Desarguesian. We also use the term
‘regular spread’for a Desarguesian spread. We shall eventually discuss
‘regular parallelisms’, which are parallelisms all of whose spreads are
regular (Desarguesian).
In the following, we shall be considering planes of order q2.
Assume that a spread for the Desarguesian plane Σqn is given by

x = 0, y = xm;m ∈ GF (qn)),

then an ‘André partial spread’Aδ is defined by

Aδ :
{
y = xm;m(qn−1)/(q−1) = δ

}
,

δ ∈ GF (q). It is easy to show that Aδ is a replaceable partial spread
with n− 1 replacement nets regulus Aq

i

δ with partial spread

Aq
i

δ :
{
y = xq

i

m;m(qn−1)/(q−1) = δ
}
.

When n = 2, the André partial spreads are reguli and the replacement
partial spread Aqδ is the opposite regulus to Aδ.

Definition 25. Any translation plane obtained from a Desargue-
sian plane of order q2 by ‘deriving’or ‘multiply deriving’a set of An-
dré partial spreads is called an ‘André plane of dimension two’ or a
‘sub-regular André plane.’ (Note that the spread, in this case, is in
PG(3, q).)

The reader might note that there is much more room for construc-
tion when n is large due to the large number (n − 1 ) of possible net
replacements for each André net. The more general use of the term
André plane is as follows:

Definition 26. The ‘André planes of order qsn and kernel con-
taining GF (q)’are defined as follows. We let

Aδ =
{
y = xm;m(qsn−1)/(q−1) = δ

}
, δ ∈ GF (q)

be called an ‘André partial spread’of degree (qsn− 1)/(q− 1) and order
qsn. This partial spread is replaceable by any partial spread

Aq
λ

δ =
{
y = xq

λ

m;m(qsn−1)/(q−1) = δ
}
, δ ∈ GF (q), 0 ≤ λ ≤ sn− 1,
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called an ‘André replacement.’ Hence, there are exactly sn − 1 non-
trivial replacements and, of course, if λ = 0, the partial spread has not
been replaced. There are exactly q − 1 André nets each admitting sn
replacements. An ‘André plane’is defined as any translation plane ob-
tained with spread consisting of q−1 André replacement partial spreads
together with x = 0, y = 0. Therefore, there are (sn)q−1 − 1 distinct
André spreads obtained from a given Desarguesian affi ne plane.

We now mention the most important collineation groups that gen-
eral André planes admit.

Definition 27. The ‘kernel homology group’of the Desarguesian
plane Σqn, is the group of central collineations with axis the line at in-
finity and center the zero vector of the associated vector space. This
group of order qn − 1 then will act on each André plane, but the re-
placement nets are now in an orbit of length (qn− 1)/(q− 1) under the
kernel homology group.

We now generalize the concept of an André plane as arising from
a Desarguesian affi ne plane to analogous structures constructible from
what are called ‘Desarguesian t-spreads.’ We shall be using the term
‘extended André spreads’to describe this generalization. What we ob-
tain are new Sperner spaces in a similar way that André planes are
produced from Desarguesian affi ne planes. Although these Sperner
spaces are natural generalizations, they do not seem to have been no-
ticed previously, or at least have not generated significant applications.
When we consider the generalizations of a generalized André plane

in the context of what we are doing here, we shall use the somewhat
awkward term ‘generalized extended André r − (sn, q)-spreads.’ We
shall also use the terms for the natural net replacements as ‘extended
André replacements’and ‘generalized extended André replacements.’
The reader is directed to Biliotti, Jha and Johnson [21] for addi-

tional background on André and generalized André planes.

2. r-(sn, q)-Spreads

We shall now give the definitions of the type of general vector space
spread that we shall be constructing.
Consider a field GF (qrsn), where q = pz, for p a prime. Then

GF (qrsn) is an r-dimensional vector space over GF (qsn). More gener-
ally, let V be the r-dimensional vector space over GF (qsn).
The most diffi cult part of the definition is that of a ‘j-(0-set),’so

we offer a few words on this concept. Suppose that we have a nor-
mal Desarguesian spread over a field K. We may consider this spread



46 Generalizing André Spreads

as a spread of 1-dimensional K-subspaces, with an associated vector
space of dimension 2 over GF (qn), so that vectors are (x1, x2), for
xi ∈ GF (qn), for i = 1, 2. Now we normally designate x1 = 0 as x = 0
and x2 = 0 as y = 0, so that when we consider the spread over a subfield
GF (qn/k) of GF (qn), we represent the spread as x = 0, y = 0, y = xM ,
where M is in a certain set of n/k × n/k matrices. Now suppose we
have the set of all vectors (x1, x2, x3), where the xi are vectors over a
field GF (qn). We now have the sets x1 = x2 = 0, x1 = x3 = 0, and
x2 = x3 = 0. We would call such subsets 2-(0-sets). From a matrix
point of view, these would take the place of x = 0 and y = 0 in the
standard case. Also, in the standard case, apart from x = 0, or y = 0,
the remaining vectors are (x1, x2), where x1x2 6= 0. The corresponding
set in this more general setting would be (x1, x2, x3), where x1x2x3 6= 0.
This set would be the 0-(0-set). So we would naturally decompose the
set of all vector (x1, x2, x3) into disjoint sets of one 0-(0-subset), three
1-(0-subsets), and three 2-(0-subsets). We then generalize this and
consider that xi are r-vectors over a field GF (qsn).

Definition 28. A ‘1-dimensional r-spread’or ‘Desarguesian r −
(sn, q)-spread’ is defined to be a partition of V by the set of all 1-
dimensional GF (qsn)-subspaces, where q is a prime power. In this
case, the vectors are represented in the form (x1, x2, .., xr), where xi ∈
GF (qsn).
Furthermore, the 1-dimensional GF (qsn)-subspaces may be parti-

tioned into the following sets called ‘j-(0-sets).’ A ‘j-(0-set)’is the set
of vectors with exactly j of the entries equal to 0. For a specific set of
j-zeros among the r elements, the set of such non-zero vectors in the
remaining r − j non-zero entries is called a ‘(j-(0-subset)).’

Note that there are exactly
(
r
r−j
)

(qsn−1)r−j vectors (non-zero vec-
tors) in each j-(0-set) and exactly (qsn − 1)r−j vectors in each of the(
r
r−j
)
disjoint j − (0-subsets).

Hence, j = 0, 1, .., r − 1, and we denote the j − (0-sets) by Σj, and
by specifying any particular order, we index the

(
r
r−j
)
j − (0-subsets)

by Σj,w, for w = 1, 2, ..,
(
r
r−j
)
. We note that

∪(rr−j)
w=1 Σj,w = Σj,

a disjoint union. Furthermore, the (qrsn − 1) non-zero vectors are par-
titioned into the j − (0-sets) by

(qrsn − 1) =
r−1∑
j=0

(
r
r−j
)

(qsn − 1)r−j,
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and the number of 1-dimensional GF (qsn)-subspaces is

(qrsn − 1)/(qsn − 1) =
r−1∑
j=0

(
r
j

)
(qsn − 1)r−j−1.

Also, note that this is then also the number of sn-dimensional GF (q)-
subspaces in an r − (sn, q)-spread.
Some established notation is convenient here. The reader might

note that what we are trying to do is to parrot the Desarguesian case
as much as possible. So, in the (x, y)-case, for vectors other than x = 0,
and y = 0, a vector in the spread is (x, xm), or y = xm, for some
element m of the associated field. Also, it is important to note that
we shall be working in the various j-(0-sets), Σj, there the j zeros are
omitted in the notation. We are still in the Desarguesian 1-dimensional
r-spread situation.

Notation 2. Consider a vector (x1, x2, .., xr) over GF (qsn), we use
the notation (x1, y) for this vector. Consider a j-(0-set) Σj and let xj1
denote the first non-zero entry. Then all of the other entries are of the
form xj1m, for m ∈ GF (qsn). For example, the elements of an element
of a 0-(0-set) may be presented in the form (x1, x1m1, .., x1mr−1), for
x1 non-zero and mi also non-zero in GF (qsn). That is,

y = (x1m1, .., x1mr−1).

More importantly if we vary x1 over GF (qsn), then

y = (x1m1, .., x1mr−1),

is a 1-dimensional GF (qsn)-subspace. However, we now consider this
subspace as an sn-dimensional GF (q)-subspace.

In this notation, a Desarguesian 1-spread leads to an affi ne Sperner
space by defining ‘lines’ to be translates of the 1-dimensional GF (qsn)-
subspaces.

Definition 29. In general, for r > 2, a Desarguesian r-spread
leads to a ‘Desarguesian translation Sperner space’(simply the associ-
ated affi ne space) by the same definition on lines. Every 1-dimensional
GF (qsn)-space may be considered an sn-space over GF (q). When this
occurs we have an example of what we shall call an ‘r-(sn-spread)’(or
also a ‘r − (sn, q)-spread’).

We are now ready to give a formal definition of what we shall call
an ‘r-(sn, q)-spread.

Definition 30. A partition of an rsn-dimensional vector space
over GF (q) by mutually disjoint sn-dimensional subspaces shall be called
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an ‘r-(sn, q)-spread.’ In the literature, this is often called an ‘sn-spread’
or projectively on the associated projective space as an ‘sn−1-spread.’
If r = 2, any ‘2-(sn, q)-spread’is equivalent to a translation plane

of order qsn, with kernel containing GF (q).

We are looking for ‘nice’groups; we begin with those of Desargue-
sian r-spreads, which are the sn-kernel and a natural generalization.

Definition 31. Let Σ be an (r−(sn-spread).
We define the ‘collineation group’of Σ to be the subgroup of ΓL(rsn, q)

that permutes the spread elements (henceforth called ‘components’).
For a Desarguesian r-spread Σ, the subgroup K∗sn with elements

(x1, x2, .., xr) 7−→ (dx1, dx2, .., dxr)

for all d nonzero in GF (qsn) is called the ‘sn-kernel’ subgroup of Σ.
The group fixes each Desarguesian component and acts transitively
on its points. The group K∗sn union the zero mapping is isomorphic
to GF (qqn). K∗sn has a subgroup K

∗
s , where d above is restricted to

GF (qs)∗, and K∗s union the zero mapping is isomorphic to GF (qs).
K∗s is called the ‘s-kernel subgroup.’
More generally, also for a Desarguesian spread Π, we note that the

group G(sn)r of order (qsn − 1)r with elements

(x1, x2, .., xr) 7−→ (d1x1, d2x2, .., drxr); di ∈ GF (qsn)∗, i = 1, 2, .., r

also acts as a collineation group of Π. We call G(sn)r , the ‘generalized
kernel group.’

If we have a Desarguesian 2-spread with vectors (x, y) and spread
x = 0, y = 0, y = xm, for m in a field GF (q2), choose any subspace of
the form y = xqm1, where m1 is a fixed element of GF (qn). Now find
the set of elements y = xm that non-trivially intersect y = xqm1 by
solving the equation

xq−1 = mm−1
1 .

In this case, we see that (mm−1
1 )q+1 = 1 or equivalently that mq+1 =

mq+1
1 , so this defines an associated André partial spread, one of whose

replacement subspaces is y = xqm1. Now apply the kernel homology
group with elements (x, y) → (dx, dy), for d in GF (q2), which maps
y = xqm1 onto the subspace y = xqd1−qm1 and notice that this provides
the set of all q + 1 replacement subspaces. This is the approach that
we shall take in finding the appropriate extension of an André partial
spread.
Let Σ be a Desarguesian r-spread with vectors (x1, x2, .., xr). Con-

sider any set j-(0-set) Σj, and suppress the set of j zeros and write
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vectors in the form (x∗1, x
∗
2, .., x

∗
r−j), in the order of non-zero elements

within (x1, .., xr). Assume that j ≤ r − 1. We consider such vectors of
the following form

(x∗1, x
∗qλ1

1 m1, .., x
∗qλr−j
1 mr−j).

If x∗1 varies over GF (qsn), and if we consider Σ as an rsn-vector space
over GF (q), we then have an sn-vector subspace over GF (q) that we
call

y = (x∗q
λ1

1 m1, .., x
∗qλr−j−1

1 mr−j−1),

where λi are integers between 0 and sn − 1. We are interested in the
set of Desarguesian sn-subspaces

y = (x∗1w1, .., x
∗
1wr−j−1)

(using the same notation) that can intersect

y = (x∗q
λ1

1 m1, .., x
∗qλr−j−1

1 mr−j−1).

We note that we have a non-zero intersection if and only if

x∗q
λi−1

1 = wi/mi, for all i = 1, 2, .., r − j − 1.

Definition 32. The above set of non-zero intersections of Σ shall
be called an ‘extended André set of type (λ1, λ2, .., λr−j−1).’ The set of
all subspaces

y = (x∗q
λ1

1 n1, .., x
∗qλr−j−1

1 nr−j−1),

such that

x∗q
λi−1

1 = wi/ni, for all i = 1, 2, .., r − j − 1,

has a solution is called an ‘extended André replacement.’

Using these ideas, we may formulate the main ideas on replace-
ment in this generalized setting and shortly, we give a slightly different
definition of extended André replacement.

2.1. Main Theorem on Replacements.

Theorem 17. Let Σ be a Desarguesian r-spread of order qsn. Let
Σj,w be any j-(0-subset) for j = 0, 1, 2, .., r − 1. Choose any sn-
dimensional subspace

y = (x∗q
λ1

1 n1, .., x
∗qλr−j−1

1 nr−j−1);

where ni ∈ GF (qsn)∗, i = 1, 2, .., r − j − 1. Let d = (λ1, λ2, .., λr−j−1),
where 0 ≤ λi ≤ sn− 1.
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(1) Then A(n1,..,nr−j−1) =
y = (x∗1w1, .., x

∗
1wr−j−1);

there is an x∗1 such that x
∗qλi−1
1 = wi/ni,

for all i = 1, 2, .., r − j − 1


is a set of (qsn − 1)/(qd − 1) sn-subspaces, which is covered by the set
of (qsn − 1)/(qd − 1) sets A(λ1,..,λr−j−1)

(n1,..,nr−j−1) ={
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

);
d ∈ GF (qsn)∗

}
.

(2) Let C(qsn−1)/(q−1) denote the cyclic subgroup of GF (qsn)∗ of order
(qsn − 1)/(q − 1). Then, for each

y = (x∗1w1, .., x
∗
1wr−j−1),

there exists an element τ in C(qsn−1)/(q−1) such that

wi = niτ
(qλi−1)/(q−1).

(3) The

(qsn − 1)/(q(λ1,..,λr−j−1,sn) − 1)

components of{
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

);
d ∈ GF (qsn)∗

}
are in(

(qsn − 1)/(q(λ1,..,λr−j−1) − 1)
)
/
(
(qs − 1)/(q(λ1,λ2,..,λr−j−1,s) − 1)

)
orbits of length

(qs − 1)/(q(λ1,λ2,..,λr−j−1,s) − 1)

under the s-kernel homology group Ks.

Proof. There exists an integer i0 such that λi0 = dρi0 , for (ρi0 , sn/d) =
1. For fixed ni0 non-zero in GF (qsn)∗, consider the set of all elements

wi0 such that wi0/nio = τ 0, for some τ 0 such that τ
(qsn−1)/(q

dρi0−1)
0 = 1,

and clearly there is a set of (qsn−1)/(qd−1) such elements in GF (qsn)∗.
There exists an element x∗(q−1)

1 = τ so that

x∗q
λi−1

1 = wi/ni = τ (qλi−1)/(q−1).

This proves part (2).
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Now to show that the indicated set{
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

);
d ∈ GF (qsn)∗

}
covers the set{

y = (x∗1n1τ
(qλ1−1)/(q−1), .., x∗1nr−j−1τ

(qλr−j−1−1)/(q−1));
τ ∈ C(qsn−1)/(q−1)

}
.

First note that the following sets are equal:{
x∗q

λi

1 nid
1−qλi ;x∗i , d ∈ GF (qsn)∗

}
=

{
x∗1niτ

(qλi−1)/(q−1);xi ∈ GF (qsn), τ ∈ C(qsn−1)/(q−1)

}
.

Assume for a fixed x∗1 that

x
∗(q−1)
1 d1−q = τ .

Then
(x∗1d

−1)(qλi−1) = τ (qλi−1)/(q−1),
which is true if and only if

x∗q
λi

1 nid
1−qλi = x∗1niτ

(qλi−1)/(q−1).

Therefore, as {
x∗q1 τ ; τ ∈ C(qsn−1)/(q−1)

}
covers {

x∗1d
1−q; d ∈ GF (qsn)∗

}
,

it follows that{
y = (x∗1n1τ

(qλ1−1)/(q−1), .., x∗1nr−j−1τ
(qλr−j−1−1)/(q−1));

τ ∈ C(qsn−1)/(q−1)

}
.

is covered by{
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

);
d ∈ GF (qsn)∗

}
.

Now to determine the total number of components in the André net

(λ1, λ2, .., λr−j−1).

Thus, the question is, when is

τ (qλi−1)/(q−1) = 1

for all i = 1, 2, .., r−j−1, where τ is an arbitrary element of C(qsn−1)/(q−1)?
It is then clear that τ must have order

(q(λ1,..,λr−j−1) − 1)/(q − 1).
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In other words, there are exactly

(qsn − 1)/(q(λ1,..,λr−j−1) − 1)

components of the extended André set A(λ1,..,λr−j−1
).

Now consider an orbit in the replacement set under the s-kernel
homology group Ks. So,

y = (x∗q
λ1

1 n1, .., x
∗qλr−j−1

1 nr−j−1)

maps to

y = (x∗q
λ1

1 n1
1−qλ1d1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

)

for d ∈ GF (qs)∗. This orbit clearly has the cardinality indicated. �
We are now in a position to define our generalizations. If we take

y = xq
λ
m0 for a fixed element of GF (qsn)∗, let Nλ,m0 define the set

of components of the associated Desarguesian affi ne plane that non-
trivially intersect this subspace. Then the set of images under the
kernel homology group of order (qsn − 1) is{

y = xq
λ

m0d
1−qλ

}
,

and we see that we obtain a net of degree

(qsn − 1)/(q(λ,sn) − 1).

The partial sn-spread

A =

{
y = (x∗1n1τ

(qλ1−1)/(q−1), .., x∗1nr−j−1τ
(qλr−j−1−1)/(q−1));

τ has order dividing (qsn − 1)/(q − 1).

}
is a set of

(qsn − 1)/(q(λ1,λ2,...λr−j−1,sn) − 1)

sn-subspaces, which is covered by the set of

(qsn − 1)/(q(λ1,λ2,...λr−j−1,sn) − 1)

sn-subspaces

A
(λ1,..,λr−j−1)

(n1,..,nr−j−1)

=

{
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

);
d ∈ GF (qsn)∗

}
.

Definition 33. We shall call A(n1,..,nr−j−1) an ‘extended André par-
tial spread’of degree (qsn−1)/(q(λ1,λ2,..,λr−j−1,sn)−1)’and order qsn. So,
we note that A(λ1,..,λr−j−1)

(n1,..,nr−j−1) is a replacement partial spread of the same
degree and order called an ‘extended André replacement.’
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2.2. Extended André Replacements. Suppose we have a given
extended André replacement, how do we find others? For example, if
we are looking for extended André partial spreads of the same degree
as A(λ1,..,λr−j−1)

(n1,..,nr−j−1), we take other exponent sets
{
ρ1, ρ2, .., ρr−j−1

}
so that(

ρ1, ρ2, .., ρr−j−1, sn
)

= (λ1, λ2, .., λr−j−1, sn) ,

there are exactly

((q(λ1,λ2,..,λr−j−1,sn) − 1)(qsn − 1)r−j−2

possible extended André partial spreads of degree

(qsn − 1)/(q(λ1,λ2,..,λr−j−1,sn) − 1).

Therefore, if we let ρi = λiti, for 0 ≤ ti ≤ sn/(λi, sn)− 1, then let

(λ1, λ2, .., λr−j−1, sn) = s∗.

It follows that (
ρ1, ρ2, .., ρr−j−1, sn

)
= (λ1t1, λ2t2, .., λr−j−1tr−j−1, sn)

= (λ1t1/s
∗, λ2t2/s

∗, .., λr−j−1tr−j−1/s
∗, sn/s∗).

Now assume that all λi = 1, for i = 1, 2, .., r−j−1. Then the extended
André partial spread A(n1,..,nr−s−1) has degree (qsn− 1)/(q− 1), and we
have a replacement partial spread with components

A
(1,..,1)
(n1,..,nr−j−1)

=
{
y = (xq1n1d

1−q, xq2n2d
1−q, .., xqr−j−1nr−j−1d

1−q)
}
.

As noted,

A
(n1τ (qλ1−1)/(q−1),..,nr−j−1τ (q

λr−j−1−1)/(q−1)),

=

{
y = (x∗1n1τ

(qλ1−1)/(q−1), .., x∗1nr−j−1τ
(qλr−j−1−1)/(q−1));

τ has order dividing (qsn − 1)/(q − 1).

}
is a set of

(qsn − 1)/(q(λ1,λ2,..,λr−j−1,sn) − 1)

sn-subspaces, which is covered by the set of

(qsn − 1)/(q(λ1,λ2,..,λr−j−1,sn) − 1)

sn-subspaces

A
(λ1,..,λr−j−1)

(n1,..,nr−j−1)

=

{
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

);
d ∈ GF (qsn)∗

}
.
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Now consider{
(n1d

1−q, n2d
1−q, .., nr−j−1d

1−q); d ∈ GF (qsn)∗
}
.

If τ (qλk−1)/(q−1) = τ (qλi−1)/(q−1), for all k, i, so, for example, λi = λz,
for all i = 1, 2, .., r − j − 1, then we would obtain that there are qsn −
1)/(q(λ1sn)− 1) components in this extended André partial spread. We
now vary over the

(qsn − 1)/(q − 1)/(qsn − 1)/(q(λ1sn) − 1) = (q(λ1sn) − 1)/(q − 1)

cosets of the cyclic group of order

(qsn − 1)/(q(λ1‘sn) − 1)

with respect to the group of order

(qsn − 1)/(q − 1).

Therefore, we would have

(nid
1−q)(qsn−1)/(q−1) = n

(qsn−1)/(q−1)
i = δi.

Hence, we might then call this net

Aδ1,δ2,..,δr−j−1
,

which is then covered by

A(S)
(λ1,..,λr−j−1)
δ1,..,δr−j−1

=

{
y = (xq

λ1

1 n∗1, x
qλ1

1 n∗2, .., x
qλ1

1 n∗r−j−1);

n
∗(qsn−1)/(q−1)
i = δi, i = 1, 2, .., r − j − 1.

}
So there are sn − 1 non-trivial extended André replacements for this
particular extended André partial spread.

Remark 13. In this setting, there are

(qn − 1)r−j−2(q − 1),

mutually disjoint extended André partial spreads and each admit sn−1
non-trivial extended André replacements.

Finally, we consider the most general setting for André-like struc-
tures. To consider the analogous situation, for André planes, we note
that we can make such replacements for all j-(0-subset), for each j such
that r − j ≥ 2.
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Definition 34. Hence, we define an ‘extended André r-(sn)-spread’
to be any of the sn replacements for each of the

(
r
r−j
)
j-(0-subsets), for

each of the j ≥ r − 2 j-(0-sets). This then constructs a set of

r−2∑
j=0

(
r
r−j
)

(sn)(qn−1)r−j−2(q−1) − 1

distinct non-trivial r− (sn)− spreads, not equal to the original Desar-
guesian r − (sn)−spread.

3. Multiple Extended Replacements

To begin the ideas of generalizing a generalized André plane, we
note that from André planes, we may easily construct generalized An-
dré planes by varying the degrees of the replacement nets. For example,
an André plane is obtained by making replacements all of the same de-
gree, say (qsn − 1)/(q − 1). However, if we partition a given André
partial spread into (qs

∗ − 1)/(q − 1) André partial spreads of degree
(qsn−1)/(qs

∗−1), where s∗ divides sn, in this setting a typical subspace
of a replacement has the form y = xh

i
m, where h = qs

∗
. Normally, one

would take 0 ≤ i ≤ sn/s∗− 1. Any of these André partial spreads may
be further subdivided and André replacements of various different de-
grees may be considered. Any translation plane constructed by making
André replacements of various degrees is not (always) an André plane
but is a ‘generalized André plane,’ since the components of the con-
structed translation plane have the general form y = xq

λ(m)
m, where m

is in GF (qsn) and λ is a function from GF (qsn)∗ to the set of integers
0, 1, .., sn− 1. We formally define this sort of generalized André plane.

Definition 35. The generalized André plane constructed using the
method above of varying degrees is constructed by ‘multiple André re-
placement.’

We now consider an analogous construction procedure using a dif-
ferent approach. In the ‘vary degrees approach,’we must make sure
that we actually have a partition. In the more general setting of ex-
tended structures, this is more complicated.

Proposition 4.

A(n1,..,nr−j−1)

=


y = (x∗1n1τ

(qλ1−1)/(q−1)
, x∗1n2τ

(qλ2−1)/(q−1),

..., x∗1nr−j−1τ
(qλr−j−1−1)/(q−1));

τ has order dividing (qsn − 1)/(q − 1)

 ,
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and

A(n∗1,..,n
∗
r−j−1)

=


y = (x∗1n

∗
1τ

(qλ
∗
1−1)/(q−1)

, x∗1n
∗
2τ

(qλ
∗
2−1)/(q−1),

..., x∗1n
∗
r−j−1τ

(q
λ∗r−j−1−1)/(q−1));

τ has order dividing (qsn − 1)/(q − 1)

 ,

share a component if and only if there exist elements τ 1 and τ ∗1 of order
dividing (qsn − 1)/(q − 1) such that

niτ
(qλi−1)/(q−1)

1 = n∗i τ
∗(qλ

∗
i−1)/(q−1)

1 ; i = 1, 2, .., r − j − 1.

Proof. Suppose in the first listed set, we have τ 1 in place of τ
and in the second listed set, we have τ ∗1 in place of τ , such that the
corresponding components

y = (x∗1n1τ
(qλ1−1)/(q−1)

1 , x∗1n2τ
(qλ2−1)/(q−1)
1 ,

..., x∗1nr−j−1τ
(qλr−j−1−1)/(q−1)
1 )

= y = (x∗1n
∗
1τ
∗(qλ

∗
1−1)/(q−1)

1 , x∗1n
∗
2τ
∗(qλ

∗
2−1)/(q−1)

1 ,

..., x∗1n
∗
r−j−1τ

∗(qλ
∗
r−j−1−1)/(q−1)

1 )

are equal. Then we must have

niτ
(qλi−1)/(q−1)

1 = n∗i τ
∗(qλ

∗
i−1)/(q−1)

1 ; i = 1, 2, .., r − j − 1.

Since the extended André partial spread is an orbit, we may assume
that τ 1 = 1. So, the only way that this could occur is if (n1, .., nr−j−1)
and (n∗1, n

∗
2, .., n

∗
r−j−1) are related by the set of equations above. This

completes the proof of the lemma. �

There are algorithms developed in the author’s article [98] that
show how to construct an extremely large variety of ‘multiple extended
André replacements’and the interested reader is directed to this work
for the details.

Definition 36. We call any spread obtained by multiple extended
André replacement a ‘generalized extended André spread.’

We turn now to the groups that we wish to act on the extended
structures that are analogous to groups acting on André planes.
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4. Large Groups on t-Spreads

In this section, we consider again the generalized extended André t-
spreads and focus on the collineation groups that can be obtained. This
material will prepare the way for a study of ‘subgeometry partitions’
of projective spaces based on these t-spreads.
We note that the generalized kernel group Gsn,r of order (qsn − 1)r

acts on the Desarguesian r−(sn, q)-spread and the kernel group of order
(qsn− 1) also acts on each extended André replacement partial spread,
as this is the way that the replacements are determined. Indeed, the
generalized kernel group of order (qsn−1)r is transitive on 1-dimensional
GF (qsn)-subspaces.

Furthermore, the group Gsn,r fixes each j-(0-subset) and acts tran-
sitively on each set of (non-zero) vectors. Furthermore, if we take a
given extended André replacement set

A
(λ1,..,λr−j−1)

(n1,..,nr−j−1)

=

{
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

);
d ∈ GF (qsn)∗

}
,

the kernel group Ksn is transitive on the subspaces and the group Rsn

of order qsn − 1〈
(x1, x2, ...xr−j−1) 7−→ (x∗1m0, x

∗
1m

qλ1

0 , .., x∗1m
qλr−j−1

0 );
m0 ∈ GF (qsn)

〉
,

fixes each sn-dimensional subspace of A(λ1,..,λr−j−1)

(n1,..,nr−j−1). Note that the re-
maining entries that are 0 are omitted. In order that this group acts
on the r− (sn, q)-spread, choose exactly one j and exactly one j − (0-
subset). Then the resulting generalized extended André sn-spread will
admit a group of order (qsn − 1)r of which there is a group of order
(qsn − 1)2 that acts transitively on the components of the replaced
partial spread and there is a subgroup of order (qsn − 1)j that fixes
each vector of the j − (0-subset (set)) (just take the j 0-entries to
have arbitrary coeffi cients in GF (qsn)∗ and take the other coeffi cients
to be 1). Note that the remaining sn-dimensional GF (q) subspaces are
actually 1-dimensional GF (qsn)-subspaces and since Gsn,r just maps 1-
dimensional GF (qsn)-subspaces to 1-dimensional GF (qsn)-subspaces,
therefore there is an Abelian group of order (qsn − 1)j+2, acting on
such an sn-spread.

4.1. Extended André Large Group Theorem.
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Theorem 18. (i) Choose any subspace that generates

A
(λ1,..,λr−j−1)

(n1,..,nr−j−1)

=

{
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

);
d ∈ GF (qsn)∗

}
,

that in turn generates

A(n1,..,nr−j−1)

=


y = (x∗1n1τ

(qλ1−1)/(q−1)
, x∗1n2τ

(qλ2−1)/(q−1),

..., x∗1nr−j−1τ
(qλr−j−1−1)/(q−1));

τ has order dividing (qsn − 1)/(q − 1)

 .

(ii) Now in the j − (0-set), choose the same ordered set of coeffi cients
and then take different ordered sets of coeffi cients (n1, n2, .., nr−j−1) so
as to completely partition the j − (0-subset). There are exactly

(qsn − 1)r−j−2((q(λ1,λ2,..,λr−j−1,sn) − 1)

possible extended André sets.
(iii) Now for each extended André set choose either (λ1, .., λr−j−1) or

(0, 0, 0, .., 0). Then construct the r−(sn, q)-spread obtained by replacing
the various

A(n1,..,nr−j−1) by A
(λ1,..,λr−j−1)

(n1,..,nr−j−1),

or by A(n1,..,nr−j−1),respectively, where the remaining sn-subspaces are
the remaining uncovered 1-dimensional GF (qsn)-subspaces.
(iv) Then any such extended André spread admits an Abelian group

of order (qsn − 1)j+2, which is the direct product of j + 2 cyclic groups
of order (qsn − 1), and r − j ≥ 2.
(v) Let N(λ1,..,λr−j−1) denote the number of different ordered sets of

exponents

(λ∗1, λ
∗
2, .., λ

∗
r−j−1), such that gcd(λ∗1, λ

∗
2, .., λ

∗
r−j−1, sn)

= gcd(λ1, λ2, .., λr−j−1, sn).

There are then

(
(
r
r−j
)

2(qsn−1)r−j−2((q(λ1,λ2,..,λr−j−1,sn)−1) − 1)N(λ1,..,λr−j−1)

proper sn-spreads that admit Abelian groups of order (qsn − 1)j+2.

As an application, it can be shown that the Ebert-Mellinger spreads
[51] can be obtained from the previous theorem. Again, the details can
be found in [98].
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Remark 14. In our constructions of generalized extended André
spreads, we have found replacements (the extended André replacements)
of extended André partial spreads of various sizes using the kernel ho-
mology group of order qsn−1. Hence, all of our new spreads necessarily
admit the kernel group of order qsn− 1. It is an open question whether
it might be possible to find replacements of the extended André partial
spreads that do not admit this kernel group.

Remark 15. We finally also note that from any of our r− (sn, q)-
spreads from vector spaces of dimension rsn, we may use the construc-
tion of Section 0.3 to construct double-spreads of type (sn, sn − 1) of
qr(sn−1) subspaces of dimension sn− 1 and (qr(sn−1)− 1)/(qsn− 1) sub-
spaces of dimension sn.



CHAPTER 4

The Going Up Construction for Focal-Spreads

We have introduced focal-spreads in the previous chapters and have
noted that the known examples arise from k-cuts of translation planes.
In this chapter, we provide some very general constructions of focal-
spreads that do not appear to be k-cuts, although this is still an open
question.
This process allows us to specify subspaces of order qk, in a focal-

spread of type (k(s−1), k), where the focus has dimension k(s−1) = t
and we have an associated partial Sperner k-spread of qt k-dimensional
subspaces. Furthermore, if a focal-spread is defined more generally as
a partition of a vector space of dimension t + k over GF (q) by one
subspace of dimension t′ and the remaining subspaces of dimension k,
we say the focal-spread is of type (t, t′, k), when t′ < t. The going up
process allows constructions of this more general type of focal-spreads.
If we begin with a vector space Vtk of dimension tk-over GF (q),

we may construct a k-spread in Vtk by a choice of any sequence of
t−2∑
j=0

(
t
j

)
(t − j − 1) = Nt translation planes of order qk and associated

spreads Si, for i = 1, 2, .., Nt.
The reader is directed to the article by Jha and Johnson [80] for

additional details.
The construction that we give basically relies on another construc-

tion of Sperner spreads from suitably many k-spreads. In this con-
struction, we again use the concept of j-(0-sets).

0.2. Sperner Spread Construction Theorem. The idea of the
construction is to piece together ordinary k-spreads ‘planar k-spreads’
corresponding to translation planes of dimension 2k over GF (q) in
order to construct a k-spread of a tk-dimensional vector space. The
trick is that considering a ordinary spread in the form x = 0, y =
0, y = xM , we only use the y = xM’s and ignore the x = 0 and
y = 0’s, and we do this by identifying all of the x = 0 and y = 0’s
in all of the corresponding ordinary k-spreads. In the general case,
this means that we ignore the sets (x1, 0, 0, .., 0), etc., and focus on the
remaining j-(0-sets). The following gives the construction.

61
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Theorem 19. (Jha and Johnson [80]) Let V be a tk-dimensional
GF (q)-subspace and represent vectors in the form (x1, x2, .., xt), where

the xi are k-vectors, for i = 1, 2, .., t. Let St be a sequence of
t−2∑
j=0

(
t
j

)
(t−

j − 1) = Nt planar k-spreads over GF (q). We may represent each of
the planar k-spreads as follows:

We identify two common components x = 0, y = 0, and where x
and y are k-vectors. Then ifMi is a planar k-spread, there is a set of
qk − 1 nonsingular matrices Mi,z, for z = 1, 2, .., qk − 1, i = 1, 2, .., Nt,
whose differences are also non-singular.
Hence, we represent the planar k-spread by y = xMiz, for z =

1, 2, .., qk − 1. Consider the j−(0-subsets), for j = 0, 1, 2, .., t− 2, and
assume an ordering for the Nt planar k-spreads. For each such j−(0-
subset), for j > 2, we eliminate the zero elements and write vectors
in the form (x1, x2, .., xt−j), where xw, for w = 1, 2, .., t − j, are all
non-zero k-vectors. We partition this set by

(x1, x1M1,z1 , x1M2,z2 , x1M3,z3 , .., x1Mt−j,zt−j),

where Mi,zi varies over Mi, and where the indices zi are independent
of each other. By adjoining the zero vector, we then may consider

y = (x1M1,z1 , x1M2,z2 , x1M3,z3 , .., x1Mt−j,zt−j),

as a k-subspace for fixed Mi,zi, for each i = 1, 2, .., t−j. Then, together
with the j−(0-subsets) adjoined by the zero vector, we obtain a spread
of k-spaces of a tk-dimensional vector space over GF (q) as a union of
j−(0-subsets) (with the zero vector adjoined to each).

Proof. We begin with a vector space Vtk of dimension tk over
GF (q). Represent a vector in the form (x1, x2, ...., xt), where each xi,
for i = 1, .., t in, in turn, a k-vector over GF (q). Consider first t = 4.
With vectors written in the form (x1, x2, x3, x4), choose the 3k-

dimensional subspace given by equation x4 = 0. If we were to construct
a k-spread in a 4k-space, we would use 17 translation planes of order qk,
as above. If we were to construct a k-spread in a 3k-space, we would
require 5 translation planes of order qk. If we ignore the k-spread
construction of x4, then the remaining vectors can be covered using
17 − 5 = 12 translation planes of order qk. We obtain a focal-spread
of type (3k, k) as follows: Let x4 = 0, denote the focus, a subspace of
dimension 3k. There are (q4k − 1)/(qk − 1) k-subspaces in what would
be a k-spread in the 4k-dimensional vector space and there would be
(q3k − 1)/(qk − 1) k-subspaces in the k-spread for the 3k-dimensional
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vector space x4 = 0. Hence, there are

(q4k − 1)/(qk − 1)− (q3k − 1)/(qk − 1) = q3k

k-subspaces in a partial spread distinct from x4 = 0. Now simply gener-
alize this idea. A planar k-spread is to be a k-spread of a 2k-dimensional
vector space over GF (q), thus equivalent to a translation plane of order
qk with kernel containing GF (q). We are working with vector spaces
V of dimension tk over GF (q), with vectors represented in the form
(x1, x2, .., xt), where the xi are k-vectors, for i = 1, 2, .., t. We partition
the set of vectors into the j−(0-subsets), which are the sets of vec-
tors with a set of j k-vectors equal to 0 in fixed locations, where the
remaining entries are non-zero. For example, t − 1−(0-subsets) have
the general form (x1, 0, 0, .., 0), where x1 is a non-zero k-vector, and
the j = 1-zero sets are sets of vectors with exactly one entry equal
to 0, such as {(0, x2, .., xt); xi are non-zero k-vectors, i = 2, .., t}. The
remaining details are left to the reader to complete. �

The reader is directed to the open problem section for problems
related to this construction process.

Remark 16. From any of our k-spreads of tk-dimensional vector
spaces, we may use the construction method of Section 0.3 to construct
double-spreads of type (k, k − 1) with qt(k−1) subspaces of dimension
k − 1 and (qt(k−1) − 1)/(qk − 1) subspaces of dimension k.

1. The ‘Going Up’Construction

Recall that we previously thought of defining a focal-spread more
generally as a vector space partition as a double-spread with exactly one
subspace of a particular dimension and the remaining subspaces of the
other dimension. We now are in a position to find such generalizations
to (t, k)-focal-spreads. When we find such generalizations, it is now a
very interesting question as how these might be related to k-cuts or
perhaps they are not so related. We consider the so-called (t, t′, k)-
focal-spreads, which are partitions of the vectors into one subspace of
dimension t′, the ‘focus,’and the remaining subspaces of dimension k,
where the dimension is t+ k, for t′ ≤ t.

We call such partitions focal-spreads of type (t, t′, k). In this setting,
qt+k − qt′ = qt

′
(qt−t

′+k − 1) must be divisible by qk − 1 so that t− t′ is
divisible by k.
We now use the ideas of the k-spread construction Theorem 19

to provide focal-spreads of type (k(t − w), k). Choose the k(t − w)-
dimensional subspace F given by the equation x1 = x2 = ... = xw = 0.



64 The Going Up Construction for Focal-Spreads

To construct a k-spread requires

Nt−w =
t−(w+2)∑
j=0

(
t−1
j

)
(t− j − (w + 1))

spreads. This means that the remaining qk(t−1)(qkw − 1)/(qk − 1) k-
components are obtained using a set of Nt − Nt−w spreads as in the
previous theorem. Ignoring the set of Nt−w spreads covering F , we
obtain a focal-spread of type (kt(t− 1), k(t− w), k).

We obtain then the following result ((see Jha and Johnson [80]
for a result similar to part (1), where only t − 1 spreads were used
in a construction). For part (2), the reader is directed to Jha and
Johnson [80] for the analogous result for the constructed k-spreads in
kt-dimensional vector spaces.

Theorem 20. Given a vector space of dimension kt over a field
GF (q). Choose any k(t − w)-dimensional subspace F . Now choose a
set of Nt−Nt−w planar k-spreads (spreads corresponding to translation
planes of order qk).
(1) Then, using the method of the Sperner Spread Construction

Theorem, we have constructed a focal-spread of type (k(t − 1), k(t −
w), k).
(2) If, by identifying the components x = 0, y = 0, each k-spread

admits a collineation group with elements of the general form (x, y)→
(xA, yA), where A is a k × k matrix, then the focal-spread also admits
this group.

The following corollary shows that either there are a large variety of
focal-spreads that cannot be obtained as k-cuts, or there are translation
planes of order qk(t−1) with widely variable translation subplanes of
order qk.

Corollary 3. Assume that all focal-spreads of type (s, k) may be
obtained as k-cuts from planar s-spreads (corresponding to translation
planes of order qs). Let s = k(t− 1). Now specify any given set of

t−2∑
j=0

(
t
j

)
(t− j − 1)−

t−3∑
j=0

(
t−1
j

)
(t− j − 2)

translation planes of order qk. Then there exists a translation plane
of order qk(t−1) containing the given set as a set of affi ne subplanes of
order qk.

Proof. For an example, consider a focal-spread of type (2k, k)
obtained from the above process. Choose vectors (x1, x2, x3), where
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xi are k-vectors over GF (q). Let x1 = 0, denote the focus, a 2k-
dimensional subspace. Then, the partial Sperner k-spread is given by

{(x1, x1M1, 0)}, {(x1, 0, x1M2)} , {(x1, x1M3, x1M4)} , {(x1, 0, 0) } ,
for Mi ∈ Mi, k-spreads, i = 1, 2, 3, 4. We claim that {(x1, x1M1, 0)}
extends to a matrix k-spread and provides a subplane of order qk in
the associated translation plane of order q2k. If we consider x1 as
(z1, z2, .., zk), for zi ∈ GF (q) then, in the extension, we take x =
(x1, w1, .., wk), for wi ∈ GF (q). Considering (x1, x1M1, 0) as y =
x1[M1, 0], the latter matrix is a k × 2k matrix. We extend to y =

x

[
M1 0
M−

1 S1

]
, a 2k × 2k matrix of rank 2k. Since M1 has rank k, it

follows that S1 has rank k. Then, consider

y = (x1, 0, 0, .., 0)

[
M1 0
M−

1 S1

]
, for all M1 ∈M1, and x1 = 0,

then provides a subplane of order qk. More generally, in the focal-
spread of type (k(t − w), k), the M1 would still be k × k but the S1

would be k(t − w) × k(t − w). The more general proof is completely
analogous and shall be left to the reader. �

2. Generalization to Partitions with Many Spread Types

Previously, we gave a method to construct a k-spread of a vector
space of dimension tk, using spreads from translation planes. In this
section, we show that we may generalize the construction to produce
partitions of a vector space of dimension tk by subspaces of various
dimensions n, for any divisor of k.
In our construction method, we covered j − (0-subsets) using k-

spreads. However, for any particular j − (0-subset), we may instead
choose to cover this set using n-spreads, where n properly divides k.
For this part, we think of the vector space of dimension tmn, where
mn = k, and we wish to use n-spreads arising from translation planes
instead of k-spreads. To give an illustration, assume that k = 6 and we
have a vector space of dimension t6. Our previous construction usesNt,
six spreads arising from translation planes. Take a particular j − (0-
subset) (x1, x2, x3) (zeros are suppressed), where xi is non-zero (for
t > 2). There are (qk−1)3 vectors, and we would require three k-spreads
to cover this set. Let n = 3 and m = 2, write xi = (x1i, x2i), where the
x1i and x2i are 3-vectors. Now further decompose this set into j − (0-
subsets). For example, it is possible to have (x11, 0, x12, x22, 0, x22).
Note that we could never have (x11, 0, 0, 0, 0, 0), since the xi are non-
zero. There is one 0 − (0-subsets), exactly six 1 − (0-subsets), twelve



66 The Going Up Construction for Focal-Spreads

2− (0-subsets) (choose two of x1, x2, x3 then one of two 3-vectors), and
eight 3 = 0-sets. Hence, there are in total 1 + 6 + 12 + 8 = 27 j − (0-
subsets). We have one set with (qn − 1)6 vectors, 6 sets with (qn − 1)5

vectors, 12 sets with (qn−1)4 vectors and 8 sets with (qn−1)3 vectors.
Note that (q6−1)3 = (q3−1)6 +6(q3−1)5 +12(q3−1)4 +8(q3−1)3.

To see this, just note that (q6−1)3 = (((q3−1)+1)2−1)3 = ((q3−1)2 +
2(q3−1))3. Thus, we have a j = 0-set partition of n-vectors of the j−(0-
subset) (x1, x2, x3) of k-vectors. Now we may apply our construction
using n-spreads from translation planes. That is, we would require
5 + 6 · 4 + 12 · 3 + 8 · 2 n-spreads.
In this way, beginning from a tk-dimensional vector space over

GF (q), then we may obtain a partition of the vector space by sub-
spaces of dimensions ni for any divisor ni of k from ni-spreads arising
from translation planes. Of course, given any k-spread, choose any
particular k-subspace and find a ni-spread on that k-subspace. This
simple idea will also produce partitions of vector spaces with subspaces
of many dimensions. However, the construction method that we give
here does not involve such refinements of the individual k-spaces.
But, suppose that we would wish to find a finite vector space par-

tition by subspaces of dimensions ni, for i = 1, 2, ...., z. Then take the

product
z∏
i=1

ni = k. Then take any vector space Vtk of dimension tk over

GF (q). Our construction then gives a partition of Vtk by subspaces not
only of dimension ni but also of dimension m for any divisor of k.

Just as in the extended André situation, there are algorithms that
may be employed for the construction of Sperner spaces and of focal-
spreads and the reader is directed to Jha and Johnson [80] for these
algorithms and additional details.

2.1. sk-Generalization. In this section, we generalize the con-
struction of the previous chapter by what might be considered a direct
sum of focal-spreads, although the construction is much more general.
Choose a vector space Vk+N with vectors (x1, y1, y2, .., ys), where

x1 is a k-vector and, where yi is a ti-vector over GF (q). Hence, we
have a k + N -dimensional vector space, where N =

∑s
i=1 ti. Partition

the k + N -dimensional vector space into x1 = 0, an N -dimensional
subspace FN and partition the remaining vectors in j− (0-subsets), for
j = 0, 1, 2, 3, .., s − 1. That is, we choose a set of j vectors yi to be
zero. Use the notation (y1, .., ys) for the set of vectors (x1, y1, .., ys), for
x1 non-zero.
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We consider individual focal-spreads of type (ti, k), so we have the
representation

x1 = 0, yi = 0, y = x1Mi for Mi ∈Mi,

where yi is a ti-vector and Mi’s are k × ti matrices of rank k, whose
differences are of rank k. Then we wish to partition the vectors of
Vk+N − FN as follows: Start with the 0−(0-subset), where all vectors
of (y1, .., ys) are non-zero. Choose any sequence of (ti, k)-focal spreads
Fi and form the set

y = x1[M1,M2, ..,Ms], for Mi ∈M0
i ,

where the indicated matrix is k ×N and x1 nonzero and for a setM0
i

of associated k × ti matrices. Choose a 1 = 0-set. There are
(
s
1

)
,

ways to choose such a set. For the 1− (0-subset) with 0 in the z-entry,
choose any sequence of (ti, k)-focal-spreads, for i 6= z, and form

y = x1[M1,M2, ..,Ms], for Mi ∈M1,z
i ,

for
{
M1,z

i

}
a set of focal-spreads of type (ti, k), for i 6= z.

Take t1 + t2 = N . Partition (x1, y1, y2) for x1 6= 0 by:
(x1, x1[M1,M2]), (x1, x1[M ′

1, 0]), (x1, x1[0,M ′
2]), and (x1, x1[0, 0]),

which requires 4 focal-spreads two of type (t1, k) and two of type (t2, k).
We are using (qt1 − 1)(qt2 − 1) + (qt1 − 1) + (qt2 − 1) + 1 k-components
for this partition, the number of which is qt1+t2 = qN . This set of
k-components together with x1 = 0, the focus of dimension N is a
focal-spread of type (N, k).

Take t1 + t2 + t3 = N and partition (x1, y1, y2, y3) for x1 6= 0 into
j−(0-subsets).
Anyway, we would need a focal-spread of type (ti, k) for i = 1, 2, 3

to construct y = x[M1,M2,M3]. This gives (qt1− 1)(qt2− 1)(qt3− 1) k-

components for this j−(0-subset), one each of the three types; 3

(
3
0

)
total.
Then the 1− (0-subsets) would give
(qt1−1)(qt2−1)+(qt1−1)(qt3−1)+(qt2−1)(qt3−1) k-components.

Also, we would need then 2 each of the three types; (3−1)

(
3
1

)
total.

Then the 2− (0-subsets) would give
(qt1 − 1) + (qt2 − 1) + (qt3 − 1) k-components, 1 each of the three

types; (3 − 2)

(
3
2

)
total, then for the 3 − (0-subset), we would not
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need a focal-spread, since we obtain exactly one k-spread. Then the
number of k-components obtained is:

(qt1 − 1)(qt2 − 1)(qt3 − 1) +

(qt1 − 1)(qt2 − 1) + (qt1 − 1)(qt3 − 1) + (qt2 − 1)(qt3 − 1) +

(qt1 − 1) + (qt2 − 1) + (qt3 − 1) + 1

= qt1+t2+t3 k-components;
3∑
i=1

(3− i)
(

3
i

)
= 3 + 6 + 3

= 12 total focal spreads,(
3∑
i=1

(3− i)
(

3
i

))
/3 of each type (ti, k).

In general, we would need
s∑
i=1

(s− i)
(
s
i

)
focal-spreads, (

s∑
i=1

(s− i)
(
s
i

))
/s

of each type.
We note the important special case: If all focal-spreads are taken

to be planar k-spaces, we would need
s∑
i=1

(s− i)
(
s
i

)
planar k-spreads to construct the focal spread.
Take (x1, y1) = 0. This then is a (t2 + t3 + ... + ts)-dimensional

vector space. We wish to cover the remaining vectors (x1, y1, y2, .., ys),
where either x1 or y1 is non-zero. The question is, how do we cover
(0, y1, y2, .., ys), for y1 non-zero? This could done if y1 is a k-vector, as
(0, x2, y2, .., ys), for x2 = y1 as a k-vector and x2 non-zero. We would
thus require

s−1∑
i=1

(s− 1− i)
(
s− 1
i

)
focal-spreads. In this way, we obtain a vector space of dimension N+k,
with a focus of dimensionN−k, and therefore, we obtain a focal-spread
of type (N,N − k, k).
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So if y1 is a k-vector, we can take (x1, y1) = 0, to obtain a (t2 + t3 +
...+ ts)-dimensional focus and cover the remaining objects in the same
way as before.

3. Going Up—Direct Sums

Let S be a set of s focal-spreads Fi of type (ti, k), for i = 1, 2, .., s
and let the foci be denoted by Fi, of dimension ti, for i = 1, 2, .., s.
Then the matrix representation of Fi be given by

x = 0, y = 0, y = xMi, where Mi ∈Mi

and where, in context, x = 0 is a ti-dimensional subspace and Mi

is a set of k × ti matrices of rank k, whose differences are of rank
k. Considering vectors as (x1, .., xk, y1, .., yti), where the xi and yi in
GF (q) then letting x = (x1, .., xk), and y = (y1, .., yti), then x = 0 is a
ti-dimensional GF (q)-space and y = 0 is a k-dimensional GF (q)-space.

Now form the vector space (y = 0)⊕F1⊕F2⊕ ...⊕Fs of dimension
t1+t2+...+ts+k. Let the vectors be denoted by (x1, x2, .., xk, y1, .., yN),
where t1 + t2 + ... + ts = N , where xi are in GF (q), and the yi are ti-
vectors overGF (q). Now let (x1, .., xk) = x and let yi = (y1i, y2i, .., ytii),
for yji ∈ GF (q), and let y = (y11, .., ytss), which is an N -vector over
GF (q), for N =

∑s
i=1 ti. Then x = 0 is the direct sum of F1 ⊕ F2 ⊕

...⊕ Fs. Consider
x = 0, y = x[M1,M2, ..,Ms];Mi ∈Mi ∪ {0},

where, in context, the adjoined 0-matrix is the k× ti-zero matrix. The
indicated matrix is a k×N -matrix. Then, since the difference of two of
the indicated matrices is either of rank k or y = x[0, 0, 0, .., 0] = 0, we
obtain a focal-spread of type (t1+t1+..., ts, k). We call this construction
the ‘direct sum construction.’ Note that we may relax the condition
ti > k, for certain of integers ti and the construction still applies.
Assume that all of the focal-spreads are additive in the sense that

theMi ∪ {0} are additive groups. Then, clearly, the direct sum focal
spread is also additive.

Theorem 21. (1) Given any sequence of s focal-spreads of type
(ti, k) or spreads for translation planes of order qk for i = 1, 2, .., s,
then there are focal-spreads of type (t1 + t2 + ...+ ts, k) obtained by the
direct sum construction.
(2) If the s focal-spreads of type (ti, k) are all additive, then there

are s! additive focal-spreads of type (t1 + t2 + ...+ ts, k) constructed.
(3) If the integers ti are distinct, then there are s! focal-spreads of

type (t1 + t2 + ...+ ts, k) that may be constructed in this manner.
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(4) In the direct sum, if a planar k-spread is used in place of a focal-
spread, and the direct sum is a k-cut, then there is an affi ne subplane
of order qk in the extended translation plane.
(5) If we have a direct sum of s semifield planar k-spreads, then an

additive k-spread of an sk-dimensional vector space is obtained. In this
case, the direct sum may be given by the going up procedure.

Proof. For (4), see the proof of Corollary 3. We give a few remarks
and leave the rest of the proof to the reader. Now start the k-spread
construction, using the going up process to get focal-spreads of type
(k(t−1), k(t−w), k). Now vary the w’s. So, we can get focal-speads of
type (k(t−1), k(t−wi), k). In this setting, all of the vector spaces have
the same dimension k(t−1) but the focal-spreads have possibly different
dimensions. In the (k(t−1), k(t−w), k)-focal-spreads, to illustrate the
main idea, consider (x1, x2, x3, x4) all k-vectors. Then let x1 = x2 = 0,
be a 2k-dimensional vector space. We need to cover the remaining
vectors (x1, x2, x3, x4), where either x1 or x2 is non-zero. If both are
non-zero, we have (x1, x1M1, x1M2, x1M3), or (x1, x1M4, 0, x1M5), or
(x1, x1M6, x1M7, 0); that is, y = x1[M1,M2,M3], y = x[M4, 0,M5],
y = x1[M6,M7, 0], where each matrix is a k×3k matrix. If exactly one is
non-zero, we have (0, x2, x3, x4) = (0, y = x2[M8,M9]) or (x1, 0, x3, x4)
as y = x1[0,M10,M11]. This sort of argument clearly generalizes and
the reader should have no trouble providing the more general argument.

�



Part 2

Subgeometry Partitions



In this part, we construct subgeometry partitions in a variety of
ways: Using group actions on focal-spreads, using semifield planes, or
using the groups that can act on generalized extended André spreads.
All of these constructions use in an interesting way collineation groups
acting in a particular manner. We use the ideas of ‘fusion’of the nuclei
of semifields as a manner of obtaining such groups. These ideas are
generalized when we consider the so-called double-Baer groups. In all
of these cases, we isolate on what we call ‘retraction groups’ for the
construction. In addition, there are the important constructions of
flag-transitive designs due to Kantor, and as is suggested, there are
certain collineation groups that often can act as retraction groups.
As this is an important area of current interest, we give the theory

of subgeometry partitions in two somewhat large chapters. In the first
chapter, the focus is mostly on what can be said using focal-spreads,
and in the second chapter, we consider subgeometry partitions that can
be constructed using extended André spreads.
We begin by providing a general overview of the subject. We then

discuss the difference between subgeometry and quasi-subgeometry par-
titions.

72



CHAPTER 5

Subgeometry and Quasi-subgeometry Partitions

A ‘subgeometry partition of a finite projective space’ is simply a
partition of the projective space by subgeometries isomorphic to finite
projective spaces of various dimensions over various fields.
The first examples of subgeometry partitions were partitions of

PG(2, q2) by subgeometries isomorphic to PG(2, q)’s, the so-called
Baer subgeometry partitions. These partitions originated in the text
[73] by Hirschfeld and Thas. There is a so-called lifting process, which
we term ‘geometric lifting’ that produces from a Baer subgeometry
partition a planar-spread that corresponds to a translation plane of
order q3 with projective 2-spread in PG(5, q). The associated transla-
tion planes of order q3 and kernel containing GF (q) will often admit a
collineation group that is flag-transitive. Regarding the group action
on the line at infinity, a flag-transitive group is simply a group that
is transitive on the line at infinity. In this case, and in the cases of
most interest, this collineation group is cyclic of order q3 + 1. The
subgroup of order q + 1 together with the kernel homology group of
order q− 1 together with the zero mapping generate a field isomorphic
to GF (q), which contains a cyclic subgroup of order q2 − 1 that acts
on the translation plane with orbits of length q+ 1. The existence of a
group of order q2 − 1 containing the kernel group of order q − 1, such
that by adjoining the zero map one obtains a field R, over which the
point set as a vector space is important to the theory. This retraction
group is the key to the understanding of how to construct subgeometry
partitions (see Johnson [113]). Basically, the orbits of length q + 1
‘retract’ to subgeometries isomorphic to PG(2, q) that cover the as-
sociated projective space (the 6-dimensional vector space over GF (q)
becomes 3-dimensional over R and produces the subgeometries isomor-
phic to PG(2, q2)). The geometric lifting process generalizes to parti-
tions of PG(3, q2) by PG(1, q2)’s and PG(3, q)’s, the so-called mixed
partitions and, in this case, produces translation planes of order q4

with kernel containing GF (q) and again there is an associated group
of order q2 − 1 containing the kernel homology group of order q − 1,
and there is an associated field R, whose multiplicative group now has

73
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component orbits of length 1 or q+1. The orbits of length q+1 retract
to subgeometries isomorphic to PG(3, q), and the orbits of length 1
retract to subgeometries isomorphic to PG(1, q2). The existence of the
retraction group with field isomorphic to GF (q2) was shown in Johnson
[113].
Furthermore, in Jha and Johnson [84], it is shown that it is pos-

sible to use ‘algebraic lifting’to produce from a translation plane of
order q2 with spread in PG(3, q), a corresponding spread of order q4 in
PG(3, q2), wherein lies a retraction group. Considered over the subker-
nel isomorphic to GF (q), it turns out that there is a retraction group
of order q2 − 1 with associated field isomorphic to GF (q2) that con-
structs an associated subgeometry partition of PG(3, q2) by PG(3, q)’s
and PG(1, q2)’s. We shall use a variation of this process to construct
new subgeometry partitions from focal-spreads.

There are a variety of subgeometry partitions arising from semifields
since with appropriate right and middle nuclei, it is possible to generate
a retraction group. For examples of these, see Jha and Johnson [82].
Further, there are subgeometries arising from semifield planes admit-
ting the so-called double-Baer groups, and there are new examples in
Jha and Johnson [83] arising from new semifields due to Dempwolff
[40].
There is a natural generalization of what might be called a retrac-

tion group in a translation plane with field isomorphic to GF (qw),
for arbitrary w considered in Johnson (see [107], [106]). There is
a more general construction partitioning PG(z, qw) into the so-called
quasi-subgeometry partitions isomorphic to PG(l, qe), for e dividing w.
There is a rather subtle difference between subgeometry partitions and
quasi-subgeometry partitions. If we have a subfield GF (qe) of GF (qw),
containing a kernel subfield GF (q), where there is an component orbit
Γ of length (qe − 1)/(q − 1), then the ‘points’ of the corresponding
projective space PG(z, qw) correspond to the point orbits under the
group of order qe − 1. Then the lines of the putative subgeometry are
the 2-dimensional subspaces over GF (qe) and the points on such lines
are obtained by intersection with the point orbits of Γ. If this inter-
section gives q+ 1 point orbits, a subgeometry isomorphic to PG(l, qe)
is constructed. On the other hand, we may define the lines to be sim-
ply the 2-dimensional subspaces over GF (q) and a quasi-subgeometry
isomorphic to PG(l, qe) is constructed.
Hence, the theory may be carried out for general groups with the

understanding that a more general partition may be constructed and
when the intersection property mentioned above holds, a subgeome-
try partition may be constructed. Although we have been discussing
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such partitions as connected to translation planes, a geometric lifting
from the associated partition of the projective space reveals that the
main ingredient is not necessarily a translation plane but could be a
t-spread defining it within an associated kt-dimensional vector space,
where a translation plane is constructed if and only if k = 2, or even
more general partitions of vector spaces. So Sperner spaces based on
Sperner-spreads are prime candidates to construct subgeometry parti-
tions. Ebert and Mellinger [51] have found a new class of subgeome-
try partitions that construct new Sperner-spreads by geometric lifting,
where there are two types of subgeometries in the partitions. These
Sperner-spreads have a somewhat natural construction, which we have
generalized in this text in the manner of the author [98]. We shall see
that since we have nice groups acting on the types of Sperner spreads
constructed, there will be some very wonderful subgeometry partitions
that can be constructed. For example, there are subgeometry partitions
of PG(k, qw) by subgeometries isomorphic to PG(l, qe), with essentially
no restriction on e other than e divides w.
Coming back to the beginning idea, that of Baer subgeometry

partitions of PG(2, q2) by PG(1, q)’s, there is a construction of the
author [100], of subgeometry partitions called of PG(n − 1, qm) by
PG(n−1, q)’s based on the flag-transitive designs of Kantor, which we
shall give in this text. There is a further discussion of such subgeometry
partitions in Johnson and Cordero [137].
This is essentially the set of known examples of subgeometry par-

titions. Now going back to the general lifting procedure from quasi-
subgeometry partitions, we noted that it may be seen that such a pro-
jective partition lifts back to a general partition of a vector space.
Hence, it is certainly possible that focal-spreads may be constructed
from quasi-subgeometry or subgeometry partitions. But, also subge-
ometry partitions could conceivably be constructed from focal-spreads
provided a retraction group is present.
The material give here is adapted, to some extent, from the work of

the author in [99], and the reader is directed to this work for additional
details. We first give the formal definitions of subgeometry and quasi-
subgeometry partitions.

Definition 37. Let Ω be a projective space and let Π be a subset of
points of Σ such that if a line ` of Ω intersects Π in at least two points
A and B then we define a ‘line’of Π to be the set of points ` ∩ Π. If
the points of Π and the ‘lines’induced from lines of Σ form a projective
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space, we say that Π is a ‘subgeometry’of Σ. A ‘subgeometry parti-
tion’of a projective space Ω is a partition of Ω into mutually disjoint
subgeometries.

As we have previously mentioned since the action of a retraction
group of order q2 − 1 is the active ingredient in the retraction process,
it is a natural question to ask if one would use other groups of or-
ders qk − 1 with similar properties, whether subgeometry partitions of
projective spaces with different subgeometries are possible to construct
from translation planes. Since such groups are easily constructed, it
makes some sense to formulate some sort of general theory with hopes
(assuming this is what one is interested in) of finding methods of the
construction of subgeometry partitions.

Definition 38. A ‘quasi-subgeometry partition’ of a projective
space is a subset of points that can be made into a projective space such
that the lines of the projective set are subsets of lines of the projective
space.

It was shown in Johnson [106] that any translation plane of order
qn with spread in PG(2n − 1, q) that admits a fixed-point-free group
of order qk − 1, for k a divisor of n, containing the kernel homology
group does actually produce quasi-subgeometry partitions of an associ-
ated projective space with a wide variety of possible quasi-subgeometry
types involved in the partition. The following result from Johnson [106]
details the possibilities:

Corollary 4. (Johnson [106]) Assume a partial spread Z of order
qds in a vector space of dimension 2ds over K isomorphic to GF (q)
admits a fixed-point-free field group F ∗w of order (qw − 1) containing
K∗, for w = d or 2d and s is odd if w = 2d. Then any component
orbit Γ of length (qw − 1)/(qe − 1) a ‘qe-fan’, for e a divisor of d,
produces a quasi-subgeometry isomorphic to a PG(ds/e− 1, qe) in the
corresponding projective space PG(2ds/w − 1, qw), considered as the
lattice of Fw-subspaces of V .

These results are also valid in ‘generalized spreads’in the infinite
case, over skewfields, and in the t-spreads or more generally in vector
space partitions.
This background section is also given so that the reader might better

understand when a quasi-subgeometry becomes a ‘subgeometry’and
when the partitions then become subgeometry partitions.
Most of the construction techniques have been previously given in

Johnson [106]. As this material is quite general and suitable both
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for finite and infinite affi ne translation planes and more generally for
generalized spreads, we repeat the main parts of these results here.

Definition 39. A ‘qe-fan’in an rds-dimensional vector space over
K isomorphic to GF (q) is a set of (qw − 1)/(qe − 1) mutually disjoint
K-subspaces of dimension ds that are in an orbit under a field group
F ∗w of order (qd − 1), where Fw contains K and such that F ∗w is fixed-
point-free, and where w = d or 2d and in the latter case s is odd.

We use the term that GF (qw) ‘acts’ on the vector space, if the
multiplicative group acts in a manner as in the previous definition.

Theorem 22. (Johnson [106]) (1) Let S be a t-spread of V of size
(ds, q), and assume that w = d or t∗d, where t∗d does not divide ds,
and t∗ divides t.
Assume that GF (qw) ‘acts’on S then there is a quasi-subgeometry

partition of PG(tds/w−1, qw) consisting of PG(ds/ei−1, qei)’s, where
ei divides w for i ∈ Λ.
(2) Conversely, any quasi-subgeometry partition of PG(tds/w −

1, qw) by PG(ds/ei − 1, qei)’s for i ∈ Λ, and ei a divisor of w, pro-
duces a t-spread of size (ds, q) that is a union of qei-fans. The t-spread
corresponds to a translation Sperner space admitting GF (qw)∗ as a
collineation group.

Remark 17. All of the constructions above involve ‘fans.’ A ‘fan’
produces a quasi-subgeometry and involves a process that is called ‘fold-
ing the fan.’ A quasi-subgeometry also produces a ‘fan,’ wherein the
process is called ‘unfolding the fan.’ In other terminology, ‘folding
the fan’ has been called ‘retraction’ in Johnson [113], and ‘unfold-
ing the fan’is called ‘lifting’in Hirschfeld and Thas [73] and Ebert and
Mellinger [51].

0.1. When Is a Quasi-Subgeometry a Subgeometry? The
following discussion, taken from the author’s previous work and part
of this discussion shows how an extended André spread may be used
to construct a full-blown subgeometry partition.
Suppose one would consider PG(1, q8) and ask if it would be pos-

sible to construct a quasi-subgeometry of PG(1, q8)? So, certainly it is
possible that we could have a PG(1, q2), for example, or a PG(0, q8),
but since there is exactly one line, it would be impossible to have a
PG(t− 1, qj), for t not 2 or 1.

So, any non-trivial subgeometry partition must necessarily require
that the subgeometries are PG(0, q8)’s and PG(1, qk), for k < 8.
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However, it is possible to construct quasi-subgeometries, as follows:
Consider a 2-dimensional GF (q8) vector space V2, and form the 8-

dimensional subspace over GF ((q),
{

(x, xq
2
);x ∈ GF (8)

}
. Call this

subspace y = xq
2
and consider the orbit of this subspace under the

group
G2 =

〈
(x, y) 7−→ (xd, yd); d ∈ GF (q8)∗

〉
.

We note that y = xq
2
will map to y = xq

2
d1−q2

, so there will be an
orbit Γ of length (q8 − 1)/(q2 − 1). We note that the point orbits
that lie on Γ define 1-dimensional GF (q8)-subspaces. Now define the
set of ‘points’to be the set of point-orbits under the group G that lie
within Γ, and define a ‘line’to be the set of ‘points’corresponding to
a 2-dimensional vector subspace over GF (q2), generated by two dis-
tinct orbits P and Q. That is, a ‘line’is the set of points that lie in
{αP + βQ;α, β ∈ GF (q2)}. Then it is not diffi cult to show that this
set of points and lines is isomorphic to PG(3, q2). If we note that{

y = xq
2

d1−q2
}

=

{
y = xτ (q2−1)/(q−1);

τ has order dividing (q8 − 1)/(q − 1)

}
,

then we may replace this latter set by the former set. What we are
actually doing is constructing an André plane from a Desarguesian
plane by net replacement. If we consider{

y = xqnd1−q}
=

{
y = xτn; τ has order dividing (q8 − 1)/(q − 1)

}
,

then for appropriate n, the sets are disjoint on subspaces.
Hence, in this way, it is possible to obtain a quasi-subgeometry

partition of PG(1, q8) by quasi-subgeometries isomorphic to PG(3, q2),
PG(1, q4), and PG(0, q8)’s.
Now consider PG(2, q8) and ask again if there are subgeometry par-

titions of PG(2, q8), by subgeometries isomorphic to projective spaces
other than PG(2, qk), PG(1, qt), or PG(0, qz)? Now since there are
1 + q8 + q16 lines, it is at least possible to construct such partitions. If
the following illustration needs more clarification, the reader is directed
back to the chapter on extended André spreads.
So, consider a 3-dimensional GF (8)-vector space V8 and consider

the following subspace over GF (q2).{
(x, xq

2

, xq
6

);x ∈ GF (8)
}
.

Call this subspace y = (xq
2
, xq

6
). Consider the group

G3 =
〈
(x, y, z) 7−→ (xd, yd, zd); d ∈ GF (q8)∗

〉
.



Combinatorics of Spreads and Parallelisms 79

Then the image set Γ of this subspace under G3 is{
y = (xq

2

d1−q2

, xq
6

d1−q6

); d ∈ GF (q8)∗
}

and has orbit length

(q8 − 1)/(q(2,6,8) − 1) = (q8 − 1)/(q2 − 1).

We note that this set of 8-dimensional subspaces overGF (q) is similarly
covered by {

y = (xτ (q2−1)/(q−1), xτ (q6−1)/(q−1));
τ has order dividing (q8 − 1)/(q − 1)

}
.

We claim that, in this setting, the orbit forms a ‘subgeometry’of
PG(2, q8) that is isomorphic to PG(3, q2). The ‘points’of the point-line
incidence structure SΓ are the point orbits under GF (q8) that lie within
Γ. The ‘lines’of SΓ are the intersections in Γ with lines of PG(2, q8),
that is, the intersections with Γ of 2-dimensional vector spaces over
GF (q8), generated by two distinct 1-dimensional GF (q8), subspaces
that lie within Γ. We note that there are (q8 − 1)/(q2 − 1) ‘points,’
so if we were to obtain a projective space, it would be isomorphic to
PG(3, q2).
So, take two distinct orbits P and Q under G3 that lie within Γ.

These become 1-dimensional GF (q8)-spaces. Take a generator from
each and form the 2-dimensional GF (q8)-space. Since in P and Q

there are always generators in y = (xq
2
, xq

6
), suppose〈

(x1, x
q2

1 , x
q6

1 )
〉

= P and
〈

(x2, x
q2

2 , x
q6

2 )
〉

= Q.

Let α, β ∈ GF (q8) and generate the two-dimensional vector space〈
(x1, x

q2

1 , x
q6

1 ), (x2, x
q2

2 , x
q6

2 )
〉

=
{
α(x1, x

q2

1 , x
q6

1 ) + β(x2, x
q2

2 , x
q6

2 );α, β ∈ GF (q8)
}
.

Now form{
α(x1, x

q2

1 , x
q6

1 ) + β(x2, x
q2

2 , x
q6

2 );α, β ∈ GF (q8)
}
∩ Γ,

and let R be an orbit of Γ different from P and Q such that

R =
〈
α(x1, x

q2

1 , x
q6

1 ) + β(x2, x
q2

2 , x
q6

2 )
〉

for some fixed α, β, now both non-zero. Again, R contains a vector of
y = (xq

2
, qq

6
) that generates R over GF (q8). Let

R =
〈

(x3, x
q2

3 , x
q6

3 )
〉
.
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Then it follows that there is a non-zero element of GF (q8), so that

ρ(α(x1, x
q2

1 , x
q6

1 ) + β(x2, x
q2

2 , x
q6

2 )) = (x3, x
q2

3 , x
q6

3 ).

Hence, ρ, α, β are all non-zero, and since scalar addition by non-zero
elements of GF (q8) is given by the group G3, we may incorporate ρ
into α and β, and assume without loss of generality that

(α(x1, x
q2

1 , x
q6

1 ) + β(x2, x
q2

2 , x
q6

2 ))

= (αx1 + βx2, αx
q2

1 + βxq
2

2 , αx
q6

1 + βxq2)

= (x3, x
q2

3 , x
q6

3 ).

Hence,

αx1 + βx2 = x3, αx
q2

1 + βxq
2

2 = xq
2

3 and αxq
6

1 + βxq2 = xq
6

3 .

This leads to the following two equations:

(∗) : (α− αq2

)xq
2

1 + (β − βq2

)xq
2

2 = 0

and
(∗∗) : (α− αq6

)xq
6

1 + (β − βq2

)xq
6

2 = 0.

Since x1, x2, x3 are all non-zero, then α−αq
2

= 0 if and only if β−βq2

=
0, which is valid if and only if α and β are in GF (q2). Similarly,
α − αq

6
= 0 if and only if αq

6
= α, so that α has order dividing

(q6− 1, q8− 1) = (q2− 1), so again, α and β are in GF (q2). Hence, we
may assume that α−αq2

and α−αq6
are both non-zero. So, we obtain

(∗)′ :

(
x1

x2

)q2

=

(
βq

2 − β
α− αq2

)
, and

(∗∗)′ :

(
x1

x2

)q6

=

(
βq

6 − β
α− αq6

)
.

Raise (∗)′ to the q6-th power to obtain:

(∗)′ :
(
x1

x2

)q8

=

(
βq

8 − βq6

αq6 − αq8

)
=

(
β − βq6

αq6 − α

)
=

(
βq

6 − β
α− αq6

)
.

Therefore, we arrive at the equation:(
x1

x2

)q6

=

(
x1

x2

)q8

.

This is equivalent to(
x1

x2

)q8−q6

=

(
x1

x2

)q6(q2−1)

= 1.
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Therefore,
(
x1

x2

)q6

is in GF (q2)∗, which implies that
(
x1

x2

)
is in GF (q2).

Let x1 = x2δ, for δ ∈ GF (q2)∗ then (x1, x
q2

1 , x
q6

1 ) = (δx2, δx
q2

2 , δx
q6

2 ),
since δq

2

= δ. However, this means that P = Q, originally.
Hence, it can only be that α, β ∈ GF (q2)∗. Therefore, there are

(q2)2 + 1 ‘points’ of intersection with a line of PG(2, q8) and SΓ. It
follows directly that SΓ is isomorphic to PG(3, q2).
In a similar manner, we may obtain subgeometries isomorphic to

PG(1, q4) and PG(0, q8). Therefore, we obtain a subgeometry partition
of PG(2, q8), by subgeometries isomorphic to PG(3, q2), PG(1, q4), and
PG(0, q8).
If it is objectionable to include ‘points’ within a partition then

simply take PG(3n − 1, q8), for n > 1, and it is similarly possible
to construct subgeometry partitions by subgeometries isomorphic to
PG(4n− 1, q2), PG(2n− 1, q4), and PG(n− 1, q8).
In the section on subgeometries arising from extended André par-

titions and their generalizations, we may repeat these ideas in general
and using the procedure in r-dimensional vector spaces overGF (qsn), it
is possible to construct various subgeometries isomorphic to PG(sn/s∗−
1, qs

∗
), where s∗ is any divisor of s. Hence, it is possible to obtain sub-

geometry partitions using a wide variety of different isomorphism types
of projective spaces as subgeometry partitions.
Finally, since the focal-spreads that we have constructed admit

groups of the type that are conceivably retraction groups, we now
show how easy it is to find quite interesting subgeometry partitions
from focal-spreads, their associated double-spreads and triple-spreads
as well as from their associated designs.



CHAPTER 6

Subgeometries from Focal-Spreads

As an important application of the theory of focal-spreads, we shall
be constructing new subgeometry portions. As mentioned in the intro-
ductory remarks, the most important and relevant construction device
of subgeometry partitions from vector spaces uses an appropriate fixed-
point-free group of order qd−1, containing a scalar group of order q−1,
which is a field when adjoining the zero mapping. That is, from such a
group acting on a partition of a vector space, a ‘retraction’ procedure
produces what is called a quasi-subgeometry partition by Johnson [106]
and a subgeometry partition when d = 2. The quasi-subgeometries are
subgeometries if and only if each ‘line’is the full intersection with the
set of ‘points’of a line of the projective superspace. This is the beauty
of using groups first constructing quasi-subgeometries providing the
bulk of the effort with the only question remaining being whether we
actually obtain subgeometries in the partition.

1. k-Cuts of Subgeometry Partitions

Initially, the subgeometries that were found ‘lifted’to spreads pro-
ducing translation planes. Conversely, as has been mentioned, trans-
lation planes having certain fixed-point-free groups admit a certain
‘retraction’procedure by which subgeometry partitions of projective
spaces may be constructed. Of course, lifted subgeometry partitions
may construct more generally arbitrary spreads or, even more gener-
ally, various interesting partitions of vector spaces. However, the use
of general partitions have not so far been used for such constructions.
Given a vector space V of dimension rt, admitting a t-spread, let

W be a subspace V , then there is a partition of W induced from the
t-spread. This simple idea is akin to a k-cut, producing a focal-spread.
We shall simply call such a partition a ‘generalized k-cut’, even if the
partitions induced has many different subspace dimensions. The key
idea for us here is to ensure that if there is a retraction group acting
on the t-spread that the group also acts on the generalized k-cut of the
subspace W .

83
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Definition 40. Let P be a subgeometry partition of a projective
space Π and let Π′ denote a projective subspace of Π. If there is a
subgeometry partition P ′ of Π′ induced from P, we shall say that P ′ is
a ‘generalized k-cut’of P.

So, suppose that we start with a translation plane given by a t-
spread that admits nice groups. We formulate the associated k-cuts
and ask what happens in the projective space with regards to subge-
ometry partitions. As mentioned, it seems to be more convenient to
start the other way– from the projective space first, which admits a
subgeometry partition. So, assume that we have a subgeometry par-
tition of PG(z − 1, qw) by subgeometries isomorphic to PG(l − 1, qe)
for various values of l and e and assume that the subgeometry par-
tition arises from a t-spread over GF (q) as a k-cut. To avoid trivial
situations, we would normally not allow ‘points’to be considered sub-
geometries. Then z = 2t/w and l = t/e. From any subgeometry
partition of PG(n, qw), there is the nature lifting procedure ‘unfolding
the fans’that produces partitions of vector spaces in this setting. We
note that the field over which the vector space is originally defined for
the t-spread might actually be changed.
In any case, we see that there is a collineation group G of order

qw − 1, with component orbits of length (qw − 1)/(qe − 1), for various
values of e, which induces the spread components (these are the ‘fans’).
If there is a value for e equal to w, then there is a fixed component (a
‘trivial fan’).
Assume that there are at least two fixed components, say, x = 0

and y = 0. On one of these fixed components, say y = 0, choose
any set of orbits Γ under the group. Each of these orbits is a 1-
dimensional GF (qw)-subspace. Let Vk denote the subspace of dimen-
sion k generated by the set Γ. Now form the t+k-dimensional subspace
Vt+k = 〈x = 0, Vk〉. This subspace is left invariant by the group G and
hence is invariant under the field G ∪ {0}. We may then form the
focal-spread. We claim that the group G produces another subgeom-
etry partition. Now here is the beautiful part! Because the group
inherits as a collineation group of the focal-spread, we clearly obtain a
so-called quasi-subgeometry partition. So, the only question is whether
we actually obtain subgeometries in the partition.
To see that we do, take any orbit O of length (qw−1)/(qe−1) of the

group G (there will be at least one such orbit for each PG(l − 1, qe)).
Take two GF (qw)-linearly independent point orbits of G lying on the
k-component orbit O and form the 2-dimensional GF (qw)-space (a line
in the projective superspace). Let O+ denote the t-component orbit
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in the t-spread. Since G leaves invariant the focal-spread, we see that
the 2-dimensional GF (qw)-space is a set of vectors within Vt+k. The
intersection of the 2-dimensional GF (qw)-space with O+ is then the
intersection within O. Hence, we obtain a 2-dimensional GF (qe)-space
as a space of intersection. So we still obtain a subgeometry. However, in
this setting, instead of a PG(t/e−1, qe), we obtain a PG(k/e−1, qe)–
truly an amazing construction. So, in a sense, we have a ‘k-cut of
a subgeometry partition,’ but we now have some new subgeometry
partitions..

Theorem 23. Assume that there is a subgeometry partition of
PG(2t/w − 1, qw) arising from a translation plane of order qt, and
kernel containing GF (q), for t = sw, by subgeometries isomorphic to
PG(t/e− 1, qe), for e ∈ Dw, a set of divisors of w such that there are
at least two PG(t/w − 1, qw)′s.

Then for t = sw, and k = w, 2w, 3w, .., (s − 1)w, there is a focal-
spead of type (t, k) of a vector space with focus of dimension t that
constructs a subgeometry partition of PG((t + k)/w − 1, qw) by one
PG(t/w−1, qw), at least one PG(k/w−1, qw) and remaining PG(k/e−
1, qe)’s.

2. Additive k-Cuts

In this section, we consider subgeometry partitions that can arise
from semifield t-spreads, which might be called ‘additive subgeometry
partitions,’as well as the k-cut subgeometry partitions that can arise
from k-cuts of the semifield spreads.
We begin with the subgeometry partitions that can arise directly.

So, suppose that we have a semifield t-spread of order qt, with ker-
nel containing GF (q) admitting right and middle nuclei isomorphic to
GF (qk). Using Jha and Johnson [87], we fuse the kernel and nuclei
isomorphic to GF (q), as well as fuse the middle and right nuclei. Then
x = 0 and y = 0 are pointwise fixed, respectively, by affi ne homol-
ogy groups corresponding to the middle and right nuclei, respectively.
The semifield is a vector space over the middle nucleus isomorphic
to GF (qk). Consider the set of vectors generated by x = 0 and any
GF (qk) orbit on y = 0 of the middle nucleus. Then x = 0 and the orbit
on y = 0 generate a vector space of dimension t+ k. This vector space
is fixed by both associated homology groups, as the right nucleus fixes
x = 0 and fixes y = 0 pointwise and the middle nucleus fixes x = 0
pointwise and fixes the indicated orbit. Now form the focal-spread of
dimension t+ k admitting the product of the homology groups. In the



86 Subgeometries from Focal-Spreads

product, there are field groups that are fixed point-free of the form〈[
A 0
0 Aσ

]
;A ∈ GF (qk)∗

〉
and σ an automorphism of GF (qk), where σ fixes GF (q)-pointwise.

Theorem 24. Assume that corresponding to a semifield spread of
order qt, there is a semifield with right and middle nuclei isomorphic
to GF (qk) and left nucleus containing a field isomorphic to GF (q).

(1) Using the retraction group〈[
A 0
0 Aσ

]
;A ∈ GF (qk)∗

〉
,

either a quasi-subgeometry partition or a subgeometry partition is ob-
tained.
(2) Assume that we have a subgeometry (or quasi-subgeometry) par-

tition of PG(2t/k − 1, qk) by subgeometries (or quasi-subgeometries)
isomorphic to PG(t/k− 1, qk) or PG(t− 1, q) (assuming that the com-
ponent orbits have lengths 1 or (qk − 1)/(q − 1)). Then the k-cut sub-
geometry (or quasi-subgeometry) partition associated with the additive
focal-spread of type (t, k) has subgeometries (or quasi-subgeometries)
isomorphic to PG(t/k − 1, qk), PG(0, qk), and PG(k − 1, q).

3. Right/Left Focal-Spreads

From semifields that admit appropriately fused nuclei there are as-
sociated subgeometry partitions. For the right and middle nuclei, the
associated collineation groups are affi ne homology groups that operate
on the right or left, respectively. Since we are considering focal-spreads
analogous to spreads describing translation planes, we see that it is
possible to generalize the left and right mappings to produce associ-
ated subgeometry partitions. We first note that groups of order q2 − 1
with the required properties always produce subgeometry partitions.

Theorem 25. Suppose that a finite vector space partition over
GF (q) admits a group of order q2− 1, such that unioning the zero vec-
tor, the associated vector space becomes a K ' GF (q2)-vector space.
So, we have a vector space over the ‘field’K. If a subgroup of order
at least q fixes a k-space over GF (q), and if g in K − GF (q) fixes a
GF (q)-subspace T, then T is fixed by the GF (q) 〈g〉-module and hence
is fixed by the full group. Then the orbit lengths of the generalized com-
ponents are either 1 or q+1. In this case, we obtain a retraction group
and an associated subgeometry partition. If a given orbit of length q+1
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arises from a z-component, then there is a subgeometry isomorphic to
PG(z − 1, q) in the associated projective space.

Proof. By the work of the author on quasi-subgeomety partition
[106], it is quite clear that we obtain a quasi-subgeometry partition, so
we need only show that we obtain a subgeometry partition. However,
the point-orbits of length q2− 1 in a z-component orbit of length q+ 1
form a subplane covered net. In this setting, the subplanes of order
q become points and the orbits of the z-component of order qz form
subspaces isomorphic to PG(z−1, q) of the associated projective space.

�
We now consider the right and left homology groups of focal-spreads.

Suppose we choose a focal-spread of dimension t+ k over GF (q), with
focus of dimension t, which admits also right and left ‘homology groups’
of order q− 1. Let q be a square h2. Then consider the vector space of
dimension 2(t+ k) over GF (h). Form the group with elements:[

αIk 0
0 βIt

]
;α, β ∈ GF (h2)∗.

Choose a subgroup, where β = αh. Note that when α ∈ GF (h), we
would have the scalar group, which implies that the orbit length is
either 1 or at most h+ 1 and hence exactly h+ 1 in this last case by a
simple argument.
Therefore, from any orbit of length h + 1 of a k-dimensional sub-

space, we obtain a subgeometry isomorphic to PG(k − 1, h). We then
will obtain a retraction group of order h2 − 1, which constructs a sub-
geometry partition of PG(t + k − 1, h2) by subgeometries with one
PG(t− 1, h2), at least one PG(k − 1, h2), and various PG(k − 1, h)’s.
Suppose that there are no PG(k − 1, h)’s. Then the full group of

order (h2− 1)2 fixes each k-component. Consider a general component
y = xM , where x is a k-vector,M is a k× t-matrix, and y is a t-vector.
Then y = xM is mapped to y = xα−1IkMβIt = xMα−1βIt, for all
M . If we allow originally that one M has 1’s in the (i, i), entries and
0’s in the others, then α = β, a contradiction. Therefore, we have the
following result, as the converse follows immediately from the results
on quasi-subgeometries.

Theorem 26. Any right and left focal-spread of dimension t + k
over GF (q), with q = h2 and admitting left and right homology groups
isomorphic to GF (q)∗ produces a subgeometry partition of PG(t+ k−
1, h2) by subgeometries isomorphic to one PG(t − 1, h2), at least one
PG(k − 1, h2)’s and at least one PG(k − 1, h), and no other types.
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Conversely, any projective space PG(t + k − 1, h2) that admits a
subgeometry partition by one PG(t− 1, h2), at least one PG(k− 1, h2)
and at least one PG(k − 1, h), and no other types ‘lifts’ to a focal-
spread of dimension 2(t + k) over GF (h), with focus of dimension 2t,
with group G of order h2 − 1 that fixes the focus and one other 2k-
component and has at least one orbit of length h+ 1.

To note some examples that have groups required in the above
theorem, choose any translation plane of order qt and kernel containing
GF (q) that has symmetric homology groups of order q − 1 with axes
x = 0, and/or y = 0. It follows essentially immediately that any k-cut
focal-spread of type (t, k) will admit these groups. If q = h2, then
we may construct subgeometry partitions as in the previous theorem.
The typical types of planes that have such groups are semifield planes,
and nearfield planes. The following section gives a different slant on
the use of right and left groups by constructing hyperplanes that have
this property. That is, it might be possible to use hyperplanes in the
manner that we have seen previously in the study of focal-spreads to
construct associated subgeometry partitions.

4. Hyperplane Constructions

Suppose we have a focal-spread admitting a left and right homology
group, each isomorphic to GF (q)∗, choose any k-dimensional GF (q)-
space on x = 0 and the k-dimensional GF (q)-space on y = 0 and
generate the hyperplane H.
It follows immediately that the hyperplane admits such groups as

collineation groups. Suppose we choose a coordinate structure so that
H contains the y = x k-space and if we agree to do this originally,
we find a hyperplane that has one orbit of k-subspaces of length h +
1. What this means is that we have found a hyperplane that admits
both homology groups and there is a set of q − 1 components that are
permuted non-trivially into orbits of lengths h+ 1 and 1.
Here is the resulting subgeometry structure in the focal-spread: The

orbits of length 1 will produce subgeometries isomorphic to PG(k −
1, h2), the orbits of h + 1 k-components will produce subgeometries
isomorphic to PG(k − 1, h2), and there are a total of q + 1 of these
subgeometries.
Now we utilize the induced generalized cut-like subgeometry from

the hyperplane: From the intersections of dimension k−1 ofH with the
partial Sperner space, we obtain PG(k−2, h2)’s and PG(k−2, h)’s. So,
we obtain a subgeometry partition of PG(2k− 1, h2) by subgeometries



Combinatorics of Spreads and Parallelisms 89

isomorphic to PG(k−1, h2), PG(k−1, h), PG(k−2, h2), and PG(k−
2, h)’s. Hence, we obtain:

Theorem 27. Any focal-spread of type (k+ 1, k) over GF (q), with
q = h2 and admitting left and right homology groups isomorphic to
GF (q) produces a generalized k-cut subgeometry partition of PG(2k −
1, h2) by subgeometries isomorphic to: PG(k − 1, h2), PG(k − 1, h),
PG(k− 2, h2), and PG(k− 2, h), by the use of any hyperplane sharing
a k-space with the focus.

4.1. Using Desarguesian Planes. While it might seem that the
subgeometries arising from k-cuts and hyperplane constructions origi-
nating from a Desarguesian plane would be fairly uninteresting, actu-
ally, the subgeometry partitions are quite diverse.
So, assume that we have a focal-spread of dimension 2k + 1 with

focus of dimension k + 1 that arises from a Desarguesian (k + 1)-
spread. The homology group with elements (x, y)→ (xm, ym), where
m ∈ GF (q)∗ acts on the focal-spread. If we choose the focus to
be represented by y = 0, then the homology group with elements
(x, y) → (xm, y) and m ∈ GF (q)∗, is a collineation of the associated
k-cut. The group fixes x = 0 pointwise, and so induces a collineation
group on the focal-spread generated by any k-subspace of x = 0 and
y = 0. Furthermore, the group (x, y)→ (x, yα), for all α ∈ GF (q)∗, is
clearly a collineation group of the focal-spread. In this setting, take the
group G of order (q−1)2 generated by the two types of affi ne homology
group collineations for m ∈ GF (q).

In the associated Desarguesian plane, a given component not equal
to x = 0 or y = 0 is fixed by a subgroup of order qk+1 − 1. The group
of order (q − 1)2 is isomorphic to Zq−1 × Zq−1, which means that the
intersection of G with a cyclic subgroup of order qk+1 − 1 is exactly of
order q − 1. Hence, the given group has orbits of length q − 1. In the
focal-spread, G will act as a collineation group fixing precisely x = 0
and y = 0 and having (qk+1 − 1)/(q − 1) orbits of length q − 1. Fix a
k-space on y = 0, which is then fixed by G, and take the hyperplane
H generated by this k-space and x = 0, so G acts on this hyperplane.
Furthermore, G has the remaining orbits of length q− 1, which means
that one of these orbits is the remaining set of q − 1 k-components of
intersection of H with the focal-spread k-components.
Now we apply the results of the previous section and use hyper-

plane constructions as in Theorem 27. Now consider the field group
T with elements (x, y) → (xα, yαh);α ∈ GF (q)∗, for q = h2, which
is a subgroup of G. The non-trivial orbit lengths of this group are



90 Subgeometries from Focal-Spreads

then (q − 1)/(h − 1) = h + 1. What this means is that with retrac-
tion, we may construct a subgeometry partition of PG(2k − 1, h2) by
two PG(k − 1, h2)’s, h + 1, PG(k − 1, h)’s, and (h2(k+1) − h2)/(h + 1)
PG(k − 2, h)’s. Note that the same argument is valid for nearfield
planes of order qk+1 with kernels containing GF (q).

Theorem 28. Any k-cut focal-spread of type (k+ 1, k) from a De-
sarguesian (k + 1)-spread or from a nearfield plane of order qk+1 with
kernel containing GF (q) with q = h2 produces a subgeometry partition
of PG(2k−1, h2) by subgeometries isomorphic to (two) PG(k−1, h2)’s,
h+ 1 PG(k−1, h)’s, and ((h2(k+1)−h2)/(h+ 1)) PG(k−2, h)’s, using
any hyperplane that shares a k-space with the focus.

Coming from the subgeometry point of view, it is a diffi cult problem
to determine when numbers and types of subgeometries of a partition
classify the type of spread (or vector space partition) or translation
plane that could arise.
There is actually much more than can be said relating focal-spreads

and subgeometries, but most of the theory requires material on Baer
groups and algebraic lifting. So, we shall return to this theory in Part
14 after the requisite background is established.
We turn now to subgeometry partitions that can arise from ex-

tended André spreads.



CHAPTER 7

Extended André Subgeometries

In Chapter 3, we developed the notion of an extended André spread,
and we noted there were normally nice groups attached with such parti-
tions. Since subgeometry partitions arise directly due to certain fixed-
point-free groups, it certainly is possible to construct subgeometry par-
titions from extended André spreads. There is really an embarrassing
wealth of wonderful subgeometry partitions that can be generated and
we sketch only a few of these in this text.
Let Σ be a Desarguesian r-spread of order qsn. We may regard Σ as

an rsn-vector space over GF (q). Moreover, since the kernel homology
group Ks determines a field Ks ∪ {0} = K+

s , we may also regard Σ as
an rn-vector space over K+

s : Letting

τ d : (x1, x2, .., xr) 7−→ (x1d, x2d, .., xrd);

d ∈ GF (qs), with τ 0, the zero mapping,

then K+
s = 〈τ d; d ∈ GF (qs)〉. Define τ dv = d � v = (x1d, x2d, .., xrd),

for v = (x1, x2, .., xr), then clearly Σ is an rn-dimensional K+
s -space.

Let the lattice of subspaces be denoted by PG(rn − 1, qs). Then Σ
is an rn-dimensional subspace over K+

s and the lattice of vector sub-
spaces forms a projective space PG(rn− 1, qs). The Main Theorem on
Extended André Subgeometries is as follows:

Theorem 29. Let the lattice of vector subspaces of Σ over K+
s be

denoted by PG(rn− 1, qs). Take any

A
(λ1,..,λr−j−1)

(n1,..,nr−j−1)

=
{
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

); d ∈ GF (qsn)∗
}
.

Again, there are(
(qsn − 1)/(q(λ1,..,λr−j−1) − 1)

)
/
(
(qs − 1)/(q(λ1,λ2,..,λr−j−1,s) − 1)

)
component orbits of length

(qs − 1)/(q(λ1,λ2,..,λr−j−1,s) − 1)

under Ks.
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Let s∗ = (λ1, λ2, .., λr−j−s). Assume that within (λ1, λ2, ...., λr−j−1),
there are elements λl and λk such that λl = s∗ρ and λk = s∗ρ(s − 1).
If s = 2, λl and λk are equal, and it is then possible that r− j − 1 = 1.
Each such orbit becomes a projective subgeometry of PG(rn − 1, qs),
isomorphic to

PG(sn/(λ1, λ2, .., λr−j−1, s)− 1, q(λ1,λ2,..,λr−j−1,s)),

for r − j − 1 ≥ 2, provided s > 2 and r − j − 1 ≥ 1 for s = 2.

Proof. From what we have developed previously in this text, we
do obtain a quasi-subgeometry from the group, so it remains to prove
that we actually obtain a subgeometry. The proof is a general version
of the discussion given in the primer on quasi-subgeometries, so the
reader who has read Subsection 0.1 may skip the following proof.

Here is the general argument. Consider

L : y = (xq
λ1m1, x

qλ2m2...)

in the Ks-orbit. Choose two vectors v1 and v2 that lie in the union
of the subspaces in the orbit and form 〈v1, v2〉K+

s
, the 2-dimensional

K+
s -subspace, assuming that {v1, v2} is linearly independent over K+

s .
Since each 1-dimensional K+

s -subspace non-trivially intersects L, we
may assume that v1 and v2 lie on L. Hence, let

vi = (xi, x
qλ1

i m1, x
qλ2

i m2...), for i = 1, 2.

To show that we obtain a subgeometry, we need to show that the
intersection of 〈v1, v2〉K+

s
, with 1-dimensional K+

s -subspaces that lie
in the orbit of L may be given via scalars in GF (q(λ1,..,λr−j−1,s)) =
GF (qs

∗
). Any intersection of 〈v1, v2〉K+

s
contains a vector on L and in

that particular 1-dimensional K+
s -subspace. Hence, assume that

αv1 + βv2 = v3,

where v3 is also on L. We need to show that α and β are in GF (qs
∗
).

So, let
vi = (xi, x

qλ1

i m1, x
qλ2

i m2...), for i = 1, 2, 3.

Then

α(x1, x
qλ1

1 m1, x
qλ2

1 m2...) + β(x2, x
qλ1

2 m1, x
qλ2

2 m2...)

= (x3, x
qλ1

3 m1, x
qλ2

3 m2...)

if and only if

(αx1 + βx2)q
λimi = αxq

λi

1 mi + βxq
λi

1 mi,

for all i = 1, 2, .., r − j − 1.
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This leads to the following equivalent set of equations:

xq
λi

1 (α− αqλi ) + xq
λi

2 (β − βqλi )
= 0, for all i = 1, 2, .., r − j − 1.

We now restrict to the two equations (or one if s = 2) for i = l and
k :

(∗) : xq
s∗ρ

1 (α− αqs
∗ρ

) + xq
s∗ρ

2 (β − βqs
∗
) = 0,

(∗∗) : xq
s∗ρ(s−1)

1 (α− αqs
∗ρ(s−1))

) + xq
s∗ρ(S−1)

2 (β − βs∗ρ(s−1))) = 0.

Note that α, β ∈ GF (qs
∗
) if and only if α − αq

s∗ρ
= β − βq

s∗ρ
= 0.

Moreover, the previous two equations show that α − αqs
∗ρ

= 0 if and
only if β−βqs

∗ρ
= 0. Since this is what we would like to prove, assume

otherwise, that α− αqs
∗
6= 0. Then,

(∗)′ :
(
x1

x2

)qs∗ρ
=
βq

s∗ρ − β
α− αqs∗ρ

and

(∗∗)′ :
(
x1

x2

)qs∗(s−1)

=
βq

s∗(s−1) − β
α− αqs∗(s−1)

.

From (∗)′, we obtain((
x1

x2

)qs∗ρ)qs
∗ρ(s−1)

=

(
βq

s∗ρ − β
α− αqs∗ρ

)qs
∗ρ(s−1)

=

(
βq

s∗ρs − βqs
∗ρ(s−1)

αqs
∗ρ(s−1) − αqs∗ρs

)

=

(
β − βqs

∗ρ(s−1)

αqs
∗ρ(s−1) − α

)
=

(
βq

s∗ρ(s−1) − β
α− αqs∗ρ(s−1)

)
.

That is,

(∗ ∗ ∗)′ :
(
x1

x2

)qs∗ρs
=

(
βq

s∗ρ(s−1) − β
α− αqs∗ρ(s−1)

)
.

Using, (∗∗)′, we have(
x1

x2

)qs∗ρs
=

(
x1

x2

)qs∗ρ(s−1)

,

or equivalently,(
x1

x2

)qs∗ρss∗ρ−qs∗ρ(s−1)

= 1 =

(
x1

x2

)qs∗ρ(s−1)(qs
∗ρ−1)

.
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But, this says that (
x1

x2

)qs∗ρ(s−1)

∈ GF (qs
∗
),

which, in turn, implies that(
x1

x2

)
∈ GF (qs

∗
).

But we know that

(∗)′ :
(
x1

x2

)
=

(
x1

x2

)qs∗ρ
=
βq

s∗ρ − β
α− αqs∗ρ

,

and hence (
x1

x2

)qλi
=
βq

s∗ρ − β
α− αqs∗ρ

, for all i,

which is equivalent to

(∗)+ : xq
λi

1 (α− αqs
∗ρ

) + xq
λi

2 (β − βqs
∗ρ

)

= 0, for all i = 0, 1, .., r − j − 1.

Now consider

(α− αqs
∗ρ

)(x1, x
qλ1

1 m1, x
qλ2

1 m2...) +

(β − βqs
∗ρ

)(x2, x
qλ1

2 m1, x
qλ2

2 m2...)

and note that we obtain 0, in each coordinate: Hence,

(α− αqs
∗ρ

)(x1, x
qλ1

1 m1, x
qλ2

1 m2...)

+(β − βqs
∗ρ

)(x2, x
qλ1

2 m1, x
qλ2

2 m2...)

= (0, 0, 0, ...0).

Since the two vectors are linearly independent over GF (qs), it follows
that

(α− αqs
∗ρ

) = 0 = (β − βqs
∗ρ

),

a contradiction, and hence we have the proof that we obtain a subge-
ometry in this situation. �

Using the previous theorem, we give a method to find subgeom-
etry partitions. We are assuming in the following theorem that we
are within an extended André spread or constructing one using the
extended André replacements.
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Theorem 30. Let Ds denote the set of divisors of s (including
1 and s). When a replacement set of (qsn − 1)/(qs

∗ − 1) sn-spaces
is obtained for s∗ ∈ Ds, let ks∗ denote the number of different and
mutually disjoint replacement sets of (qsn− 1)/(qs

∗ − 1) sn-spaces (ks∗
could be 0). Then we merely require that∑

s∗∈Ds

(
qsn − 1

qs∗ − 1

)
ks∗ = (qsn − 1)r−j−1.

Now we can actually do this for each of the
(
r
r−j
)
j − (0-subsets). Let

ks∗,j,w be the number of different and mutually disjoint replacement sets
of (qsn − 1)/(qs

∗ − 1) sn-spaces in Σj,w. Then, considering the j − (0-
sets), for r − j ≥ 3, we require

r−3∑
j=0

(rr−j)∑
w=1

∑
s∗∈Ds

(
qsn − 1

qd∗ − 1
)kd∗

= (qrsn − 1)/(qsn − 1)−
(
r
r−2

)
(qsn − 1)−

(
r
r−1

)
.

Let s∗ = gcd(λ1, λ2, .., λr−j−1, s). Assume that within (λ1, λ2, ...., λr−j−1),
there are elements λl and λk such that λl = s∗ρ and λk = s∗ρ(s − 1).
If s = 2, λl and λk are equal, and it is then possible that r− j − 1 = 1.

Then each orbit under the kernel group of order qs − 1 becomes a
projective subgeometry of PG(rn− 1, qs), isomorphic to

PG(sn/(λ1, λ2, .., λr−j−1, s)− 1, q(λ1,λ2,..,λr−j−1,s)),

for r − j − 1 ≥ 2, provided s > 2 and r − j − 1 ≥ 1 for s = 2.
Therefore, the associated PG(rn−1, qs) is partitioned by subgeome-

tries as follows: There are

r−1∑
j=0

(rr−j)∑
w=1

ks∗,j,w

subgeometries isomorphic to PG(sn/s∗ − 1, qs
∗
) (the j = (r − 1)− (0-

subsets) always lead to
(
r
r−1

)
= r PG(n− 1, qs)’s).

The reader is also directed to Johnson [98] for an algorithmic ap-
proach to the selection of subgeometries within the partition.

0.2. The Ebert-Mellinger r-(rn,q)-Spreads. Ebert andMellinger
[51] construct a new r − (rn, q)-spread admitting an Abelian group of
order (qrn− 1)2 that may be constructed with the methods of the pre-
vious theorem. The construction in Ebert and Mellinger begins with
the construction of new subgeometry partitions in PG(rn − 1, qr) by
subgeometries isomorphic to PG(rn − 1, q) and PG(n − 1, qr). The
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following connection shows that these subgeometries may be obtained
from the above theorem.

Theorem 31. (Johnson [98]) The r− (rn, q)-spreads of Ebert and
Mellinger are extended André spreads. When r = 2, the spreads corre-
spond to André planes of order q2n.

So, there is a group of order qr − 1 that arises from the Ebert-
Mellinger subgeometry partitions. Unfolding the fan(s) shows that the
PG(rn− 1, q)’s unfold to an orbit of rn-dimensional vector subspaces
over GF (q) of length (qr − 1)/(q − 1), and the PG(n− 1, qr)’s unfold
to rn-dimensional vector subspaces over G. Now begin with a Desar-
guesian r − (rn, q)-spread and construct the generalized André type
covers,

A
(λ1,..,λr−j−1)

(n1,..,nr−j−1)

=
{
y = (x∗q

λ1

1 n1d
1−qλ1 , .., x∗q

λr−j−1

1 nr−j−1d
1−qλr−j−1

); d ∈ GF (qsn)∗
}
,

where we only use the j = 0-(0-sets), and where we take λ1 = 1, λ2 =
2, .., λr−1 = r − 1.

Therefore, the replacement sets ‘all’have the general form:

A
(1,2,..,r−1)
(n1,..,nr−1)

=
{
y = (xqn1d

1−q, .., xq
r−1

nr−11d
1−qr−j−1

); d ∈ GF (qrn)∗
}
.

Furthermore, the other j − (0-sets) are not replaced. In particular, we
recall our main theorem on subgeometries.
In this setting, we have s = r and j = 0, λi = i, so

(qs − 1)/(q(λ1,λ2,..,λr−j−1,s) − 1) = (qr − 1)/(q − 1).

So, we obtain a subgeometry partition of PG(rn− 1, qr) by PG(rn−
1, q)’s and PG(n− 1, qr)′s. These are the subgeometry partitions con-
structed by Ebert and Mellinger. This also means that since the group
arises from a Desarguesian r−(rn, q)-spread, all remaining components
of the spread are fixed by the group.
The reader is also directed back to Theorem 242 for more of the de-

tails. But, note that by making different replacements of the indicated
(generalized) extended André spreads and also by making replacements
in other j − (0-sets), a great variety of subgeometry partitions may be
obtained, with varying and many different types of subgeometries.



CHAPTER 8

Kantor’s Flag-Transitive Designs

In this chapter, constructions of Kantor [156] are given of transi-
tive t-spreads that admit a retraction group that construct interesting
subgeometry partitions. Actually, these t-spreads also produce flag-
transitive designs. Although there are variations on the types given,
there are four main classes of flag-transitive designs. In this chapter, we
shall discuss the two flag-transitive designs that admit cyclic transitive
linear subgroups. In the next chapters, the partitions that admit cyclic
transitive t-spreads are then used to construct new subgeometry par-
titions. The reader is directed to Kantor [156] for a description of the
other two main classes. These classes admit a transitive linear group
on the associated t-spread that contains a cyclic subgroup of index 2.

1. Kantor’s Class I

The following construction of Kantor [156] of flag-transitive designs
shall be called ‘Kantor’s Class I.’The part of the flag-transitive group
that we shall be interested in is the linear part in GL(V, q), which
defines the associated t-spreads of the designs, whereas the full group
is in AG(V, q).

Theorem 32. Let m,n > 1, such that (m,n) = 1. Let m divide
q− 1. Let b ∈ GF (qmn)∗ such that bq

n
= bω, where ω has order m. Let

σ be any non-identity automorphism of GF (qn) fixing GF (q) pointwise
and let h(x) = x − bxσ for x in GF (qmn). Let 〈s〉 denote the cyclic
subgroup of GF (qmn) of order (qmn − 1)(q − 1)/(qn − 1). Then

Sb,σ =
{
sih(GF (qn)); i = 0, 1, .., (qmn − 1)/(qn − 1)

}
defines a flag-transitive design, which also gives an m − (n, q)-spread
that admits a cyclic transitive group on the (qmn − 1)/(qn − 1) compo-
nents (n-spaces over GF (q)).

The flag-transitive group of the design is given by

〈z → fz + w;w ∈ GF (qmn) and f ∈ 〈s〉〉 .

Proof. We have an mn-dimensional vector space V = GF (qmn)
over GF (q), and we wish to show that Sb,σ is a set of n-dimensional
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subspaces, whose non-zero vectors partition V . Since the group 〈s〉
is clearly transitive, we need only show that we do obtain a set of n-
subspaces and that h(GF (qn)) ∩ sih(GF (qn)) = 0. By transitivity, we
claim that h(x) = x−bxσ is a subspace, since the set is additive, we need
only show that h(x) = 0 implies that x = 0. But, h(x) = 0 implies, for
x 6= 0, that b ∈ GF (qn), so that bq

n
= bω implies ω = 1. Therefore,

h(GF (qn)) is a subspace of dimension n over GF (q). Now assume that
h(x) = sih(y) ∈ h(GF (qn)) ∩ sih(GF (qn)), for x, y ∈ GF (qn)∗ and
0 < i < (qmn − 1)/(qn − 1).
The idea of the proof showing that this leads to a contradiction is

to apply the norm mapping N from GF (qmn) to GF (qn). So, we note

that xm − bm =
m−1∏
i=0

(x − bq
ni

), which is valid since both polynomials

have the roots ωib, for all i = 1, 2, ..,m, noting that bq
ni

= ωib. So,

N(x− bxσ) =
m−1∏
i=0

(x− bxσ)q
ni

=
m−1∏
i=0

(x− bqnixσ) = xm − bmxσm,

which is, in turn, equal to

m−1∏
i=0

(si(y − byσ)q
ni

= N(si)
m−1∏
i=0

(y − bqniyσ) = N(si)(ym − bmyσm).

We note thatN(si) = si(1+qn+q2n+...+qn(m−1)) = si(q
mn−1), so thatN(si) ∈

GF (q). We then obtain

xm −N(si)ym = bm(xm −N(si)ym)σ.

Assume that the left hand side is not zero and note that m divides
σ − 1, so that

1 = b(xm −N(si)ym)(σ−1)/m ∈ 〈ω〉 ⊆ GF (q),

which forces b to be in GF (qn), a contradiction. Hence,(
x

y

)m
= N(si) ∈ GF (q),

which implies that (
x

y

)m(q−1)

= 1.

We note that

(qn − 1,m(q − 1)) = (q − 1)(1 + q + q2 + ...+ qn−1,m),
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which is

(q − 1)(q − 1 + q2 − 1 + ...+ qn−1 − 1 + n,m)

= (q − 1)(n,m) = (q − 1).

This means that x
y

= α is in GF (q), so that

h(x) = sih(y) = α(y − byσ) = si(y − byσ),

so that si ∈ GF (q). But, the order of si divides (qmn−1)(q−1)/(qn−1),
a contradiction, since 0 < i < (qmn − 1)/(qn − 1). Therefore, we have
an m− (n, q)-spread as maintained. �

Remark 18. When m = 2, an m−(n, q)-spread is defined on a 2n-
dimensional vector space over GF (q) and thus defines a flag-transitive
translation plane.

2. Kantor’s Class II

Also in Kantor [156], there is another class of flag-transitive designs
admitting a cyclic transitive linear group.
The description is as follows:

Theorem 33. Let p be a prime and let q > 1 and m > 1 be p-
powers. Let n be an integer > 1 such that (p, n) = 1. We consider
the field GF (qmn), and note, in particular, (m,n) = 1. Assume that
((qn−1)/(q−1),m−1) = 1. Let N0 denote the norm map from GF (qm)
to GF (q), let T denote the trace map from GF (qn) to GF (q) and T0

the trace map from GF (qm) to GF (q). Choose r ∈ GF (qm) − GF (q)
so that the polynomial

N0(x+ r) = xm + T0(N0(r)/r)x+N0(r)

holds in GF (q)[x]. Let s ∈ GF (qmn)∗ have order (qmn−1)(q−1)/(qn−
1). Then

Sr =
{
si(KerT + rGF (q)); 0 ≤ i ≤ (qmn − 1)/(qn − 1)

}
produces a design with flag-transitive group that also gives anm−(n, q)-
spread admitting a cyclic transitive group on the components. The flag-
transitive group of the design is given by

〈z → gz + w;w ∈ GF (qmn), g ∈ 〈s〉〉 .

Proof. We first note that KerT + rGF (q) has qn−1q = qn ele-
ments, since KerT ∩ rGF (q) = 〈0〉, as r ∈ GF (qm), and (m,n) = 1.
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Furthermore, clearly KerT +rGF (q) is a GF (q)-subspace. So, to show
that we obtain an m− (n, q)-spread, it suffi ces to show that

(KerT + rGF (q)) ∩ si(KerT + rGF (q)) = 〈0〉 ,

if si is not a scalar. Note that if 〈sj〉 is in GF (q), then we see that such
a group acts as a GF (q)-scalar group of order q − 1, that fixes each
component. Hence, assume that u, v ∈ KerT and rk, rw ∈ rGF (q) so
that

u+ rk = si(v + rw),

and si is not a scalar. Let N denote the norm function from GF (qmn)
to GF (qn), noting that

N0(x+ r) = xm + T0(N0(r)/r)x+N0(r),

to obtain

N(u+ rk) = um + T0(N0(r)/r)ukm−1 +N0(r)km

= N(si(v + rw) = N(si)N(v + rw)

= N(si)(vm + T0(N0(r)/r)vwm−1 +N0(r)wm).

Hence, we have

(∗) : (um −N(si)vm) + T0(N0(r)/r)(ukm−1 −N(si)vwm−1)+

+N0(r)(km −N(si)wm) = 0.

Note thatN(si) ∈ GF (q), and (um−N(si))vm and ukm−1−N(si)vwm−1

are in KerT , as (KerT )m = KerT and N0(r) ∈ GF (q). Therefore, the
trace T maps the previous expression to nN0(r)(km − N(si)wm) = 0.
Hence, ( k

w
)m ∈ GF (q), so that k = yw, where ym = N (si). The

expression (∗) then becomes

(u− yv)m + T0(N0(r)/r)(u− yv)(yw)m−1) = 0.

If u− yv is not zero, then

(u− yv)m−1 = −T0(N0(r)/r)(yw)m−1),

which implies that (u− yv)(m−1)(q−1) = 1. But,

(qn − 1, (m− 1)(q − 1))

= (q − 1)((qn − 1)/(q − 1),m− 1) = (q − 1).

Hence, u−yv is in GF (q)∩KerT = 〈0〉. This completes the proof. �

Remark 19. When m = 2, we obtain a 2 − (n, q), spread (for q
even), which then constructs a flag-transitive translation plane.
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3. mth-Root Subgeometry Partitions

In this section, we shall restrict ourselves to the two of the flag-
transitive designs constructed by Kantor, that admit cyclic transitive
t-spreads.
As mentioned previously, a Baer subgeometry partition of a finite

projective space PG(n− 1, q2) is a partition by subgeometries isomor-
phic to PG(n−1, q), the so-called ‘Baer subgeometries’of PG(n−1, q2).
The known Baer subgeometry partitions arise fromflag-transitive trans-
lation planes that admit a cyclic group acting transitively on the com-
ponents of the spread. That is, there is a cyclic collineation group of
order qn + 1 acting transitively on the components. When n is odd,
there is a group of order q2 − 1 containing the kernel homology group
of order q − 1 such that are (qn + 1)/(q + 1) orbits under this group.
Therefore, it is possible to ‘retract’the translation plane to construct
a Baer subgeometry partition of PG(n− 1, q2) by Baer subgeometries,
which admits a collineation group transitive on the Baer subgeometries.
In this section, generalizations of Baer subgeometry partitions are

constructed. In particular, constructions are given of subgeometry par-
titions of PG(n−1, qm) by subgeometries all isomorphic to PG(n−1, q),
where (m,n) = 1 and m is not always 2. We call such subgeometries
mth-root subgeometries and the associated partition an ‘mth-root sub-
geometry partition.’
As we have noted in the previous chapter, constructions of flag-

transitive translation planes have been generalized by Kantor [156]
and, in particular, there are two general classes admitting cyclic groups,
that we have called Kantor’s classes I and II. From a vector space of
dimension mn over GF (q), there are constructions of partitions of the
vector space by n-dimensional GF (q)-spaces; n-spreads (or m− (n, q)-
spreads) that admit a cyclic group acting on the ‘components’ (the
n-dimensional vector spaces of the partition). For essentially arbitrary
m, we show in the following that we may obtain subgeometry partitions
from these spreads in an analogous manner as when m = 2, thereby
constructing subgeometry partitions of PG(n−1, qm) by subgeometries
isomorphic to PG(n − 1, q). The following material is adapted from
the author’s article [100].

4. Subgeometries from Kantor’s Class I

We first consider Kantor’s class I and the reader is directed back to
the previous sections for the description.
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Remark 20. Note that since (qm−1, qn−1) = (q−1), then ((qm−
1)/(q−1), (qn−1)/(q−1)) = 1, and ((qm − 1)/(q − 1))·((qn−1)/(q−1))
divides (qmn−1)/(q−1). So, (qm−1)/(q−1) divides (qmn−1)/(qn−1).

Lemma 11. Consider the group
〈
s(qmn−1)/(qn−1)/((qm−1)/(q−1))

〉
. Since

the original group is cyclic, we have exactly (qmn− 1)/(qn− 1)/((qm−
1)/(q − 1)) orbits of length (qm − 1)/(q − 1).
If we let GF (qm)∗ act on the spread, then this group contains the

scalar group of order q − 1. Furthermore, each spread orbit under
GF (qm)∗ is a fan of length (qm − 1)/(q − 1).

Proof. Since the order of s is (qmn−1)(q−1)/(qn−1), we note that
the stabilizer of a spread component has order q− 1, which implies the
stabilizer of any component isGF (q)∗. Note that for k inGF (qm)∗ then
ksih(GF (qn)) = sih(GF (q)), if and only if kh(GF (qn)) = h(GF (qn))
and k ∈ GF (q)∗. Furthermore, the group GF (qm)∗ acting on the
spread has order dividing (qm − 1)/(q − 1), and since this group order
divides (qmn − 1)/(qn − 1), it follows that we may regard the space
as a vector space over GF (qm), each orbit under GF (qm)∗ has length
(qm − 1)/(q − 1) and each orbit of this length is a ‘fan.’ �

Lemma 12. We may regard GF (qm)∗ as a collineation group of the
associated spread (design), each of whose orbits has length (qm−1)/(q−
1).
Considering the point-orbits of this group as 1-dimensional GF (qm)-

subspaces, we form the corresponding PG(n − 1, qm). Let Γ be any
component orbit of length (qm − 1)/(q − 1).
Then each such orbit becomes a subgeometry isomorphic to PG(n−

1, q).

Proof. Let Γ be a fan (orbit of length (qm − 1)/(q − 1) under
GF (qm)∗). Choose any two point-orbits P and Q under GF (qm)∗ that
lie in Γ and form the 2-dimensional GF (qm)-space 〈P,Q〉. Since Γ is
a fan, given any component L of Γ, we may take elements of P and Q
to lie on L. Now choose a point orbit, one of whose ‘points R’is in
〈P,Q〉, where the orbit 〈R〉 contains a point on L that generates the
same 1-dimensional GF (qm)-space.
We need only to show that the 2-dimensional GF (qm)-subspace

generated by two point-orbits by representatives P and Q in the same
component L of the orbit Γ of length (qm− 1)/(q− 1) intersects Γ in a
2-dimensional GF (q)-subspace. That is, we have a quasi-subgeometry
at this point.

First, we note that the order of b is (qn − 1)m.
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Consider an orbit Γ. Since we are dealing with a group that is
transitive on the components, we may, without loss of generality, take
the orbit containing h(GF (qn)) = L, and choose two 1-dimensional
GF (qm)-subspaces 〈P 〉 and〈Q〉 on L, say, 〈P 〉 = 〈x1 − bxσ1〉 and 〈Q〉 =
〈x2 − bxσ2〉. Therefore, as we may also choose a representative generator
from h(GF (qn)), assume that we take the 2-dimensional GF (qm)-space

〈x1 − bxσ1 , x2 − bxσ2〉 .
Consider any 1-dimensional GF (qm)-subspace 〈R〉 not equal 〈P 〉 or 〈Q〉
of this 2-space. Since 〈R〉 lies in Γ, we may assume that it is generated
by a point 〈R〉 = 〈x3 − bxσ3〉 on L. Therefore, we obtain an equation

α(x1 − bxσ1 ) + β(x2 − bxσ2 ) = x3 − bxσ3 , for α, β ∈ GF (qm)∗.

Since (m,n) = 1, if ρ is a generating automorphism of the Galois group
of GF (qn) over GF (q) then 〈ρ〉 = 〈ρm〉 . Then we have

(αx1 + βx2 − x3) = b(αxσ1 + βxσ2 − xσ3 ) = b(αx1 + βx2 − x3)q
mi

,

for some integer i.
This says that either (αx1 + βx2 − x3) = 0, or b has order dividing

(qnm− 1)/(qm(i,n)− 1), which divides (qmn− 1)/(qm− 1). But we know
that b has order (qn − 1)m. Note that since m divides q − 1 then m
divides qkm−1, for any integer k, which implies that (m, (qnm−1)/(q−
1)) = (m,n) = 1. Therefore, (qn−1)m cannot divide (qnm−1)/(qm−1).
Hence, we must have (αx1 +βx2−x3) = 0. This implies that αx1 +βx2

is in GF (qn), for α, β in GF (qm)∗ and x1, x2, x3 in GF (qn). Thus,
α + βx2/x1 ∈ GF (qn). Let z = x2/x1. Therefore, we have α + βz ∈
GF (qn). So α + βz and α + βzq

m
are in GF (qn), which implies that

β(zq
m − z) is in GF (qn).
If zq

m
= z, then z is in GF (qn) ∩ GF (qm) = GF (q), but then

x2/x1 = z is inGF (q). Hence, x1−bxq
m

1 = z(x2−bxq
m

2 ), so that x1−bxσ1
and x2−bxσ2 are not linearly independent over GF (qm). Therefore, this
shows that β is in GF (qn), which, in turn, implies that α is in GF (qn),
so that α, β ∈ GF (qm) ∩ GF (qn) = GF (q). This completes the proof
of the lemma. �
Since the image of a subgeometry is also a subgeometry, we therefore

have proved the following theorem.

Theorem 34. Let m and n > 1 be positive integers such that
(m,n) = 1 and q a prime power such that m divides q − 1. Then a
transitive subgeometry partition of

PG(n− 1, qm) by PG(n− 1, q)’s

is obtained from any design of Kantor’s class I.
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5. Subgeometries from Kantor’s Class II

The reader is again directed back to the previous sections for the
description of Kantor’s class II. We begin by a discussion of the orbit
lengths of components under the cyclic group in question.
We note that

(qm − 1)/(q − 1) divides (qmn − 1)/(qn − 1),

which implies that, under the group GF (qm)∗, we have a set of

((qmn − 1)/(qn − 1))/((qm − 1)/(q − 1))

orbits of length (qm − 1)/(q − 1).
Now form the associated PG(n− 1, qm).
By transitivity, we consider the GF (qm)∗-orbit containing the n-

dimensional GF (q)-subspace {(KerT + rGF (q)}. The ‘points’are the
GF (qm)∗-orbits that lie in Γ.
We now claim that each orbit Γ of length (qm − 1)/(q − 1) defines

a subgeometry isomorphic to PG(n− 1, q).
Again, we always obtain a quasi-subgeometry, so it remains to show

the condition on the 2-dimensional subspaces. Specifically, we need
to show that the 2-dimensional GF (qm)-subspace 〈P,Q〉 generated by
two of these points P and Q, GF (qm)∗-orbits in Γ then intersects Γ in
exactly q + 1 ‘points.’

We follow the ideas presented in the previous sections. We may as-
sume that Γ contains L = {(KerT + rGF (q)}, that 〈P 〉 = 〈x1 + rα0〉 ,
〈Q〉 = 〈x2 + rβ0〉, for x1, x2 ∈ KerT , and α0, β0 ∈ GF (q).

Take 〈x1 + rα0, x2 + rβ0〉. Suppose for α, β ∈ GF (qm), αβ 6= 0, we
have an intersection of 〈R〉 distinct from 〈P 〉 or 〈Q〉 on L of Γ, so we
may assume that 〈R〉 = 〈x3 + rγ0〉 and

α(x1 + rα0) + β(x2 + rβ0) = x3 + rγ0, for α, β ∈ GF (qm)∗.

Then
(∗) : (αx1 + βx2 − x3) = r(γ0 − (αα0 + ββ0)).

Since (αx1 + βx2 − x3) and (αq
n
x1 + βq

n

x2 − x3) are both in GF (qm),
we have

(αx1 + βx2 − x3)− (αq
n

x1 + βq
n

x2 − x3) ∈ GF (qm).

Therefore, we have (α− αqn)x1 + (β − βqn)x2 ∈ GF (qm).
We claim that neither x1 or x2 is in GF (qm). To see this note that,

if, say, x1 is in GF (qn) ∩ GF (qm) = GF (q), this would imply that
T (x1) = nx1 = 0, but since (p, n) = 1, this implies that x1 = 0. But,
if x1 = 0, then since x1 + rα0 and x2 + rβ0 are linearly independent
over GF (qm), then x2 cannot be zero, implying that since β − βq

n

is
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in GF (qm), either β − βqn = 0 or x2 is in GF (qm). However, if x2 is in
GF (qm), this also would imply that x2 = 0. Therefore, β = βq

n

.
Hence,

β ∈ GF (qn) ∩GF (qm) = GF (q), if x1 = 0.

We claim that βx2 − x3 = 0. Suppose not! Then the right hand
side of (∗) is also not 0.
Then βx2− x3 is in GF (qn), and r is not in GF (qn), so βx2− x3 is

in GF (qm), implying that βx2 − x3 = ε0 ∈ GF (q). But then since the
trace of the left hand side is 0 and the trace of the right hand side is
nε0, this implies that ε0 = 0.
Therefore, βx2 = x3, which implies that β ∈ GF (qm) ∩ GF (qn) =

GF (q). Therefore, 〈x3 + rγ0〉 =
〈
x2 + r γ0

β

〉
.

It is assumed that the 1-dimensional GF (qm)-space 〈x3 + rγ0〉 is
not either 〈x1 + rα0〉 or 〈x2 + rβ0〉. Therefore,

〈x1 + rα0, x2 + rβ0〉 = 〈x3 + rγ0, x2 + rβ0〉 = 〈βx2 + rγ0, x2 + rβ0〉 ,

for β ∈ GF (q), β 6= 0. But, if we take for α1, β1 ∈ GF (q), α1 6= β1,
the 2-subspace

〈x2 + rα1, x2 + rβ1〉GF (qm) ∩ Γ

and, if for α∗, β∗ ∈ GF (qm),

α∗(x2 + rα1) + β∗(x2 + rβ1) = x4 + rγ1,

we would obtain

(∗∗) : (α∗ + β∗)x2 − x4 = r(γ1 − (α∗α1 + β∗β1)).

Since the right hand side is in GF (qm), then so is

((α∗ + β∗)x2 − x4)− (α∗ + β∗)q
n

x2 − x4.

Therefore, we have that (α∗+β∗)q
n

= (α∗+β∗), which, in turn, implies
that (α∗+β∗) ∈ GF (q). As the left hand side has trace 0 and only the
element 0 of GF (q) has trace 0, it follows that x4 = (α∗ + β∗)x2, and
r(γ1 − (α∗α1 + β∗β1)) = 0, so that (γ1 − (α∗α1 + β∗β1)) = 0, where
α1, β1, γ1 ∈ GF (q).

Recall that either α1 or β1 is non-zero since the subspace

〈x2 + rα1, x2 + rβ1〉

is 2-dimensional and, of course, α1 6= β1. Therefore, assume α1 is not
zero so that

(α∗ + β∗(β1/α1)) ∈ GF (q).
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But since (α∗ + β∗) ∈ GF (q), this forces β∗(β1/α1 − 1) ∈ GF (q).
Since β1/α1 − 1 is non-zero, we have β∗ ∈ GF (q), which implies that
α∗ ∈ GF (q).
Hence, in particular, we have proved the following two lemmas:

Lemma 13. If x1 or x2 is zero (but not both), then

〈x1 + rα0, x2 + rβ0〉GF (qm) ∩ Γ

consists of exactly q + 1 GF (qm)-subspaces.

Lemma 14. If x2 is non-zero and α0 6= β0, then

〈x2 + rα0, x2 + rβ0〉GF (qm) ∩ Γ

consists of exactly q+1 GF (qm)-subspaces. Using the previous analysis
and these lemmas, we now prove that subgeometries are obtained from
orbits.

Lemma 15. Each orbit of components Γ of length (qm − 1)/(q − 1)
defines a subgeometry isomorphic to PG(n− 1, q).

Proof. So, consider

〈x1 + rα0, x2 + rβ0〉GF (qm) ∩ Γ.

By Lemmas 13 and 14, we may assume that x1x2 6= 0 and x1 6= ρx2,
for ρ ∈ GF (q). Now come back to equation

(∗) : (αx1 + βx2 − x3) = r(γ0 − (αα0 + ββ0)),

and then

(α− αqn)x1 + (β − βqn)x2 ∈ GF (qm).

Ideas similar to the previous general analysis apply to finish the proof,
recalling that we already have a quasi-subgeometry. These details are
left to the reader to complete. �

Hence, we have proved the following theorem.

Theorem 35. Let q = pr, for p a prime. Let m be a power of p
and n > 1 a positive integer such that (n, p) = 1. Then a transitive
subgeometry partition of

PG(n− 1, qm) by PG(n− 1, q)’s

is obtained from any design of Kantor’s class II.
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5.1. Additional Constructions. Consider one of the Kantor de-
signs of class I or II. There is an associated m−(n, q)-spread admitting
a cyclic group acting transitively on the spread, where (m,n) = 1,
producing an mth root subgeometry partition of PG(n − 1, qm) by
PG(n− 1, q)’s.

Hence, we have a group of order (qm − 1) with orbits of lengths
(qm − 1)/(q − 1). In such a situation, we have GF (qm)∗ acting as a
collineation group of the spread S. Let ` be a divisor of m. Consider
GF (q`)∗ acting on S and let Γ∗ be a GF (qm)∗-orbit. Then, we have
within Γ∗ exactly (qm − 1)/(q` − 1) orbits under GF (q`)∗ of length
(q` − 1)/(q − 1). Since (`, n) = 1, our arguments establishing that
a 2-dimensional GF (qm)-space generated by two GF (qm)∗-orbits also
applies with ` replacing m and shows that the intersection with Γ∗ has
exactly q+ 1 GF (q`)-spaces. In this way, a given orbit under GF (qm)∗

produces subgeometries of PG(mn/` − 1, q`) by PG(n − 1, q)’s. Note
that now (mn/`, `) possibly may not be 1. For ` 6= m, the associ-
ated subgeometry partitions obtained are not isomorphic to any one
obtained directly from one of Kantor’s classes (see remarks below).
Moreover, more generally, the following theorem may be proved.

The reader is encouraged to start a proof of this theory, which also
appears in the author’s work [100].

Theorem 36. From any mth-root subgeometry partition of PG(n−
1, qm) by PG(n − 1, q)’s then, for any divisor ` of m, it is possible to
construct a subgeometry partition of PG(mn/`−1, q`) by PG(n−1, q)’s.

Remark 21. (1) Note that the subgeometry partitions constructed
are all partitioned by PG(n−1, q)′s, whereas some of the partitions are
of PG(n − 1, qm) and others of PG(mn/` − 1, q`). Although the sub-
spaces of the two partitions are projectively the same, the lifting process
from such subgeometry partitions constructs different sets depending on
the group GF (qf )∗, where f = m or `, as the group produces a GF (qf )-
fan of (qf − 1)/(q − 1) components.

(2) For different divisors ` of m, none of these subgeometry parti-
tions are considered to be isomorphic to each other. So, for integers
with a large number of divisors, there are a correspondingly large num-
ber of mutually non-isomorphic subgeometry partitions.

Consider that we have an n(m/`) = n∗-dimensional vector space
over GF (q`). Suppose that (n∗, `) = 1, then there are subgeometry
partitions constructed from Kantor’s class I or II, if, respectively, m
divides q − 1, or when q = pr, then m is a p-power and in either cases
(m,n) = 1. These geometries provide partitions of PG(n∗ − 1, q`) by
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PG(n∗ − 1, q)′s. However, the construction above gives partitions of
PG(n∗ − 1, q`) by PG(n− 1, q)′s. Therefore, we note the following.

Remark 22. The subgeometry partitions for ` properly dividing m
cannot be considered isomorphic to any partitions obtained directly from
Kantor’s classes I or II, even if (n(m/`), `) = 1.

Actually, the proof of the previous theorem shows that the following
more general theorem is also valid.

Theorem 37. Consider any subgeometry partition of PG(rn−1, qs)
by a set of subgeometries isomorphic to PG(sn/t − 1, qt), for t ∈ D−s ,
where D−s is a subset of the set of divisors of s. Let ` be any divisor of s.
Then there is a corresponding subgeometry partition of PG(rn/`−1, q`)
by subgeometries isomorphic to PG(sn/(t, `)− 1, q(t,`))’s for t ∈ D−s .

Proof. Note that PG(sn/t − 1, qt) corresponds to an orbit Γ of
length (qs− 1)/(qt− 1) under GF (qs)∗. Now take GF (q`)∗. The stabi-
lizer of a component L in Γ has order (qt − 1) in GF (qs)∗. Therefore,
the stabilizer of L in GF (q`)∗ has order (q(t,`) − 1). Hence, the orbit
lengths relative to GF (q`)∗ are (qm − 1)/(q(t,`) − 1). �

5.2. Field Subgeometry Partitions. For some reason, these
subgeometry partitions have been overlooked, but from any field whose
of order qmn, it is possible to obtain very interesting subgeometry par-
titions.

Consider GF (qmn)∗. Define points as elements of GF (qmn)∗ and
components as the images of GF (qn) under the group GF (qmn)∗. Then
there are (qmn−1)/(qn−1) components, so we have a transitive spread
of n-dimensionalGF (q)-subspaces of the associatedm-dimensional vec-
tor space over GF (qn). Consider the group GF (qm)∗. This group acts
on the spread and the subgroup that fixes the component GF (qn) is
GF (q(m,n))∗. Since the original group is cyclic and transitive, we see
that GF (q(m,n))∗ fixes each component and is then considered the ‘ker-
nel’of the group. Take an orbit Γ of length (qn− 1)/(q(m,n)− 1) under
GF (qm)∗. Form the projective space PG(n− 1, qm). Then Γ becomes
a subgeometry isomorphic to PG(n/(m,n) − 1, q(m,n)), by the quasi-
subgeometry type of arguments.

Theorem 38. From any field GF (qmn), there exists a subgeometry
partition of PG(n−1, qm) by subgeometries isomorphic to PG(n/(m,n)−
1, q(m,n)).

The reader is also directed to Johnson and Cordero [137] for addi-
tional details.
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Remark 23. We note from Section 0.3, for every n-spread of an
mn-dimensional vector space, we obtain a (n, n − 1) double spread of
qm(n−1) subspaces of dimension n−1 and qm(n−1)−1

qn−1
subspaces of dimen-

sion n.



CHAPTER 9

Maximal Additive Partial Spreads

In Chapter 2 on the basic theory of focal-spreads, we showed that
additive focal-spreads are equivalent to additive partial t-spreads in vec-
tor spaces of dimension 2t, wherein lives, of course, translation planes
of order qt. It is still an open question whether every focal-spread of
type (t, k) arises as a k-cut of a t-spread of a translation plane. In
the additive case, if the ‘companion’partial t-spread is not maximal
over the prime field, then there is a semifield plane of order qt that
extends the partial spread and the dual semifield plane then extends
the additive focal-spread. There are maximal additive partial spreads
in PG(3, q) (see, e.g., Jha and Johnson [90]), and although there is
no semifield with spread in PG(3, q) that extends the additive partial
spreads, it is not known whether there are spreads in larger dimensional
projective spaces within which an additive partial spread in PG(3, q)
may be extended to a semifield spread (the reader is directed to the
open problem section for this partial spread).
In this chapter, we construct a number of very interesting additive

partial t-spreads. What makes these partial spreads interesting involves
the ‘subplane dimension question’: Given any translation plane of or-
der ps and any affi ne subplane of order pz must z divide s? It is easy
to show that any affi ne subplane of a (affi ne) translation plane is also
a translation plane of the same characteristic. The reader probably
recalls the existence of Fano subplanes (subplanes of order 2) in trans-
lation planes of odd characteristic, but these subplanes are subplanes
of the ‘projective translation plane.’
There are a few situations where the subplane dimension question

can be answered in the affi rmative. For example, if π is a Desarguesian
plane coordinatized by a finite field isomorphic to GF (pt), then any
affi ne subplane π0 is also Desarguesian and may be coordinatized by a
subfield isomorphic to GF (pk), so k does divide t in this case. More
generally, if a finite translation plane π of order pt admits a collineation
of order p that fixes an affi ne subplane π0 of order pk pointwise, then
Foulser [52] has shown that k must, in fact, divide t. However, this is
the extent of the knowledge regarding the subplane dimension question.

111
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So, how does this idea impact what we are trying to say with regards to
additive partial t-spreads and their companion additive focal-spreads
of type (t, k)? We begin by showing how to construct a tremendous
variety of additive partial t-spreads that admit extremely unusual affi ne
subplanes, ones for which the subplane dimension question is answered
in a resounding ‘no’! If any of these additive partial t-spreads can be
extended they may also be extended to semifield t-spreads admitting
the same affi ne subplanes. What this means is that either there are
undiscovered semifield planes about which we basically know nothing
or there are additive maximal partial spreads about which nothing is
known. Of course, the problem is, so far we can’t be certain which
alternative might be valid.
It is apparently not known that additivity of partial spreads can

be arranged to be inherited. That is, given an additive partial spread
that is not maximal, there is, of course, a partial spread containing the
original partial spread, but we can also arrange it so that super partial
spread is also additive.

Definition 41. We define an additive partial spread S to be ‘ad-
ditively maximal’ if and only if there is not an additive partial spread
properly containing S. Note that we may always consider the subspace
x = 0 adjoined to any additive partial spread.

We regard all partial spreads to be finite and considered over the
prime field GF (p). Now we note

Theorem 39. An additively maximal additive partial spread is a
maximal partial spread. Any additive partial spread that is not maximal
may be extended to an additive partial spread.

Proof. Let S be any additively maximal additive partial spread
and assume that it is not maximal. We then obtain a subspace y = xM ,
where M is non-singular, that is, not in

x = 0, y = x
k∑
i=1

αiAi,

where

S =

{
k∑
i=1

αiAi; for all αi ∈ GF (p)

}
.

Therefore, we have that

M −
k∑
i=1

αiAi
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is non-singular for αi ∈ GF (p). Thus,

βM −
k∑
i=1

αiAi

is non-singular for all β, αi ∈ GF (p), where at least one of β or αi, i =
1, 2, .., k is non-zero. Hence, this means that letting M = Ak+1, then
we have

S ∪ {M} =

{
k+1∑
i=1

αiAi; for all αi ∈ GF (p)

}
,

is an additive partial spread of degree pk+1. This proves the theorem.
�

Now the wonderfully simple corollary:

Corollary 5. Any additive partial spread (with x = 0 adjoined),
may be extended either to a proper maximal partial spread that is ad-
ditively maximal or extended to a semifield spread.

So, as mentioned, we may consider this idea algorithmically to con-
struct maximal additive partial spreads (or semifield spreads). We use
the usual setup for spreads, choosing a basis in the appropriate way,
and all that is really required is any partial spread of at least three t-
subspaces in a 2t-dimensional vector space over the prime field GF (p).
Specifically, if L, M , and N are three mutually disjoint t-dimensional
subspaces, choose a basis for the vector space so that the three sub-
spaces are x = 0, y = 0, y = x, writing vectors as (x1, .., xt, y1, .., yt),
x = (x1, .., xt) and y = (y1, .., yt). Use y = x to generate an additive
partial spread y = x iIt, for all i ∈ GF (p), where It is the t × t iden-
tity matrix. (The reader is left the verification that a partial spread
is obtained as an exercise.) Either this partial spread is maximal or
not. If not, choose any t-subspace that is disjoint from the existing
additive partial spread and note that the subspace must be of the form
y = xA, where A is non-singular. Take x = 0, y = x(iA + jIt), for
all i, j ∈ GF (p). A simple check shows that this is a partial spread of
degree p2 + 1. Clearly, this process will terminate either at an additive
maximal partial spread or a semifield t-spread. If we do not obtain
a semifield the process will terminate at an additive maximal partial
spread of degree at most pt−1 + 1.

Corollary 6. Suppose that S is an additive partial t-spread over
GF (p) that cannot be extended to a semifield spread. Then there is a
maximal partial t-spread of degree ≤ pt−1 + 1.
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1. Direct Sums of Semifields

In this section, we concentrate on additive maximal partial spreads,
with the goal of constructing exotic affi ne subplanes, which, in turn,
gives some impetus to the study of additive focal-spreads. However,
there is really nothing about additivity that is essential to the analysis
and could easily be applied to arbitrary partial spreads. The reader is
also directed to the article by Jha and Johnson [79].

The following lemma will set the stage for our constructions.

Lemma 16. Let π be a finite translation plane of order pt. Then
there is a set of t× t non-singular matrices St×tMat of cardinality p

t − 1,
whose distinct differences are also non-singular and such that given any
non-zero t-vector w, there is a unique matrix M t×t

w such that the first
row of M t×t

w is w.

Proof. Note that since there are exactly pt−1 non-singular matri-
ces, whose distinct differences are also non-singular, it follows that the
set St×tMat is necessarily sharply transitive on the set of non-zero vectors.
The lemma is now clear, modulo a basis change. �

Definition 42. Any matrix spread for a translation plane π of
order pt chosen as in Lemma 16 shall be called a ‘standard matrix
spread set.’ We shall use the term ‘matrix t-spread set’ when it is
necessary to specify the dimension of the matrices. Our components
for the associated translation plane are

x = 0, y = 0, y = xM t×t
w ; M t×t

w ∈ St×tMat.

This set shall be called a ‘matrix spread’for π.

Theorem 40. Choose any standard matrix c-spread set Sc×cMat of c×c
matrices and any standard matrix d-spread set Sd×dMat of d× d matrices
for c > d. Select any c − d entries to be 0 in a c-vector, then there
is a subspread set Sc−dMat of S

c×c
Mat of cardinality p

d − 1, whose matrices
have their first rows with this same set of c−d entries all zero. Let the
d-vector w represent rows in both Sc−dMat and S

d×d
Mat.

Form the bijective correspondence between the subspread Sc−dMat of
Sc×cMat and S

d×d
Mat, by mappingM

c×c
w ontoMd×d

w in the notation of Lemma
16. Form the set

P=

{
x = 0, y = 0, y = x

[
M c×c

w 0
0 Md×d

w

]
; w a d-vector

}
,

for all M c×c
w ∈ Sc−dMat and M

d×d
w ∈ Sd×dMat.
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Then P is a partial spread of order pd+c and degree 1+pd that contains
a translation subplane of order pd isomorphic to the translation plane
given by the d-spread set Sd×dMat.

Proof. It follows easily that M c×c
w is the zero matrix if and only

if Md×d
w is the zero matrix. Therefore, we have a set of non-singular

matrices
[
M c×c

w 0
0 Md×d

w

]
. Now take the difference of two of these

matrices [
M c×c

w 0
0 Md

w

]
−
[
M c×c

w∗ 0
0 Md

w∗

]
=

[
M c×c

w −M c×c
w∗ 0

0 Md
w −Md

w∗

]
.

SinceM c×c
w −M c×c

w∗ andM
d
w−Md

w∗ are both non-singular for w 6= w∗ and
w and w∗ non-zero vectors (adjoin the zero-entries, when appropriate),
we have that

x = 0, y = x

[
M c×c

w 0
0 Md×d

w

]
; w a d-vector

is a partial spread of degree 1 + pd. The associated vector space is
2(d+c)-dimensional over GF (p), and let the 2(d+c)-vectors be denoted
by

(x1, x2, .., xd+c, y1, y2, .., yd+c).

Now let π0 ={
(0, 0, .., 0, xc+1, xc+2, .., xc+d, 0, 0, .., 0, yc+1, yc+2, .., yc+d);

xi, yi ∈ GF (p), i = c+ 1, ...c+ d

}
.

Note that π0 is a vector space of dimension 2d over GF (p) and inter-
sects x = 0 and y = 0 in d-dimensional subspaces. Furthermore, the
intersection with

y = x

[
M c×c

w 0
0 Md

w

]
is

(0, 0, .., 0, yc+1, yc+2, .., yc+d)

= (0, 0, .., 0, xc+1, xc+2, .., xc+d)

[
M c×c

w 0
0 Md

w

]
= (0, 0, .., 0, (xc+1, xc+2, .., xc+d)M

d
w),

which is also a d-dimensional GF (p)-subspace for each non-zero d-
vector w. Hence, we have a spread of 1 + pd d-dimensional subspaces
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of π0, so that π0 becomes an affi ne subplane of order pd, which is iso-
morphic to the original d-spread. This completes the proof. �

The following corollaries then speak to the subplane dimension
question and additive partial spreads.

Corollary 7. If the subplane dimension question is answered af-
firmatively then P cannot be extended to a matrix (c+ d)-spread.

Corollary 8. If Sc×cMat and S
d×d
Mat are semifield spreads (additive),

then the subspread Sc−dMat is additive and the partial spread P is an addi-
tive partial spread. Furthermore, there is a semifield subplane of order
pd isomorphic to the semifield plane with matrix spread set given by
Sd×dMat.

Corollary 9. If the subplane dimension question is answered af-
firmatively for order pd+c semifield planes, the previous additive partial
spread can be embedded into a maximal additive partial spread of degree
1 + pd+e ≤ 1 + pd+c−1, which is a maximal partial spread.

Corollary 10. One of the following situations must occur:
(i) there is a maximal partial spread of order pd+c and defi-

ciency at least pd+c − pd+c−1, or
(ii) every such partial spread may be extended to a semifield

plane of order pd+c that contains a subplane of order pd, where d does
not divide d+ c.

(iii) In this setting, the affi rmation of the subplane dimension
question also says that given any semifield plane π0 of order pd then
there is a semifield plane of order pd+c, for c > d, such that d does
not divide c, that contains a subplane of order pd isomorphic to the
semifield plane given by the original d-spread.

The proofs to these corollaries are reasonably straightforward, and
we invite the reader to complete at least one and then realize that all
four will be more or less completed.
We may consider the subplane dimension question in another way:

Are there known classes of semifield planes of order pz that admit affi ne
subplanes of order ps, where s does not divide z? In the following,
we shall concentrate on the binary Knuth semifield planes and the
generalization due to Kantor both of even order 2n that admit affi ne
subplanes of order 22. There are many open questions here, some of
which the reader can find (and hopefully solve) in the open problems
material of Chapter 40.
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2. Subfields of Order 4 in Knuth Semifields

Let x, y ∈ GF (2n), for n odd, then the following defines the mul-
tiplication for a commutative pre-semifield due to Knuth, called the
‘commutative binary Knuth pre-semifield of order 2’:

x ◦ y = xyc+ (xT (yc) + yT (x))2,

where T is the trace function from GF (2n) to GF (2). It will turn out
that some of semifield planes coordinatized by such semifields admit
subplanes of order 4. The operative word is ‘some’since the arguments
that there are subplanes of order 4 seem to always require a partial ba-
sis argument. Although this is certainly not required, we determine a
unit element for the pre-semifield thus giving a semifield within which a
subfield GF (4) is located. This will say that there is an affi ne subplane
of order 4. Since it also seems that our calculations do not work in com-
mutative pre-semifields, we consider instead a corresponding isotopic
pre-semifield.
The following result that sets up our examples given in the next

section is as follows. In the statement of the theorem, the pre-semifield
multiplication when b = c = 1 produces the commutative binary Knuth
pre-semifield.

Theorem 41. Consider the pre-semifield multiplication

x ◦ y = xbyc+ (xbT (yc) + ycT (xb))2,

where b and c are constants in GF (2n), for n odd, and T is the trace
function from GF (2n) to GF (2). Choose any nonzero element e and
form the semifield

(x ◦ e) ∗ (e ◦ y) = x ◦ y.
If

T (ec) = T (b) = T (eb) = 0,

T (c) = 1,
e2

e+ 1
=
b

c
+ 1,

then there exists a subfield isomorphic to GF (4) in (S,+, ∗).
The corresponding semifield plane is the commutative binary Knuth

semifield plane of order 2n and would then admit a subsemifield plane
of order 22.

Proof. In the semifield with multiplication (x ◦ e) ∗ (e ◦ y) = x ◦ y,
then e ◦ e becomes the unit element. Take x = 1 and consider when
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(1 ◦ e) = (e ◦ y). Hence, we need to solve:

1 ◦ e = bec+ (bT (ec) + ycT (b))2

= e ◦ y = ebyc+ (ebT (yc) + ycT (eb))2.

Assume the following conditions: T (ec) = T (b) = T (eb) = 0, T (yc) =
1. Then we have y = 1 + e b

c
. This forces T (yc) = T (c+ eb) = T (c) = 1.

Now we ask for values of e, b, c such that

1 ◦ y = 1 ◦ (1 + e
b

c
) = (1 ◦ e) ∗ (1 ◦ e)

= 1 ◦ e+ e ◦ e = (1 + e) ◦ e.

This would say that considering juxtaposition to be ∗-multiplication
and realizing that e◦e becomes the 1 in the associated semifield, letting
d = 1 ◦ e, we would have then d2 = d+ 1. Then {0, 1, d, d2} becomes a
subfield isomorphic to GF (4) in the semifield (S,+, ∗). Therefore, we
have

1 ◦ (1 + e
b

c
) = b(1 + e

b

c
)c+ (bT ((1 + e

b

c
)c) + (1 + e

b

c
)cT (b))2

= (1 + e) ◦ e
= (1 + e)bec+ ((1 + e)bT (ec) + ecT ((1 + e)b)2.

This produces the equivalent equation:

b(1 + e
b

c
)c+ b2 = (1 + e)bec.

We then obtain:

e2(bc) = e(bc+ b2) + (bc+ b2) = (e+ 1)(bc+ b2).

Choose e 6= 1 to obtain the following equation e2

e+1
= b

c
+ 1. Thus,

we require the following equations to ensure that there is a subfield of
order 4:

T (ec) = T (b) = T (eb) = 0,

T (c) = 1,
e2

e+ 1
=
b

c
+ 1.

This completes the proof of the theorem. �

Now the results become more specialized. In particular, we show
that for n divisible by 5 or 7, then there are subplanes of order 4 in the
commutative binary Knuth semifield planes of order 2n, n odd. Here
are the specific ways of choosing e, b, c in these cases.
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Corollary 11. (1) Let n = 5k, for k odd, and in GF (25), let
x5+x2+1 = 0 be the irreducible polynomial. If e = 1+x+x3, b = x2, c =
x3, then the semifield (S,+, ∗) of order 25k admits a subfield isomorphic
to GF (4). Hence, every commutative binary Knuth semifield plane of
order 25k, for k odd, admits a Desarguesian subplane of order 4.
(2) Let n = 7k, for k odd, and in GF (27), let x7 +x4 +x3 +x2 +1 be

the irreducible polynomial. If e = 1 + x7, b = x7, and c = x3, then the
semifield (S,+, ∗) of order 27k admits a subfield isomorphic to GF (4).
Hence, every commutative binary Knuth semifield plane of order 27k,
for k odd, admits a Desarguesian subplane of order 4.

Proof. Once the reader gets the idea of how the proof proceeds,
the calculations are straightforward. So, we give just the sketch of the
proof.
We claim that if z is in GF (25) then T (z) = kT5(z), where T5 is

the trace function of GF (25) over GF (2). Recall that we are working
in GF (25k), so k is 1 modulo 2. T (z) =

∑5k−1
i=0 z2i . But, if z ∈ GF (25)

then
∑5−1

i=0 z
2i = T5(z) is in GF (2). And

5k−1∑
i=0

z2i = T5(z) + (z25

+ z26

+ z27

+ z28

+ z29

)+

...+ (z25(k−1)

+ z25k−4

+ z25k−3

+ z25k−2

+ z25k−1

)

= kT5(z) = T (z), for k ≡ 1 mod 2.

If, for elements e, b, c in GF (25)∗, we have

T5(ec) = T5(b) = T5(eb) = 0,

T5(c) = 1,
e2

e+ 1
=
b

c
+ 1,

then

T (ec) = T (b) = T (eb) = 0,

T (c) = 1.

So, if we have a subfield isomorphic to GF (4) of the sub-semifield of
order 25, we then have a subfield isomorphic toGF (4) of the semifield of
order 25k, for k odd. We first note that if e = 1 +x+x3, b = x2, c = x3,
then e2

e+1
= b

c
+ 1. This follows by an easy calculation. We now verify

T5(ec) = T5(b) = T5(eb) = 0,

T5(c) = 1.
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First,

T5(ec) = T5((1 + x+ x3)x3) = T5(x3 + x4 + x6)

= T5(x3 + x4 + x(x2 + 1))

= T5(x3 + x4 + x3 + x) = T5(x4) + T5(x)

and since T5(x2a) = T5(x), we see that T5(ec) = 0. Then, we see that

T5(x3) = x3 + x6 + (x6)2 + (x6)4 + (x6)8

= x3 + (x+ x3) + (x+ x2 + x3) + (x+ x2 + x3 + x4)

+ (x2 + x4 + x+ x3 + 1 + x2 + x3) = 1.

Also,

T5(eb) = T5((1 + x+ x3)x2) = T5(x2 + x3 + x5))

= T5(x2 + x3 + x2 + 1)

= 0, since T5(x3) = T5(1) = 1.

T5(b) = T5(x2) = x2 + x4 + x8 + x16 + x32.

We are working in GF (25), so x32 = x. Then we obtain:

x2 + x4 + (1 + x2 + x3) + (1 + x+ x3 + x4) + x = 0.

This completes the proof for 25.
The proof for 27 is very similar once the correct choices of e, b, c are

found. The proof is left for the reader to complete. �

Considering the transposed and dualized spreads, these also contain
subplanes of order 4, as can easily be established (the reader should
ask ‘why?’). Hence, we also obtain:

Theorem 42. (1) The transposed commutative binary Knuth semi-
field planes of order 2n, for n = 5k, or 7k, for k odd, admit Desargue-
sian subplanes of orders 22.

(2) The transposed then dualized commutative binary Knuth semi-
field planes of order 2n for n = 5k, or 7k, for k odd, are symplectic and
admit Desarguesian subplanes of orders 22.

3. The Commutative Kantor Semifields

There are generalizations of the binary Knuth commutative semi-
fields due to Kantor [156]. These have the following construction: Let
F be a finite field of characteristic 2, fix a subfield Fn isomorphic to
GF (q), and let F = F0 ⊃ F1 ⊃ F2 ⊃ ... ⊃ Fn such that [F : Fn] = k is
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odd. Choose a set of elements ζ i ∈ F ∗, for i = 1, 2, ...., n. Let Ti denote
the trace map from F to Fi. Then

x ◦ y = xy +

(
x

n∑
i=1

Ti(ζ iy) + y

n∑
i=1

Ti(ζ ix)

)2

defines a commutative pre-semifield of order qk = qn1n2...nn, where [Fi :
Fi+1] = ni, so all ni are odd.

Theorem 43. Let F ' GF (25k), for 5k = n1n2...nn, k odd with
sequence (ζ1, ζ2, ...ζn−1, 1) such that Fn = GF (2) and Fn−1 ' GF (25).
Let e, b, c be elements of GF (25)∗ such that for x5 + x2 + 1 is an irre-
ducible polynomial for GF (25). Let

e = 1 + x+ x3,

b = x2

c = x3

be elements of GF (25). Choose the sequence (ζ1, ζ2, ...ζn−1, 1) so that
n−1∑
i=1

Ti(ζ i) = 0.

Then there is a binary Knuth commutative semifield of order 25 con-
tained as a sub-semifield in the corresponding Kantor commutative
semifield.
Hence, there is an isotope of the Kantor commutative semifield that

contains a field isomorphic to GF (4).
These Kantor commutative semifield planes of order 25k, for k odd,

admit subplanes of order 4.

Proof. Note that for 1 ≤ i ≤ n − 1, Ti(ζ ir) = rTi(ζ i), for r ∈
Fn−1 ' GF (25). If

n−1∑
i=1

Ti(ζ i) = 0,

then
n∑
i=1

Ti(ζ ir) = Tn(ζnr) = Tn(r).

This says that there is a binary Knuth commutative semifield that
is a sub-semifield of the Kantor commutative semifield. �
Corollary 12. The transposed and transposed-dual (symplectic)

semifields of the Kantor commutative semifields corresponding to the
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semifields of Theorem 43 of order 25k, for k odd, have isotopes that con-
tain a field isomorphic to GF (4). The corresponding semifield planes
of order 25k admit subplanes of order 4.

Here are a few examples of Kantor commutative semifield planes of
the required orders admitting the subplane in question.

Example 1. (1) Assume that we have a Kantor commutative semi-
field of order 252·7. Take n = 3, F3 ' GF (2), F2 ' GF (25), F1 '
GF (252

), and F0 = F ' GF (25·7). Assume that ζ i’s are all in F2. Then
3∑
i=1

Ti(ζ ied) = Tn(ed), for e and d in F2. Similarly,
n∑
i=1

Ti(ζ ic) = Tn(c).

(2) More generally, if n is odd, then there are an even number of
proper subfields containing Fn−1 ' GF (25). So take Fn−1 ' GF (25),
and assume that all elements ζ i are in F

∗
n−1 and ζn = 1. In this setting,

n−1∑
i=1

Ti(ζ i) = 0,

since Ti(ζ i) = niζ i = ζ i, where ni is odd.
Hence, in either of these two situations, we obtain an isotope that

contains a field isomorphic to GF (4).

Theorem 44. Let F ' GF (27k), for 7k = n1n2...nn, odd, with
sequence (ζ1, ζ2, ...ζn−1, 1) such that Fn = GF (2) and Fn−1 ' GF (27).
Let e, b, c be elements of GF (27)∗ such that x7 + x4 + x3 + x2 + 1 is an
irreducible polynomial for GF (27). Let

e = 1 + x7

b = x7

c = x3

be elements of GF (27). Choose the sequence (ζ1, ζ2, ...ζn−1, 1) so that

n−1∑
i=1

Ti(ζ i) = 0.

Then there is a binary Knuth commutative semifield of order 27 con-
tained as a sub-semifield in the corresponding Kantor commutative
semifield.
Hence, there is an isotope of the Kantor commutative semifield that

contains a field isomorphic to GF (4).
The associated Kantor semifield plane of order 27k admits subplanes

of order 4.
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Corollary 13. The transposed and transposed-dual (symplectic)
semifields of the Kantor commutative semifields corresponding to the
semifields of Theorem 44 of orders 27k, for k odd, have isotopes that
contain a field isomorphic to GF (4). The semifield planes of order 27k

admit subplanes of order 4.

Clearly, we have merely scratched the surface of what subplanes lie
within any given translation plane as our results seem to imply.



Part 3

Subplane Covered Nets and Baer
Groups



This part concerns how the theory of subplane covered nets may be
applied for the construction of parallelisms. A general study of Baer
groups is given and applied to the theory of flocks of quadratic cones
and flocks of hyperbolic quadrics.
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CHAPTER 10

Partial Desarguesian t-Parallelisms

In this chapter, we consider partial Desarguesian parallelisms by
viewing such structures through a corresponding direct sum, which
become nets that are often subplane covered nets. Before we begin our
study, we provide a short review of the necessary background.

1. A Primer on Subplane Covered Nets

In this chapter, we give a primer of sorts on ‘subplane covered
nets.’ Of course, the reader may read the full account of such point-
line geometries in the author’s text [114]. We shall give here the state-
ments of the complete theorems, which ultimately deal with right and
left vector spaces over skewfields. The general case is quite complicated
since for derivable nets, the components of the net are right subspaces,
whereas the Baer subplanes of the net are left subspaces. Although
this text is primarily about finite incidence geometry, the ideas are re-
ally quite general and the reader interested in considering the material
over infinite fields or even skew fields will find many topics of general
interest. For the most part and whenever convenient, we shall keep our
theory as general as possible.

Definition 43. A ‘net’N = (P ,L, C, I), is an incidence structure
with a set P of ‘points,’a set L of ‘lines,’a set C of ‘parallel classes,’
and a set I, which is called the ‘incidence set’such that the following
properties hold:
(i) Every point is incident with exactly one line from each parallel

class, each parallel class is a cover of the points, and each line of L is
incident with exactly one of the classes of C (parallelism is an equiva-
lence relation and the equivalence classes are called ‘parallel classes’).
(ii) Furthermore, lines from two different parallel classes have ex-

actly one common incident point.
(iii) Two distinct points are incident with exactly one line of L or

are not incident.

Definition 44. A ‘subplane covered net’N = (P ,L,B, C, I) is a
net (P ,L, C, I) together with a set B of affi ne subplanes, such that

127
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given any two distinct points a and b, there is an subplane πa,b of B
containing a and b, whose parallel class set is exactly C.
A ‘Baer subplane’π0 of a net is an affi ne subplane with the property

that every point a of the net is incident with a line of the subplane π0

and every line ` of the net is incident with a point of π0.
A ‘derivable net’is a subplane covered net whose subplanes in B are

all Baer subplanes.

There are two main theorems for subplane covered nets, the first
of which shows how to embed such nets in projective spaces and the
second of which shows that subplane covered nets are rational Desar-
guesian nets. But, first we define the derivable subnets of a subplane
covered net.
Let L and N be any two affi ne points of a subplane covered net

that are not collinear. Let x be any line incident with N . For the
intersection Lβ ∩ x, if x does not lie in the parallel class β ∈ C, where
Lβ is the line of β incident with L, further, determine the corresponding
subplane πL,Lβ∩x as in Definition 44. This subplane contains all of the
points Lδ ∩ x so any set of intersection points together with L will
completely determine the subplane. We then use the notation πL,x
for πL,Lβ∩x. In addition, we shall use the notation πA,z to denote a
subplane defined by a line through a point A and a line z incident with
a point B, where A and B are non-collinear. The point B incident
with z shall be understood by context.

Definition 45. Let L and N be any two non-collinear points of
the subplane covered net R = (P ,L,B, C, I). The point-line geometry
structure SNL is defined as follows:

The ‘points’are the points of ∪NπL,x, where x varies over the set
of lines incident with N . The ‘lines’are the lines of a subplane πL,x.
Note that the points of SNL are defined as intersections of non-parallel
lines of the subplanes πL,x for various lines x.

Definition 46. A ‘subnet’ of a subplane covered net is a triple
of subsets of the sets of points, lines and parallel classes defined as
follows: The ‘lines’of the subnet will be the lines of the subplanes πL,x
for x incident with N , where L and N are non-collinear points. The
‘points’ of the subnet shall be the intersections of lines of the subplanes
indicated. The subset of lines of each parallel class α ∈ C is the union
of the sets of lines belonging to the subplanes πL,x, which lie in α.

It will turn out that SNL = SQL for all points Q of SNL that are non-
collinear with L. We now use the notation SL for SNL .
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Theorem 45. (see 15.19 of Johnson [114]) The structures SL are
derivable subnets; the structures SL are subnets with parallel class C
and the subplanes contained within the structures are Baer subplanes
of SL.

1.1. Classification of Subplane Covered Nets.

Theorem 46. (see 15.5.1 of Johnson [114])
Let R = (P ,L,B, C, I) be a subplane covered net. Define the point-

line geometry ΣR as follows:
Call the lines of a given parallel class ‘class lines’ and call the lines

of a given parallel class of a derivable subnet ‘class subplanes.’ Note
that there are equivalence classes of both the set of class lines and on
the set of class subplanes. Call equivalence classes of the class lines
‘infinite points’and call the equivalence classes of the class subplanes
‘infinite lines.’
The infinite points and infinite lines form a projective space N .
The ‘points’of ΣR are of two types:
(i) the ‘lines’L of the net R, and
(ii) the infinite points as defined above.
The lines of ΣR are of three types:
(i) the set of lines incident with an affi ne point (identified with the

set C),
(ii) the class lines extended by the infinite point containing the class

line, and
(iii) the lines of the projective subspace N .
The ‘planes’of ΣR are of three types:
(i) subplanes of B extended by the infinite point on the equivalence

class lines of each particular subplane, where the points and lines of the
subplane are now considered as above (another interpretation is this is
the dual of the subplane extended),
(ii) the affi ne planes whose ‘points’are the lines of a new parallel

class and ‘lines’the class lines of a derivable subnet of the new parallel
class extended by the infinite points and infinite line, and
(iii) the projective planes of the projective space N = N α, for all

α ∈ C.
The hyperplanes of ΣR that contain N are the parallel classes C,

extended by the infinite points and infinite lines of N . Then N becomes
a co-dimension two projective subspace of ΣR.

Theorem 47. (see 14.14 Johnson [114]) Let W be a left vector
space over a skewfield K. Let V = W ⊕W . Let

(x = 0) ≡ {(0, y); y ∈ W} ,
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and
(y = δx) ≡ {x, δx);x ∈ W , for a fixed δ ∈ K} .

Define a point-line geometry R = (P ,L,B, C, I) as follows: The set of
‘points’P is V , the set of lines L is the set of translates of x = 0
and y = δx, for all δ ∈ K and these lines incident with (0, 0) are
representatives for the set of parallel classes C.
The set of subplanes B is the set of translates of the following set of

subplanes πw = {(αw, βw);α, β ∈ K} for fixed w ∈ W − {(0, 0)} and
incidence I is the naturally induced incidence set.

Then R is a subplane covered net, which is called a ‘pseudo-regulus
net.’ When the associated skewfield K defining the pseudo-regulus net
is a field, then we call the subplane covered net a K-regulus net.

The following is the main theorem on Subplane Covered Nets.

Theorem 48. (15.40 and 15.41 of Johnson [114])
(i) A subplane covered net is a pseudo-regulus net.
(ii) A finite subplane covered net is a regulus net.

2. Projective Spreads and Affi ne Nets

A t-parallelism is a partition of the set of t-subspaces of a vector
space of dimension zt over a skewfield K by a set of mutually dis-
joint t-spreads. When t = 2, there are a number of such parallelisms
and in Johnson and Montinaro [144], there are new classes of transi-
tive 2-parallelisms given in PG(2r − 1, 2) that generalizes the Baker
parallelisms, which we also construct in this text. However, in that
article, it is also shown that transitive t-parallelisms can exist only if
t = 2. The reader is directed to Chapter 40, Theorem 307. Previously,
Johnson and Montinaro [143] have shown that the only doubly tran-
sitive t-parallelisms are the two regular parallelisms in PG(3, 2), and
here again t = 2. So, the question is, ‘are there any t-parallelisms,
for t > 2’? Perhaps the more interesting question is, ‘do Desarguesian
t-parallelisms exist, for t > 2’?
One of the reasons that Desarguesian 2-parallelisms in PG(3, q) are

particularly important is that they construct rare translation planes of
order q4 with spreads in PG(7, q), that admit GL(2, q) as a collineation
group, and whose spread is covered by a set of 1+q+q2 derivable partial
spreads that share a regulus spread of degree 1 + q. The theory that
supports this construction is due to M. Walker [181] and independently
to G. Lunardon [166]. Here, it is shown that, at least when t is a prime,
partial Desarguesian t-parallelisms correspond to partial spreads that
consist of a set of Desarguesian partial spreads of degree qt+1 that share
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a regulus partial spread of degree 1 + q. The constraint of the partial
spread will provide a bound on the cardinality of the Desarguesian
partial spread, which will imply, in turn, that Desarguesian t-spreads
for t an odd prime cannot exist.
We will also connect partial Desarguesian t-parallelisms, at least

for t a prime, with certain translation nets whose partial spreads are
covered by Pappian partial spreads. Because of the inevitable confusion
between ‘left’and ‘right’spreads, we work through this material first
when K is a field.

Definition 47. A ‘t-spread’S of a vector space Vzt of dimension
zt over a field K is a partition of the non-zero vectors by 2-dimensional
subspaces of Wk. A ‘Pappian 2-spread,’sometimes called a ‘regular t-
spread’is a t-spread with the property that there is a t-dimensional field
extension K+ of K such that the t-dimensional subspaces over K of S
are 1-dimensional subspaces over K+.
In the finite case, or whenK is a skewfield admitting a t-dimensional

skewfield extension K+, we shall use the term ‘Desarguesian t-spread.’

Definition 48. A ‘K-regulus’of V2k is a subsetR of k-dimensional
subspaces over K with the property that there is a set of 2-dimensional
K-subspaces that partition the non-zero vectors of the set. Using the
language of partial spreads, a K-regulus is a partial k-spread that is
partitioned by a partial 2-spread. We note that it is an assumption that
all vectors of the partial 2-spread are covered by vectors of R. If there is
a field J so that V2k is a 4-dimensional J-vector space then a J-regulus
is called simply a ‘regulus.’ There are no K-reguli if K is a skewfield
that is not a field.
Equivalently, a ‘projective regulus’ is a set of lines of PG(3, J) that

is covered by a corresponding set of lines, which also form a regulus.
This second regulus is called the ‘opposite regulus’or ‘opposite projective
regulus’of the first regulus.

Of course, we shall be using the concept of a ‘subplane covered net,’
and loosely speaking, such a point-line geometry becomes a translation
net over a vector space such that there is a set of Desarguesian affi ne
subplanes incident with the zero vector, all of which have the complete
set of components as their defining spread set. In this section, we shall
be considering only situations where the Desarguesian subplanes are
Pappian, for example, this always occurs in the finite case. In the next
section, we consider all of this more generally over arbitrary skewfields
K.
To better grasp the idea of the following, we consider a translation

plane of dimension 2tk over a field K.
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Definition 49. Let V2z be a vector space over a field L. Repre-
sent vectors as (x, y), where x and y are z-vectors over a field L. A
‘rational Pappian partial z-spread’R+ is a partial z-spread that may
coordinatized by a field L in the following manner: There exists a field
M of z × z matrices over L, so that

R+ : x = 0, y = xM,M ∈M.

We shall be assuming also that there is a field {αIz;α ∈ L} = L̂, which
is a subfield of M. Note that every L-regulus R may be coordinatized
so that

R : x = 0, y = xM,M ∈ L̂.
We shall say that the rational Pappian partial spread is ‘coordinatizable
byM.’ These partial spreads also called ‘reguli’overM.

Convention 1. We shall always assume that the field of matrices
of a rational Pappian partial spread is finite dimensional over L̂.

Therefore, the rational Pappian partial z-spreads that we shall be
considering will all contain the L-regulus partial spread as a subspread.
The theory in Johnson [114] clearly shows that rational Pappian partial
spreads defineW -regulus nets for some fieldW and hence are subplane
covered nets.

Convention 2. In this section, all of the translation nets that we
consider shall be ‘vector space translation nets’, in the sense that there
is a translation group on the net corresponding to the translation group
of an associated vector space. Furthermore, given a partial spread,
there is a corresponding translation net whose points are the vectors
and whose lines are the vector space translates of the components of the
partial spread. Conversely, translation nets in the context considered
here also produce partial spreads and hence such geometric structures
shall be considered equivalent in this text.

The pertinent lemma here is as follows.

Lemma 17. The translation nets produced by any rational Pappian
partial z-spread R+ of a 2z-dimensional vector space over a field L are
subplane covered nets. There exists a set of Pappian affi ne translation
subplanes, whose associated spreads have kernel J , a t-dimensional field
extension of L. The subplanes are in the associated rational Pappian
translation net.

In the finite case, for L isomorphic to GF (q), q = pr, p a prime,
then the L-regulus has 1 + q components, and the rational Pappian
(Desarguesian) partial spread has 1 + qt components. We also use the
term ‘rational Desarguesian translation net.’
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The connection with partial Pappian t-parallelisms and with trans-
lation nets covered by rational Pappian partial k-spreads is as follows.

Theorem 49. Let π be a translation net with projective k − 1-
spread in PG(2k − 1, K), where K is a field. Assume that the vector
k-spread S is the union of a set of rational Pappian partial k-spreads
coordinatizable by a field isomorphic to a field M that mutually share
precisely a K-regulus partial spread R and is t-dimensional over K.
Choose any component of A of R.
(1) Each rational Pappian partial k-spread produces a translation

net, which is a subplane covered net whose subplanes intersect A in a
t-spread of A considered as a k-dimensional K-vector space.
(2) The set of t-spreads as defined in part (1) form a partial Pappian

t-parallelism.
(3) If K is isomorphic to GF (q), each rational Desarguesian k-

spread has degree 1+qt and whose components share a K-regulus partial
spread of 1 + q components. The translation net then has order qk

and degree 1 + q + m(qt − q). Choose any component A of the K-
regulus partial spread. If there are m rational Desarguesian k-spreads
all with 1 + qt components, there is an associated partial Desarguesian
t-parallelism of m t-spreads.

Proof. Let Rt denote a partial rational Pappian partial spread
coordinatizable by a field that is t-dimensional over K. Let A denote
a component of the regulus partial spread R. A is a k-dimensional
K-subspace. Since Rt is covered by Pappian subplanes coordinatizable
by a field K+, which is a t-dimensional extension of K, the intersec-
tions of these subplanes with A are t-dimensional subspaces that are
1-dimensional K+-subspaces. Since the Pappian subplanes are disjoint
on points (apart from the zero vector), it follows that the set of Pappian
subplanes of Rt induces a Pappian t-spread on A. �

So, the hope then would be to consider partial Pappian t-parallelisms
and then to be able to connect translation nets whose partial spreads
are covered by rational Pappian partial spreads. In general, we show
the following theorem:

Theorem 50. The set of Pappian t-spreads over a field K in a
k-dimensional vector space Vk over a field K is equivalent to the set of
rational Pappian partial spreads in a vector space of dimension 2k over
K, each of which is coordinatizable by a field extension of degree t over
K.
Specifically, the construction is given as follows.
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Let S be a Pappian t-spread of a k = zt-dimensional vector space
Vzt over a field K. Let K+ denote the associated t-dimensional field
extension of K such that the elements of the t-spread are 1-dimensional
K+-subspaces.
Embed Vzt in a vector space V2zt of dimension 2zt over K. Choose

a basis for V2zt, where vectors are (x, y), where x and y are zt-vectors
over K and so that Vzt is represented as x = 0.
Choose three mutually disjoint zt-dimensional subspaces as follows:

x = 0, y = 0, y = x. We note that the ‘unique’K-regulus partial spread
R containing x = 0, y = 0, y = x is represented as follows:

x = 0, y = xδIzt; δ ∈ K.

For S a Pappian t-spread of x = 0, use the mapping σ:
[

0 I
I 0

]
, of

V2zt, which fixes y = x pointwise, and which maps S to a Pappian
t-spread Sσ of y = 0. Then S ⊕ Sσ = {L⊕ Lσ;L ∈ S} is the set of
Pappian subplanes of a rational Pappian net Nt sharing the translation
K-regulus net N defined by R.

Proof. L is a 1-dimensional K+-subspace and L ⊕ Lσ is a 2-
dimensional vector space overK+, under the natural definition of scalar
multiplication extended to the direct sum. We see that 0⊕Lσ is a sub-
space that intersects x = 0 in a 1-dimensional K+-subspace. Similarly,
L ⊕ Lσ intersects x = 0, y = 0, y = x in 1-dimensional K+-subspaces.
Considering Vzt as a vector space over K+, all other 1-dimensional K+-
subspaces have the form 〈(x0, x0δ)〉, where δ is a fixed non-zero element
of K+, for x0 a non-zero vector, where the notation indicates that the
subspace is generated over K+ by (x0, x0δ). What this means is that
this 2-dimensional K+-subspace lies on the K+-regulus generated by
x = 0, y = 0, y = x.
It is immediate that the subspaces L⊕Lσ and M ⊕Mσ for M 6= L

in S are disjoint.
Note that it follows that theK-regulus partial spreadR is contained

in the rational Desarguesian partial spread Rt defining the net Nt. �
Now if there are two t-spreads that are disjoint on their t-subspaces,

S1 and S2, although rational Pappian partial spreads R1,t and R2,t are
constructed, it is not clear that these two partial spreads are disjoint
on their zt-components that are not in the common K-regulus.
In Jha and Johnson [93], there is a general study of the connection

between Desarguesian t-spreads in PG(zt − 1, q) and rational Desar-
guesian partial spreads of degree 1 + qt and order qzt in PG(2zt−1, q),
and our treatment above is similar in the finite case.
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There is also a general correspondence between partial Desarguesian
2-parallelisms and translation planes covered by rational Desarguesian
nets, also established by the authors in [93] that generalizes unpub-
lished work of Prohaska and Walker, and is inspired by the work of
Walker [181], and Lunardon [166].
We now are able to generalize this work for t a prime and K an

arbitrary field. First we state a lemma, which we leave to the reader
for verification. Coordinate structures for translation planes are called
‘quasifields’and the reader unfamiliar with such algebraic systems is
directed to the Foundations book [21] for necessary background. The
following material is adapted from the author’s work [97].

Lemma 18. Let K and L be skewfields. Assume there is a quasifield
Q such that K ⊆ Q ⊆ L. Then Q is a skewfield.

Theorem 51. Let V be a vector space of dimension 2tz over a
field K and let R be a regulus of V (of PG(2tz − 1, K)). Let Γ be a
set of rational Pappian partial spreads, each coordinatizable by a field
extension of K of degree t and containing R.
If t is a prime, then

∪(Γ−R) ∪R
is a partial spread if and only if for any choice of component A of R,
considered as a tz-dimensional K-space, Γ induces a Pappian partial
t-parallelism of A.

Proof. By Theorems 50 and 49, it remains to prove that two
t-spreads of a Pappian partial t-parallelism construct partial spreads
whose union is also a partial spread.
Let A be a zt-dimensional vector subspace of a 2zt-dimensional

vector space V over a fieldK. Let S1 be a Pappian t-spread of A and by
Theorem 50 form the associated rational partial zt-spreadR1 in V that
contains the K-regulus partial spread R. Now take a second Pappian
t-spread of A S2 and form the rational partial zt-spread R2 containing
R. The proof of our result is finished if it could be shown that the two
rational partial spreads do not share any points outside of the regulus
R. So, assume that Q is a common point of R1 and R2 that does
not lie in R (on a component of R). Since rational Pappian nets are
subplane covered nets, covered by Pappian subplanes, therefore, there
is a subplane π1 ofR1 a subplane π2 ofR2 that share the pointQ. Since
π1 is a 2t-dimensional K-subspace generated any two t-intersections
of components of the regulus R, take x = 0, y = 0, y = x as three
components of R, say taking A as x = 0. Then there are points on
x = 0, y = 0, y = x in π1 as follows: Px=0 +Py=0 = Q = Zx=0 +Zy=x =
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Wy=0 + Wy=x, where the subscripts indicate in what component the
points are located.
Take the subspace Λ = 〈Px=0, Py=0, Zx=0, Zy=x,Wy=0,Wy=x〉, which

is at least 2-dimensional over K. If the subspace is 2-dimensional
over K, then since R is a regulus and since Λ contains points of
x = 0, y = 0, y = x, then Λ must intersect all components of R,
which means that Q cannot be in Λ, as the subspace would define a
subplane of the regulus net. Therefore, Λ has dimension at least 3 over
K. Let U = π1 ∩ π2 as a subspace of dimension at least 3. We claim
that the dimension is at least 4. Actually, no two of the subspaces
〈Px=0,Py=0〉 , 〈Zx=0,Zy=x〉 , 〈Wy=0,Wy=x〉 can be equal since otherwise a
2-dimensional subspace would non-trivially intersect three components
of a regulus, and the same contradiction applies. By the construction
given to establish Theorem 50, then π1 and π2 admit the group element[

0 I
I 0

]
, which means that π1 ∩ π2 also admits this group. Therefore,

this implies that the intersection on x = 0 is at least 2-dimensional.
Hence, Λ is 4-dimensional, as it is generated by two mutually disjoint
2-dimensional K-subspaces.

Let P ∗x=0+P ∗y=0 = Q, where the points are in π2. Then Px=0+Py=0 =
P ∗x=0 + P ∗y=0 = Q, clearly implies that Px=0 = P ∗x=0, Py=0 = P ∗y=0 so
that Λ is common to π1 ∩ π2.
Define a point-line geometry as follows: The ‘points’are the points

of U , the ‘lines’are the lines PQ, of both π1 and π2, where P,Q are
distinct points of U . We claim then U becomes an affi ne plane and then
an affi ne subplane of both π1 and π2. The reader is invited to prove this
fact. U = π1∩π2 is an affi ne translation subplane and as a subspace is
of dimension at least 4. But π1 is a Pappian affi ne plane coordinatized
by a field extension K of degree t and U is an affi ne subplane of π1

that strictly contains the Pappian subplane coordinatized by K and
clearly U is a translation subplane and therefore coordinatizable by a
quasifield. Let ρK denote the common Pappian subplane of π1 and
π2 coordinatized by K and let K+

i denote the t-dimensional extension
field of K that coordinatizes πi, for i = 1, 2. Now ρK , U , and π1 may
be simultaneously coordinatized by K, a quasifield U and a field K+

1 ,
respectively, which makes U a field by Lemma 18. Since [K+

1 : K] =
t = [K+

1 : U ][U : K], U properly contains K and t is a prime so that
U = K+

1 and similarly U = K+
2 , so that π1 = π2, a contradiction as

this would imply that the original t-spreads S1 and S2 have a common
t-space in their spreads.
This completes the proof of the theorem. �
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It remains to consider the collineation group of the partial spread
Γ of Theorem 51.

Theorem 52. Let Γ denote a partial spread of PG(2zt − 1, K),
which is covered by rational Pappian t-spreads, each of which may be
coordinatized by a t-dimensional field extension of K, and which con-
tain a fixed K-regulus partial spread R.
Then Γ admits a collineation group isomorphic to ΓL(2, K), where

the normal subgroup GL(2, K) is generated by central collineations and
scalar collineations, with axes components of R, and centers on the
infinite points of R. In particular, SL(2, K) is generated by elations.
ΓL(2, K) leaves invariant each Pappian subplane of each rational Pap-
pian spread.

Proof. The proof is straightforward and left to the reader to com-
plete. �

2.1. A Bound on Partial Desarguesian t-Parallelisms. So,
a partial Desarguesian t-parallelism in a vector space of dimension zt
over GF (q) of cardinality m induces a partial spread of degree

1 + q +m(qt − q).
The maximum partial spread has total degree qzt− q+ 1 + q = 1 + qzt.
Therefore,

m ≤ (qzt−1 − 1)/(qt−1 − 1).

We then have the following corollary:

Corollary 14. If t is a prime, the maximum cardinality of a
Desarguesian partial t-parallelism in a vector space of dimension zt
over GF (q) is [

(qzt−1 − 1)/(qt−1 − 1)
]

and if this bound is taken on then t− 1 must divide zt− 1.

The following two theorems discuss possible Desarguesian t-parallelisms.

Theorem 53. If t = 2, then (q2r−1 − 1)/(q − 1) is the number of
spreads of a 2-parallelism.
If t is an odd prime, then to achieve a parallelism, we require

(qzt − 1)(qzt−1 − 1)...(qzt−t−1 − 1)

(qt − 1)(qt−1 − 1)...(q − 1)

t-spaces and hence

(qzt−1 − 1)...(qzt−t−1 − 1)

(qt−1 − 1)...(q − 1)
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t-spreads.
Therefore, a Desarguesian t-parallelism exists for t a prime only if

t = 2.

Theorem 54. A Desarguesian 2-parallelism in PG(3, q) then con-
structs a translation plane of order q4 whose spread is covered by a set
of (q3 − 1)/(q − 1) = 1 + q + q2 rational Desarguesian partial spreads
of degree 1 + q2 that share a regulus partial spread of degree 1 + q.

2.2. Generalization to Arbitrary Skewfields. Now the reader
might ask if all of the preceding is valid over arbitrary skewfields K.
In a word, ‘yes’and see the author’s article [97]. On the other hand, it
is a good exercise for the reader to work out this material for oneself.
Here is where you are going:

Theorem 55. The set of Desarguesian left t-spreads over a skew-
field K in a k-dimensional vector space Vk over a skewfield K is equiva-
lent to the set of rational Desarguesian right partial spreads in a vector
space of left dimension 2k over K, each of which is coordinatizable by
a left skewfield extension of degree t over K.
Specifically, the construction is given as follows.
Let S be a Desarguesian left t-spread of a k = zt-dimensional vec-

tor space Vzt over a field K. Let K+ denote the associated left t-
dimensional field extension of K such that the elements of the t-spread
are left 1-dimensional K+-subspaces.
Embed Vzt in a vector space V2zt of dimension 2zt over K. Choose

a basis for V2zt , where vectors are (x, y), where x and y are zt-vectors
over K, and so that Vzt is represented as x = 0.
Choose three mutually disjoint zt-dimensional subspaces as follows:

x = 0, y = 0, y = x, and consider the standard K-pseudo-regulus R
x = 0, y = δx; δ ∈ K.

For S a Desarguesian left t-spread of x = 0, use the mapping σ:
[

0 I
I 0

]
,

of V2zt, which fixes y = x pointwise, and which maps S to a Desargue-
sian left t-spread Sσ of y = 0. Then S ⊕ Sσ = {L⊕ Lσ;L ∈ S} is the
set of left Desarguesian subplanes of the right K+-pseudo-regulus net
Nt defined by

Rt : x = 0, y = δx; δ ∈ K+.
sharing the right K-pseudo-regulus N defined by R.

Also, we note the following generalization to skewfields.

Theorem 56. Let π be a translation net with right projective k−1-
spread in PG(2k − 1, K), where K is a skewfield. Assume that the
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vector k-spread S is the union of a set of rational Desarguesian right
partial k-spreads each coordinatizable by a skewfield extension of K of
left dimension t. Such right partial spreads will mutually share precisely
a right K-pseudo-regulus partial spread R. Choose any component of
A of R.
(1) Each rational Desarguesian partial k-spread produces a trans-

lation net, which is a subplane covered net whose subplanes intersect
A in a left t-spread of A considered as a left k-dimensional K-vector
space.
(2) The set of left t-spreads as defined in part (1) form a left partial

Desarguesian t-parallelism.

Theorem 57. Let V be a vector space of left dimension 2tz over
a skewfield K, and let R be the standard right pseudo-regulus of V (of
PG(2tz − 1, K)). Let Γ be a set of rational Desarguesian right partial
spreads, each coordinatizable by a left skewfield extension of K of degree
t and containing R.
If t is a prime, then

∪(Γ−R) ∪R
is a partial spread if and only if for any choice of component A of R,
considered as a left tz-dimensional K-space, Γ induces a Desarguesian
left partial t-parallelism of A.

Remarks 1. We have connected translation nets covered by right
pseudo-regulus nets sharing a common right K-pseudo-regulus net and
each corresponding to a left t-dimensional skewfield extension of K with
Desarguesian partial left t-parallelisms. However, in the infinite case it
is not clear that there are not Desarguesian t-parallelisms. Certainly,
a translation plane of this type will produce a maximal partial Desar-
guesian t-parallelism.



CHAPTER 11

Direct Products of Affi ne Planes

In Chapter 10, we gave a construction of partial t-spreads starting
from Desarguesian partial left t-parallelisms, which would construct
first the putative left subplanes of a right pseudo-regulus net. In this
chapter, we consider, conversely, a construction that gives the right
pseudo-regulus net directly. The main problem with reversing these
ideas to construct the right pseudo-regulus net directly involves taking
a t-spread of a vector space of dimension zt over a skewfield K and
forming the ‘direct product’to hopefully obtain a net. However, if z
is not 2, then there will be a translation Sperner space constructed
from a t-spread by taking translates of the t-subspaces of the spread,
which is not a net. These ideas will be revisited and considered in a
more general manner when we discuss general spreads and the affi ne
structures that they generate. In any case, for this chapter, we will
consider t-spreads in vector spaces of dimension 2t over skewfields K.
This will allow that any t-spread will define a translation plane. The
direct product of two nets is also a net, and so the direct product of
two affi ne translation planes will also be a net. This will allow the
consideration of the arbitrary product of affi ne translation planes thus
constructing various nets.
Many of these ideas have been considered in the Subplanes text

[114], when t = 2 and the material there considers the direct prod-
uct of two isomorphic translation planes (the 2-fold product). Here
we consider a more general theory of n-fold products of n isomorphic
translation planes. Some of the early material in this text is also in
the Subplanes text. There are a variety of ways that one might de-
fine a ‘direct sum’or ‘direct product’of point-line geometries. In our
chapters on Sperner spaces and focal-spreads and their construction,
we give other definitions of direct sums. So, the reader might be aware
that there could more than one meaning for these terms.
We first shall consider the direct product of two affi ne planes. This

may be generalized to more general products of nets and other struc-
tures.

141
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Definition 50. Let π1 and π2 be affi ne planes equal to (Pi,Li, Ci, Ii)
for i = 1, 2, respectively, where Pi denotes the set of points, Li denotes
the set of lines, Ci denotes the set of parallel classes, and Ii denotes
the incidence relation of πi for i = 1, 2.
Assume that there exists a 1 − 1 correspondence σ from the set of

parallel classes of π1 onto the set of parallel classes of π2.
We denote the following incidence structure (P1×P2,L1×σL2, Cσ, Iσ)

by π1 ×σ π2, and called the ‘direct product of π1 and π2’defined as fol-
lows:
The set of ‘points’of the incidence structure is the ordinary direct

product of the two point sets P1 × P2.
The ‘line set’of the incidence structure L1 ×σ L2 is defined as fol-

lows: Let `1 be any line of π1 and let `1 be in the parallel class α. Choose
any line `2 of π2 of the parallel class ασ and form the cross product
`1× `2 of the set of points of the two lines. The ‘lines’of L1×σ L2 are
the sets of the type `1 × `2.

The set of ‘parallel classes’Cσ is defined as follows: Two lines `1×`2

and `′1× `′2 are parallel if and only if `1 is parallel to `′1. Note that this
implies that `2 is parallel to `′2 since both lines are in the parallel class
ασ.
Parallelism is an equivalence relation and the set of classes is Cσ.
Incidence Iσ is defined by the incidence induced in the above defined

sets of points, lines, and parallel classes.

Definition 51. A net is a ‘vector space net’if and only if there is
a vector space over a skewfield K such that the points of the net are the
vectors and the vector translation group makes the net into an Abelian
translation net.

Theorem 58. (1) If π1 and π2 are affi ne planes and σ is a 1 − 1
correspondence from the parallel classes of π1 onto the parallel classes
of π2, then

π1×σ π2 is a net whose parallel class set is in 1− 1 correspondence
with the parallel class set of either affi ne plane. Furthermore, this net
admits Baer subplanes isomorphic to π1 and π2 on any given point.

(2) If π1 and π2 both have order n, then the order of π1×σ π2 is n2

and the degree (number of parallel classes) is n+ 1.
(3) If π1 and π2 are both translation planes with translation groups

Ti for i = 1, 2 respectively, then π1 ×σ π2 is an Abelian translation net
with translation group T1 × T2.

Proof. It follows easily that since parallelism is an equivalence
relation on the line set of πi for i = 1, 2, then parallelism is an equiv-
alence relation in the line set of π1 ×σ π2. Hence, if α is a parallel
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class of π1, we may denote by α × ασ or (α, ασ) the corresponding
parallel class of π1 ×σ π2. It is then clear that this mapping is a 1− 1
correspondence from the parallel classes of π1 onto the parallel classes
of π1 ×σ π2. Given any point (P1, P2) of π1 ×σ π2, where Pi ∈ Pi for
i = 1, 2, choose any parallel class (α, ασ) of Cσ . Then exists a unique
line `α,P1, `ασ,P2 of Li for i = 1, 2 respectively, that contains P1, P2,
respectively. Thus, there is a unique line `α,P1 × `ασ,P2 of L1 ×σ L2

containing (P1, P2). This proves that the incidence structure is a net
and furthermore proves (1) and (2) since it follows that the subplanes
themselves become Baer subplanes of the net. To prove (3), let (P1, P2)
denote points of the direct product for Pi ∈ Pi, i = 1, 2. Then, it is
easy to verify that the mapping τ : (τ 1, τ 2) for τ i ∈ Ti , i = 1, 2 defined
by (P1, P2)τ = (P1τ 1, P2τ 2) is a collineation that fixes each parallel
class of the direct product. Furthermore, since Ti acts regularly on
the points of Pi for i = 1, 2, it follows that T1 × T2 acts regularly on
the points of the direct product. Hence, the direct product net is a
translation net and since Ti are both Abelian, the direct product net
is an Abelian translation net. This completes the proof of (3). �
Remark 24. In part (3) of the previous theorem, if the two transla-

tion planes are defined over the same prime field, then, the direct prod-
uct net is a vector space net, which is an elementary Abelian translation
net. On the other hand, one cannot guarantee this with the existence of
two Baer subplanes within a net. However, when there are three Baer
subplanes incident with a given point of an Abelian translation net, one
always obtains an elementary Abelian translation net as seen below.

Definition 52. A direct product net, where σ is induced from an
isomorphism of π1 onto π2 is called a ‘regular direct product’ by π1.
Identifying π1 and π2, we also refer to π1 × π1 as a ‘2-fold product.’

Corollary 15. A regular direct product net contains points inci-
dent with at least three mutually isomorphic Baer subplanes.

Proof. Note that as we have the regular direct product π× π, we
also obtain the Baer subplane defined by {(P, P );P a point of π} as
well as π × 0 and 0× π. �

0.3. n-Fold Products. For n finite, we now define the n-fold
product inductively and denoted by Πnπ. Also we consider π a trans-
lation plane given by left t-spread over a skewfield K. Hence, the
point set is the direct product ΠnP, where P is the point set of π.
Assume also that π is given by left t-spread in a vector space V2t of left
dimension over a skewfield K. Now that π×π is a net we consider the



144 Direct Products of Affi ne Planes

direct product with π, the 3-fold product. In this case, the points of
the product are points of (π × π) × π. If π is finite of order n, then
we similarly obtain a net of degree 1 + n and order n3. In this setting,
we still obtain subplanes of the net isomorphic to π. The following
generalization is left for the reader to verify. It is possible to consider
arbitrary products of nets again producing nets. These ideas are con-
tinued in Johnson and Ostrom [145]. We indicate how this might be
completed by the direct product of n affi ne planes, particularly when
the affi ne planes are all Desarguesian. In the Subplanes text [114], the
main emphasis was on nets containing Baer subplanes, so there the
primary objects demanded 2-fold products. Here we wish to include a
more general setting, so we generalize this work to n-fold products.
As mentioned, some of the previous theory was taken from the

author’s text [114]. In that text, the question of whether Abelian
nets that contain suffi ciently many point-Baer subplanes turn out to
be direct product nets. In a word, they do! We state the so-called
Reconstruction Theorem here, as it has general use. The reader is
directed to Theorem 17.7 and Corollary 17.8 of [114] for the proof.

0.4. Reconstruction of Direct Product Nets.

Theorem 59. Let M be an Abelian translation net.
(1) If M contains two point-Baer subplanes incident with a point

whose infinite points are the infinite points of M, then M is a direct
product net.
(2) If M contains three such point-Baer subplanes incident with a

point, thenM is a regular direct product net and each pair of the planes
are isomorphic.

(3) Furthermore, M is then a vector space net over a field L, and
the point-Baer subplanes may be considered L-subspaces.

(4) If one of the subplanes π0 has kernel K0 and M is isomorphic
to π0 × π0, then M is a K0-vector space nets. At least three of the
point-Baer subplanes of the net, which share an affi ne point and all of
their parallel classes are K0-subspaces, but not all point-Baer subplanes
are necessarily K0-subspaces.

1. Desarguesian Products

We consider the nature of the lines of n-fold products (regular
n-fold direct products) of isomorphic Desarguesian affi ne planes πi,
i = 1, 2, .., n. We identify πi and πj for all i, j and consider the corre-
sponding regular direct product or n-fold product Πnπ.
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Let πi have points (xi, yi), where xi, yi are in a skewfield Kπ1 coor-
dinatizing πi. Hence, the points are ((x1, y1), (x2, y2), .., (xn,yn)) which
we rewrite as (x1, y1, x2, y2, .., xn,yn), for all xi, yi ∈ Kπ1 and i =
1, 2, .., n. We consider the lines of the n-fold cross product incident
with (0, 0, 0, 0, .., 0) (2n zeros).

Now assume that the associated vector space is a left Kπ1-vector
space. Recall for Desarguesian planes, the ‘slopes’are then written on
the right to ensure that the components are leftKπ1-subspaces. Choose
a line y1 = x1α for α ∈ Kπ1. The parallel class of πj associated with α
is then α and the unique line incident with (0, 0) of πj is yj = xjα.

Hence, the line of the cross product is

{(x1, x1α, x2, x2α, .., xn, ynα);xi ∈ Kπ1 for i = 1, 2, .., n}.
Similarly, the line of the cross product incident with (0, 0, 0, 0, .., 0)

in the parallel class ((∞), (∞)σ1, .., (∞)n−1) (where the σi mappings
are isomorphisms connecting the slope set of the n isomorphic Desar-
guesian affi ne planes) is

{(0, y1, 0, y2, .., 0, yn); yi ∈ Kπ1 for i = 1, 2, .., n}.
Since the plane πi admits the translations (xi, yi) 7−→ (xi+a, yi+b)

for all a, b ∈ Kπ1, i = 1, 2, .., n, it follows that the mappings

(x1, y1, x2, y2, .., xn, yn)

7−→ (x1 + a1, y1 + b1, x2 + a2, y2 + b2, .., xn + an,yn + bn)

are collineations, for each ai, bi of Kπ1, which fix each parallel class of
the net.
Hence, the net admits a group of translations and it follows to

specify the lines, we need only specify the lines incident with the zero
vector. Hence, the components of the translation net are the left K-
subspaces.

{(x1, x1α, x2, x2α, .., xn,xnα);

xi ∈ Kπ1 for i = 1, 2, .., n}, for α ∈ Kπ1

and

{(0, y1, 0, y2, .., 0, yn);

yi ∈ Kπ1 for i = 1, 2, .., n}.
Now consider the mapping

(x1, y1, .., xn, yn)→ (x1, .., xn, y1, .., yn),

which will change the form of the components of the translation net
but normalizes the translation group. Hence, with the notation change,
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we obtain the components in the following form:

(x, xα), y = xα, and x = 0,

where
x = (x1, x2, .., xn) and xα = (x1α, .., xnα).

We are now considering the n-fold direct product of the original vector
space over Kπ1 . Then we obtain the left pseudo-regulus net:

x = 0, y = xα;α ∈ Kπ1.
It follows that since we have a subplane covered net the net is covered
by subplanes isomorphic to π. Also, note that while the components
are left Kπ1-subspaces, the subplanes of the direct product net (the
original π’s) are natural ‘right’Kπ1-subspaces.
Now suppose that π is given by a left t-spread over a skewfield K.
We formalize this, noting that we have proved all parts except part

(5) of the following:

Theorem 60. Let π be a Desarguesian affi ne plane defined by a
spread of left t-dimensional vector subspaces of a left 2t-dimensional
K-vector space V , where K is a skewfield.

(1) Then, corresponding to π is a dimension t extension skewfield
Kπ of K considered as a left K-vector space.
(2) An n-fold product Πnπ produces a right pseudo-regulus net co-

ordinatizable by Kπ, whose components (line incident with the zero
vector) are left n-dimensional Kπ-subspaces and nt-dimensional left
K-subspaces of a left 2nt-dimensional left vector space V2nt over K.
This net contains the K-pseudo-regulus net.
(3) There is a natural definition of the set of vectors of Πnπ as a

right 2n-dimensional Kπ-subspace and as a right 2nt -dimensional K-
subspace. Furthermore, the subplanes incident with the zero vector are
left 2-dimensional Kπ-subspaces and left 2t-dimensional K-subspaces.
(4) Choose any component A of the K-regulus net. Then the right

pseudo-regulus net induces a left Desarguesian t-spread of A. Any right
pseudo-regulus net contains a derivable subnet coordinatized by a qua-
dratic skewfield extension K2 of K. This subnet induces the original
left Desarguesian t-spread of V , for V a subspace of A.

(5) Conversely, any left Desarguesian t-spread in an nt-dimensional
vector space Vnt over K may be considered induced from an n-fold prod-
uct of a Desarguesian affi ne plane given by a left Desarguesian t-spread
of a 2t-dimensional vector space V2t.

Proof. (5): For example, if we start with a vector space V2t of
dimension 2t, and a left Desarguesian t-spread, we would induce back
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a vector space Vnt of dimension nt, and a left Desarguesian t-spread
of Vnt that contains the original left Desarguesian t-spread of V2t. The
question of part (5), is the converse also true? That is, take a left
Desarguesian t-spread of Vnt over K, can this spread be considered as
induced from an n-fold product Πnπ, where π is a left Desarguesian
affi ne plane given by a t-spread in a 2t-dimensional K-vector space?
Consider again the structure of Πnπ as a right pseudo-regulus net over
Kπ. This is simply a subplane covered net covered by subplanes iso-
morphic to π. We know from Theorem 55 that from a left Desargue-
sian t-spread of Vnt there is a corresponding rational Desarguesian left
partial spread coordinatized by Kπ. Since this partial spread may be
considered a n-fold product of any subplane of the corresponding net,
we see that these concepts are equivalent. �
Remarks 2. The previous result might seem to say something about

partial parallelisms in the following sense: Suppose there are two De-
sarguesian 2-spreads of V4 over K, S1 and S2 that do not share a com-
ponent. Construct the corresponding n-fold products Πnπ1, and Πnπ2,
where π1 and π2 are Desarguesian affi ne planes given by the spreads
S1 and S2. The question is are Πnπ1 and Πnπ2 disjoint on components
outside of the K-pseudo-regulus partial spread? If not then the induced
spreads share a 2-dimensional K-space. However, this is at least pos-
sible, since all we know is that the induced spreads in V4 within the
vector space V2n are disjoint, but the induced spreads in V2n may not
be disjoint.

2. Left Spreads and Left Partial Spreads

Now we shall want to consider some ‘left’partial spreads in PG(4t−
1, K)L defined by left 2-spreads in PG(2t−1, K)L, whether the spread
is Desarguesian or not.
Let V, U,W be any three mutually disjoint 4-dimensional left sub-

spaces of a 8-dimensional left K-vector space V8.
Decompose V8 relative to V and W so that writing vectors of V8 in

the form (x, y), we assume that V,W, and U have the equations x = 0,
y = 0, y = x.

Lemma 19. Consider any 2-dimensional left K-subspace X of V .
Let Xσ denote the image under the mapping (x, y) 7−→ (y, x), where
x, y are 4-vectors over K.
Then X ⊕ Xσ is a 4-dimensional left K-subspace of V8, which in-

tersects x = 0, y = 0, y = x in 2-dimensional left K-subspaces. Con-
versely, any 4-dimensional left K-subspace that intersects x = 0, y = 0,
y = x in 2-dimensional left K-subspaces is of this form.
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Proof. Let P be any point of a 4-dimensional leftK-subspace with
the indicated properties and which is not incident with x = 0, y = γx
for any γ ∈ K. By uniqueness of representation, there exist unique
nonzero vectors on x = 0 and y = 0 such that

P = (0, 0, 0, 0, y1, y2, y3,y4) + (x1, x2, x3, x4, 0, 0, 0, 0).

In particular, for any vector (0, 0, 0, 0, y1, y2, y3,y4), there is a vector

(x1, x2, x3, x4, 0, 0, 0, 0),

which is not a linear combination of

(y1, y2, y3, y4, 0, 0, 0, 0),

as the intersection on y = 0 is 2-dimensional. Similarly, there exist
unique nonzero vectors on x = 0, y = x such that

P = (0, 0, 0, 0, z1, z2, z3, z4) + (w1, w2, w3, w4, w1, w2, w3, w4),

and there exist unique nonzero vectors on y = x, y = 0 such that

P = (s1, s2, s3, s4, s1, s2, s3, s4) + (r1, r2, r3, r4, 0, 0, 0, 0).

It follows that (w1, w2, w3, w4) is

= (x1, x2, x3, x4) = (s1 + r1, s2 + r2, s3 + r3, s4 + r4)

and (y1, y2, y3, y4) is

= (z1 + w1, z2 + w2, z3,+w3, z4 + w4) = (s1, s2, s3, s4).

Thus, the left 4-dimensional space generated by these vectors is gener-
ated by

(0, 0, 0, 0, y1, y2, y3,y4), (0, 0, 0, 0, x1, x2, x3, x4),

(y1, y2, y3, y4, 0, 0, 0, 0), (x1, x2, x3, x4, 0, 0, 0, 0)

and is of the form X ⊕Xσ for X the left 2-dimensional K-space

〈(0, 0, y1, y2, y3, y4), (0, 0, x1, x2, x3, x4)〉 .
Note that we know that (y1, y2, y3, y4) 6= γ(x1, x2, x3, x4), for γ ∈ K as
otherwise P would be on y = γx contrary to assumption. Hence, the
subspace must be generated by the four linearly independent vectors.
Since this space is of the formX⊕Xσ, we have completed the proof. �
Lemma 20. Define a ‘right’ 8-dimensional K-space relative to V ⊕

W so that V, U,W are both right and left K-subspaces. Let NK denote
the right pseudo-regulus net with components x = 0, y = αx, for all α ∈
K. Note that the set of components contains right 4-dimensional K—
subspaces and contains V, U,W . Let P(NK) denote the set of vectors
that lie on the components of NK. If P is any vector not in P(NK)
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then there exists a unique 2-dimensional left K-subspace of V , X, such
that P is incident with X ⊕ Xσ; there is a unique 4-dimensional left
K—subspace containing P that intersects V, U,W in 2-dimensional left
K—subspaces.

Proof. The previous lemma shows that there is a unique such
4-dimensional left subspace containing P that intersects V, U,W in 2-
dimensional left K-subspaces, and it has the form X ⊕Xσ. �
2.1. 2-Fold Products.

Theorem 61. Given a left spread S of V of 2-dimensional left
K-vector subspaces, {X ⊕ Xσ;X ∈ S} = PS is a partial spread of 4-
dimensional left K-subspaces, which contains the pseudo-regulus partial
spread defining NK as a set of Baer subplanes.

Let πS denote the affi ne translation plane determined by the spread
S. Considering σ as an isomorphism, we may form the regular direct
product πS×σπS. This partial spread PS is defined by the 2-fold product
πS × πS, where πS is the translation plane determined by the spread S.

Proof. Let ρ denote the affi ne translation plane determined by
the spread S. We note that ρ has kernel containing K and may be
considered a left 4-dimensional subspace. Form ρ× ρ to obtain a net.
But note that this is not necessarily a derivable net, as ρ is not nec-
essarily a Desarguesian affi ne plane. Now clearly, ρ × 0, 0 × ρ and
{(P, αP );α ∈ K} are Baer subplanes of the net, which are isomorphic
to ρ. We can make the space into a right 8-dimensional K-subspace so
that these Baer subplanes are in the net and are 4-dimensional right
K-subspaces. The lines of the net incident with the zero vector are the
lines of the regular direct product net and are 4-dimensional left K-
subspaces of the formX⊕Xσ for all X ∈ K by the previous uniqueness
result. This proves the theorem. �
Theorem 62. ∪{X ⊕Xσ−P(NK); ∀ 2-dimensional left subspaces

X of V } is a disjoint cover of the vectors of V8 that are not in P(NK).

Proof. Note that if two left spaces X ⊕ Xσ and Y ⊕ Y σ have a
point P in common outside of NK then the previous argument shows
that X = Y . Hence, we have a disjoint cover as maintained.� �
Corollary 16. The net ρ×ρ containing the pseudo-regulus netNK

(as a set of Baer subplanes) admits a collineation group G isomorphic
to GL(2, K) defined as follows:〈

(x, y) 7−→ (

[
α β
δ γ

]
(x, y);∀α, β, δ, γ ∈ K; αβ − δγ 6= 0

〉
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(the elements of K act on the left by scalar multiplication).
Furthermore, G leaves invariant each 4-dimensional K-subspace

X⊕Xσ for X a 2-dimensional K—subspace of V and acts on the points
of X ⊕Xσ − P(NK).

Proof. Represent NK in the form
x = 0, y = xαI4 for all α ∈ K.

Suppose (x, y) = (x, 0) + (0, y) is in X ⊕Xσ so that both x and y are
in X. Then αx+ βy, δx+ γy are both in X. Hence

(αx+ βy, δx+ γy) =

[
α β
δ γ

]
(x, y)

is in X ⊕Xσ for all α, β, δ, γ ∈ K. �

3. Desarguesian Left Parallelisms—Right Spreads

Theorem 63. Let P be a left Desarguesian parallelism of PG(3, K)L,
where K is a skewfield. Then there is a corresponding right spread πP
in PG(7, K)R consisting of derivable right partial spreads containing
the right pseudo-regulus defined by K.
Conversely, a right spread in PG(7, K)R, which is a union of deriv-

able right partial spreads containing the right K-pseudo-regulus pro-
duces a Desarguesian left parallelism of PG(3, K)L.

Proof. Given a left parallelism P of PG(3, K)L, there is a corre-
sponding translation net πP . We assert that πP is a translation plane;
that the derivable right partial spreads cover the vectors. If not, there
exists a point P outside of the points of NK so there is a unique 4-
dimensional left vector space X ⊕ Xσ containing P and intersections
x = 0, y = 0, y = x in 2-dimensional left K-subspaces by Lemma 19.
Since P is a left parallelism, there is a Desarguesian spread S contain-
ing X and let π denote the Desarguesian affi ne plane determined by S.
Then in π × π, there is a unique Baer subplane of the net containing
P . But, then the derived net of π× π is within the structure πP . Now
assume that Σ is a spread in PG(7, K)R consisting of derivable right
partial spreads containing the K-pseudo-regulus. Let V be a compo-
nent that is also a left 4-dimensional subspace. Then the set of Baer
subplanes of each derivable net defines a left 2-spread on V . Since no
two derivable nets can share a left 2-space on V , it follows that there is
a corresponding Desarguesian left partial parallelism PΣ. Assume that
there is a left 2-space X over K, which is not covered by PΣ. Then
X ⊕Xσ is a 4-dimensional left K-subspace. If P is a point of X ⊕Xσ,
which is not a point of a component of the K-pseudo-regulus, then
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there exists a unique derivable net containing P . The Baer subplane
containing of the derivable net is a 4-dimensional left K-subspace con-
taining P and by uniqueness must be X⊕Xσ, which is a contradiction.
Hence, PΣ is a Desarguesian left parallelism. �
3.1. Deficiency. The Johnson parallelisms of Chapter 28, are par-

allelisms whose spreads are all Hall save one, so the fact that all but
one of the spreads are of a given isomorphism type probably does not
say much about the remaining spread. Here we consider the problem
from another angle. Suppose we have a partial parallelism in PG(3, q)
with say 1 + q + q2 − t spreads. Is it possible to extend to a ‘larger’
partial parallelism? Suppose t = 1, for example. In this case, it is al-
ways possible to extend to a unique parallelism. Now try this problem:
If t = 1 and all of the spreads are Desarguesian, then, is the adjoined
spread of the extended parallelism also Desarguesian? Everyone who
ever encountered this problem thought so, but no one has been able to
give a proof. The reader is directed to Chapter 40 to find this problem
listed as open. Please prove it!

Definition 53. A partial left parallelism in PG(3, K)L has defi-
ciency t < ∞ if and only if, for each point P , there are exactly t 2-
dimensional left K—subspaces containing P that are not in a left spread
of the partial left parallelism or, equivalently, there are exactly t lines
not incident with P .

Thus, in the finite case, a partial left parallelism is of deficiency t
if and only if the number of spreads is 1 + q + q2 − t.
The proof of the following result is left as an exercise for the reader.

Theorem 64. Let P−1 denote a partial left parallelism of deficiency
one in PG(3, K)L for K a skewfield.

Then, there is a unique extension of P−1 to a left parallelism of
PG(3, K)L.

We now consider Desarguesian partial parallelisms, which have ex-
tensions.

Theorem 65. Let S−t be a Desarguesian partial parallelism of de-
ficiency t <∞ in PG(3, K), for K a skewfield.

Let πS−t denote the corresponding translation net defined by a par-
tial spread in PG(7, K)R, consisting of derivable right partial spreads
sharing the K—pseudo-regulus NK.
(1) If S−t can be extended to a partial left parallelism of deficiency

t− 1 by the adjunction of a left spread S, let πS denote the translation
plane determined by the spread.
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Then a partial spread Σ in PG(V8, Z(K)) may be defined as follows:

Σ = (πS−t −NK) ∪ (πS × πS),

where the notation is intended to indicate the right 4-dimensional K—
subspace components of the net πS−t that are not in NK, union the
4-dimensional left K—subspace components of πS × πS.
(2) Σ admits GL(2, K) as a collineation group, where the subgroup

SL(2, K) is generated by collineations that fix Baer subplanes point-
wise.

Proof. We have seen previously that πS × πS is a partial spread
containingNK as defining Baer subplanes. If a component ` of πS−t not
inNK and πS×πS share a common point P , then there is a unique Baer
subplane π` of one of the derivable nets incident with ` that contains P .
Since the Baer subplanes incident with the zero vector, assume that two
4-dimensional left K—subspaces intersect three common components of
NK in 2-dimensional left K—subspaces, then it follows by uniqueness of
representation that the two 4-dimensional subspaces are equal, which
is a contradiction that S is a spread that extends the parallelism. This
proves (1). To prove (2), note that we now are using a partial spread
X ⊕ Xσ for X ∈ S as components of the new translation net. The
components are each invariant under GL(2, K). The union of these
partial spreads X⊕Xσ for X ∈ S cover the components of the regulus
net NK and the elation groups fix the components of the regulus net
pointwise. In the new net, the components of the regulus net now
appear as subplanes of the union of the set of partial spreads X ⊕Xσ

for X ∈ S and hence are Baer subplanes of the new translation net.
This completes the proof of (2) and the proof of the theorem. �

3.2. Deficiency One Partial Parallelisms.

Theorem 66. Let S−1 denote a Desarguesian left partial paral-
lelism of deficiency one in PG(3, K)L, where K is a skewfield. Let S
denote the spread extending P−1, and let πS denote the affi ne plane
given by the spread S.
Then there is a corresponding translation plane with spread that

may be defined as follows Σ = (πS−1 − NK) ∪ (πS × πS), where the
notation is intended to indicate the right 4-dimensional K—subspace
components of the net πS−1 that are not in NK together with the 4-
dimensional left K—subspace components of πS × πS. The spread then
is in PG(V8, Z(K)).

(2) Conversely, a spread with right and left 4-spaces defined as above
produces a Desarguesian left partial parallelism of deficiency one.
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(3) The unique extension of a Desarguesian left partial parallelism
of deficiency one to a left parallelism is Desarguesian if and only if the
net πS × πS defined by the extending left spread is derivable.

Proof. Let S0 = S−1 ∪{S} denote the unique parallelism extend-
ing S−1. If Σ is not a spread, then there is a point P that is not cov-
ered by the components. Hence, there is a unique left 4-dimensional
space X ⊕ Xσ containing P that intersects x = 0, y = 0, y = x in
2-dimensional left K—subspaces. But X is in a unique spread S ′ of S0

so is either in S−1 or is in S. The converse is now essentially immedi-
ate. If the extension parallelism is Desarguesian, then πS × πS = D is
a derivable net and derivation produces the type of translation plane
associated initially with a Desarguesian parallelism. Now assume that
the net D is derivable. Then there is a skewfield F so that the Baer
subplanes of the net are all 2-dimensional right F -subspaces. Since all
of the Baer subplanes are isomorphic Desarguesian subplanes coordina-
tizable by F , it follows that F must be an extension ofK. Furthermore,
the components are 2-dimensional left F -subspaces. But the Baer sub-
planes of NK are 4-dimensional right K—subspaces, so it must be that
F is a quadratic extension of K and that all Baer subplanes of D are
4-dimensional right K—subspaces. Note for ‘derivation’in the infinite
case to produce an affi ne plane (a translation plane) the subplanes that
are Baer in D must be Baer within the containing plane. That is, the
subplane is automatically ‘point-Baer’as the points of the net are the
points of the translation plane. The question is then whether the sub-
plane is also a ‘line-Baer’ subplane of the translation plane. In this
case, the Baer subplanes are right 4-dimensional K—subspaces and the
components not in the net D are right 4-dimensional K—subspaces. We
shall see in the next chapter that, if any point-Baer subplane and any
disjoint component direct sum to the ambient vector space then the
subplane is also line-Baer. Hence, derivation produces a translation
plane whose spread is covered by derivable right partial spreads con-
taining the K-pseudo-regulus partial spread which, in turn, produces
a Desarguesian left parallelism extending P−1. �

In the finite case, we may obtain a characterization by a collineation
group:

Theorem 67. (1) Given a Desarguesian partial parallelism P−1 of
deficiency one in PG(3, q), there is a corresponding translation plane
Σ with spread in PG(7, q).
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(2) The translation plane admits a collineation group isomorphic
to GL(2, q) which contains a subgroup isomorphic to SL(2, q) that is
generated by Baer collineations.
Furthermore,
(2)(a) there are exactly (1+q) Baer axes which belong to a common

net N ∗ of degree (1 + q2).
(2)(b) SL(2, q) has exactly q(q+1) component orbits of length q(q−

1). These orbits union the (1 + q) Baer axes define derivable nets.
The q(q + 1) derivable nets induce a Desarguesian parallel paral-

lelism of deficiency one on any Baer axis considered as PG(3, q).
(2)(c) The Desarguesian partial parallelism may be extended to a

Desarguesian parallelism if and only if the net N ∗ is derivable.
We shall give the converse in the next chapter (see Theorem 69).



CHAPTER 12

Jha-Johnson SL(2, q)× C-Theorem

In Chapter 10, a strong connection was shown between partial
Desarguesian t-parallelisms over GF (q) and translation nets of order
qzt covered by rational Desarguesian nets of degree 1 + qt that share
a GF (q)-regulus net. The known Desarguesian 2-parallelisms are in
PG(3, q) and admit a cyclic group C of order 1 + q + q2 acting transi-
tively on the set of 1 + q + q2 2-spreads of the parallelism, and where
q ≡ 2 mod 3, so that ( (q3−1)

(q−1)
, q − 1) = (q − 1, 3) = 1. Also, there are

transitive 2-parallelisms in PG(2r − 1, 2), which we will present in a
subsequent chapter. So all transitive 2-parallelisms are in PG(2r−1, q),
and in these cases ( (q2r−1−1)

q−1
, q− 1) = (2r− 1, q− 1) = 1. The following

was proved by Jha and Johnson in [93], [94], without the assumption
(2r − 1, q − 1) = 1 (and without the assumption in the version of the
theorem listed below) so there is potentially a gap in the proof given
there. We shall give a somewhat brief version of the proof, using results
of Lüneburg, Hering, and Ostrom.

Lemma 21. In translation planes of order q2r,
(1) if 2r = 4 and d = (3, q−1), then (q+1)/(q+1, d/t−1) - pk−1,

for t dividing d, t 6= d, and there is an element g in SL(2, q) such that
|g| | (q + 1)/(q + 1, d/t− 1) but - pk − 1, for t dividing d, t 6= d.

Proof. It remains to consider t = 1 and (q + 1)/(q + 1, 2), which
is (q+ 1) if q is even and (q+ 1)/2 if q is odd. If q is odd and (q+ 1)/2
divides pk − 1, which implies that q + 1 = 4, but then d = 1. If q2 − 1
has a p-primitive divisor, we are finished. If not, assume that q = 8,
and take an element of order 9. If q = p and p + 1 = 2a, choose an
element of order 8. �
Theorem 68. Let π be a translation plane of order q2r, r > 1,

ps = q, where (2r−1, q−1) = d and assume that there is a collineation
gt of SL(2, q) of order dividing (q + 1, d/t − 1) - pk − 1, for t any
proper divisor of d. Assume that π admits a collineation group in the
translation complement isomorphic to SL(2, q)×C, where C is a cyclic
group of order (q2r−1 − 1)/(q − 1). Then, the following are all true:
(1) The p-elements of SL(2, q) are elations.

155
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(2) The kernel is isomorphic to GF (q), and the partial spread of
elation axes is a regulus R in PG(2r − 1, q).

(3) The spread is a union of rational Desarguesian partial spreads
of order q2r and degree 1 + q2 that contain the regulus R.

(4) On any elation axis A, the intersection with each rational De-
sarguesian partial spread induces a 2-spread of A, and the set of the
2-spreads form a Desarguesian 2-parallelism.

The proof shall be given as a series of lemmas.
We begin by assuming that V is a vector space of dimension 4sr

over GF (p) and assume that u is a prime divisor of ps(2r−1) − 1 that
does not divide pz−1, for z < s(2r−1), for r−1 ≥ 2. Noting that since
q2r−1 6= 26, there is always a p-primitive divisor, since s(2r − 1) > 2,
as r > 1. Let U be a non-trivial u-subgroup of order ut and consider
FixU . Let τ be an element of U of order u and note that

(p4rs − 1, ps(2r−1) − 1)

= p(4sr,s(2r−1)) − 1 = ps(4r,2r−1) − 1 = ps(r,2r−1)=s − 1.

Therefore, τ must have fixed points on V , so let Fixτ denote the
GF (p)-subspace pointwise fixed by τ . Let L be a component of π
fixed by τ and let FixLτ denote the subspace on L pointwise fixed
by τ . Let z denote the dimension of FixLτ . Let M be a τ -invariant
Maschke complement of FixLτ on M . So, τ induces a group on M ,
which contains p2rs−z − 1 nonzero vectors. Assume that z > 1, so u
divides

(p2rs−z − 1, ps(2r−1) − 1) = p(2rs−z,s(2r−1) − 1.

This implies that (2rs−z, s(2r−1)) = s(2r−1), and therefore s(2r−1)
divides 2rs − z. Then s divides z = sb, implying that 2r − 1 divides
2r − b, a contradiction unless b = 1, so that z = s. Thus, τ fixes
exactly ps = q points on any invariant component. Suppose that τ fixes
exactly one component, then the order of τ divides the remaining q2r

components, a contradiction. Hence, τ fixes at least two components,
leaving q2r − 1, but since (q2r − 1, q2r−1 − 1) = 1, τ must fix at least
three components and fixes exactly q points on any component. Hence,
τ fixes a subplane π0 of order q pointwise. Now let τ be in the center
of U , so that U leaves invariant the subplane π0. Let g be any element
of U of order ue. Then, clearly, g fixes π0 pointwise. If g fixes a point
P not in π0, then an element of order u fixes P , a contradiction to the
previous argument.
Hence, we have proved the first part of the following lemma.

Lemma 22. (1) Then FixU = q = ps and U is semi-regular on
V/FixU .
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(2) V = FixU ⊕CU , where CU is the unique Maschke complement
of FixU .

Proof. It remains to prove part (2). Suppose that C1 and C2

are Maschke complements of FixU , so each have dimension 4rs− s =
s(4r − 1). Then u must divide C1 ∩ C2, of order pw − 1, so clearly
C1∩C2 = 〈0〉 or C1 = C2. In the first case, then C1 +C2 has dimension
2s(4r − 1) > 4rs, for (4r − 1) > 2r, a contradiction, as 2r > 1. This
completes the proof. �
Lemma 23. The p-elements of SL(2, q) are elations, and there is

a partial spread of degree 1 + q consisting of elation axes. The corre-
sponding elation net E is a rational Desarguesian net of order q2r and
degree 1 + q.

Proof. Let σ be an element of SL(2, q) of order u. Since σ com-
mutes with U , then σ leaves invariant FixU = π0 and CU and therefore,
fixes non-zero points of each. So σ will either fix a component point-
wise and so would be an elation, fix a subplane Fixσ pointwise, or
fix a proper subspace XL pointwise on a unique component L. There-
fore, SL(2, q) acts on π0, an affi ne translation plane of order q. The
structure of translation planes of order q admitting SL(2, q) faithfully
is known by Lüneburg [168] the plane π0 is Desarguesian and the p-
elements are elations. However, it is possible that SL(2, q) fixes π0

pointwise. If SL(2, q) fixes π0 pointwise, then Fixσ contains π0 and
is a proper affi ne subplane of order pk. Therefore, U must fix Fixσ
pointwise or k is a multiple of s(2r−1). In a translation plane of order
p2rs, the order of any proper subplane is ≤ prs, so since s(2r− 1) > rs,
for r > 1, this cannot occur. Therefore, U will fix Fixσ pointwise
so that Fixσ = π0 = FixSL(2, q), since SL(2, q) is generated by its
p-elements. Moreover, if any element g of SL(2, q) fixes a point not
in π0, then τ will leave invariant Fixg, a subplane of order pk, and it
follows almost immediately that k is a multiple of s(2r − 1), but the
largest possible subplane has order psr in a translation plane of order
p2sr and 2r − 1 > r, for r > 1. Therefore, SL(2, q) is semi-regular
on the q2r − q = q(q2r−1 − 1) points not in π0 on any component of
π0, implying that q(q2 − 1) must divide q(q2r−1 − 1), a contradiction.
Therefore, the p-elements are elations acting on π0. If the p-elements
are planar, then U must fix Fixσ − π0, which would imply that U has
fixed points exterior to π0. Similarly, if σ fixes pointwise a proper sub-
space XL of a component L, then, clearly, U fixes XL pointwise or XL

has dimension s(2r − 1) over GF (p) and is disjoint from π0 ∩ L, again
a contradiction. So XL = π0 ∩ L. But, XL must have non-zero fixed
points on CU . Therefore, this means that the p-elements are elations
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of π. Hence, SL(2, q) is generated by affi ne elations and there is a set
E of 1 + q components, which are left invariant by SL(2, q), each of
which is fixed pointwise by exactly one of the 1 + q Sylow p-subgroups,
and this also implies that π0 is an affi ne subplane of the net generated
by E , which we call the elation net. The structure of elation nets are
known by Theorem 290. This result shows that elation nets are rational
Desarguesian nets and in this case of order q2r and degree 1 + q. �

Lemma 24. (1) The group

SL(2, q) =

〈 [
A B
C D

]
;AB − CD = 1, A,B,D,C ∈ K ' GF (q)

〉

and the components of the elation partial spread E have the form

x = 0, y = xA;A ∈ K.

(2) There is a collineation g in SL(2, q) such that |g| | q + 1, |g|
- pz−1, for z < 2s, for q = ps. If g fixes a component y = xT of π−E.
Then K[T ] is a field isomorphic to GF (q2).
There is a rational Desarguesian partial spread of degree 1 + q2

containing y = xT and the y = xT -orbit under SL(2, q) is of length
q(q − 1). Hence, if there is a collineation of the order of g above that
fixes a component y = xT , there is a group of order q + 1 that fixes
y = xT .

Proof. For (1), the reader is directed to the Foundations text [21].
For (2), since the order of SL(2, q) is q(q2 − 1), it is known that

either there is a collineation g of the type required or q = 8 or q = p
and p + 1 = 2a. If q = 8, let g be an element of order 9. If q = p,
choose h of order 8 and let g = h2.

Now g is inGL(2, K) and has a minimum polynomial f(x) of degree
≤ 2 over K. Let L(g) denote the matrix ring generated over GF (p) by

g as a matrix
[
A B
C D

]
. We consider the minimal polynomial f(x) of

g over K. Since the order of g cannot divide q(q − 1), it follows that
f(x) is irreducible over K so that the module generated by g over K
is a field F isomorphic to GF (q2), which contains L(g). But g cannot
be in a proper subfield so that L(g) = F . Now noticing that y = xT is
fixed by g means that L(g) also fixes g. We note that L(g) contains

K̃ =

{[
A 0
0 A

]
;A ∈ K

}
.
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This means that K̃ also fixes y = xT , which is equivalent to the fact

that T is centralized by K. If g =

[
A B
C D

]
, then it follows, since T is

centralized by K, that T 2C = T (D−A) +B. If C = 0, then D = A−1

and g is in a subgroup of order q(q − 1). Therefore, C 6= 0, and,
therefore, T satisfies a polynomial of degree 2 over K. Since y = xT is
not in E , it follows that the polynomial is irreducible so that K[T ] is a
field isomorphic to GF (q2). Therefore, there is a rational Desarguesian
partial spread containing the elation net admitting SL(2, q). It follows
that there is one orbit in this net outside of the elation net. �
Lemma 25. There is an orbit under SL(2, q) of q2 − q components

of π that together with the the elation partial spread forms a rational
Desarguesian partial spread of degree 1 + q2. There is a C-orbit of
((q2r−1 − 1)/(q − 1)) t

d
, rational Desarguesian partial spreads of degree

1 + q2, each containing the partial spread of elation axes, where d =
(2r − 1, q − 1) and t divides d.

Proof. By Lemma 24, to show that there is a Desarguesian partial
spread of degree q2 + 1 containing the elation axes E , we need to only
show that there is an element g in SL(2, q) of order dividing q2 − 1
but not dividing pz − 1, for z < 2s, and fixing a component not in E .
We note that (q2 − 1, q2r − q) = (q2 − 1, q2r−1 − 1) = (q − 1). Hence,
there is a group of order q + 1 fixing a component y = xT . Let R2

denote the orbit of length q2 − q under SL(2, q). If h in C moves a
component R2 to a component not inR2, then since SL(2, q) is normal
in 〈SL(2, q), h〉, it follows that there is a second orbit of length q2 − q
under SL(2, q) and hence a second rational Desarguesian net of order
q2r and degree 1 + q2 containing the elation net E . Now let g of prime
order in C leave R2 invariant. Since g commutes with all elations, it
follows immediately that g fixes all infinite points of the elation net.
Since SL(2, q) is transitive on the components not in the elation net,
we may assume that g fixes a component of R2 − E , and then again
using the fact that g commutes with SL(2, q) implies that g fixes all
components ofR2. Since g leaves π0 invariant (as C is cyclic) and there
is a unique Desarguesian subplane π1 of order q2 of R2 containing π0,
then π1 is also invariant under g. Therefore, either g fixes π1 pointwise
or induces a kernel homology on π1. In the latter case, the order of g
has prime order w dividing (q2 − 1, (q2r−1 − 1)/(q − 1)). Noting that
(q2 − 1, q2r−1 − 1) = (q − 1), then w divides q − 1. Now assume that
g fixes π1 pointwise. Therefore, Fixg is an affi ne subplane of order pk,
which must be fixed by U , which again implies that k is a multiple of
s(2r − 1), whereas k ≤ rs.
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Now let h be any element of C that leaves R2 invariant. Then it
follows that h will leave invariant the Desarguesian subplane π1 and
induce a faithful group on π1, and it is now clear that h will act as a
kernel homology and have order dividing q − 1. Hence, there are at

least
(q2r−1−1)

(q−1)

d
, rational Desarguesian partial spreads of degree 1 + q2

that share the set of 1 + q elation axes, where d = (q − 1, 2r − 1) = 1.

Assume that C has an orbit Γ of
(q2r−1−1)

(q−1)

d
t rational Desarguesian partial

spread of degree 1+q2. Since the orbit length divides C, it follows that
t divides d, which completes the proof of the lemma. �
Lemma 26. There are exactly (q2r−1 − 1)/(q − 1) rational Desar-

guesian spreads of degree 1 + q2 containing the elation axes.

Proof. We now note that there are

q

(q2r−1−1)
(q−1)

d
(d− t)(q − 1)

infinite points outside of the set of infinite points of the orbit Γ. So,
if t = d, we have a complete cover of the components by rational
Desarguesian partial spreads containing the elation axes E . Therefore,
assume that t < d. Consider SL(2, q) acting on this set. Note that q+1

is relatively prime to
(q2r−1−1)

(q−1)

d
and (q + 1, q − 1) = 1 or 2, respectively,

as q is even or odd. Therefore, we have a group fixing a component not
in Γ of order divisible by N = (q + 1)/(d/t − 1, q + 1). According to
our assumptions, N = (q + 1)/(q + 1, d/t− 1) is 0 or - pk − 1, k < 2s,
for t a proper divisor of d. Thus, we have a collineation subgroup H
of SL(2, q) of order divisible by N , but |H| does not divide pk − 1,
for k < 2s, that fixes a component y = xT . Furthermore, H does not
contain a p-element, since all p-elements are elations. We note that

we have a collineation
〈
ρ =

[
−I 0
0 −I

]〉
that fixes all components.

By our assumptions, there is always an element gt, whose order divides
N but does not divide pk − 1, for k < 2s. Hence, we have another
rational Desarguesian partial spread by Lemma 24. Therefore, we have
another orbit under C of rational Desarguesian partial spreads of length
(q2r−1−1)

(q−1)

d
t1, and, subtracting these two orbit lengths from the number of

components, we see that we may apply the argument again. Therefore,
by induction, we have a set of (q2r−1−1)/(q−1) rational Desarguesian
spreads. �
Lemma 27. The kernel is isomorphic to GF (q).
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Proof. Each rational Desarguesian partial spread may be coordi-
natized by a field extension of K, and therefore, each component is a
K-space. �
Lemma 28. The set of (q2r−1−1)/(q−1) rational Desarguesian par-

tial spreads induces a Desarguesian 2-parallelism on any elation axis.

Proof. Each rational Desarguesian net induces a Desarguesian 2-
spread on any elation axis. There are (q2r−1−1)/(q−1) rational Desar-
guesian nets inducing the same number of Desarguesian 2-spreads. If
any of these 2-spreads share a 2-space, then there is a unique subplane
of order q2 containing this subspace, so we obtain a parallelism. �
Corollary 17. Let π be a translation plane of order q4 admit-

ting a collineation group in the translation complement isomorphic to
SL(2, q)×C, where C is a cyclic group of order (q3−1)/(q−1). Then,
the following are all true:
(1) The p-elements of SL(2, q) are elations.
(2) The kernel is isomorphic to GF (q), and the partial spread of

elation axes is a regulus R in PG(3, q).
(3) The spread is a union of rational Desarguesian partial spreads

of order q2r and degree 1 + q2 that contain the regulus R.
(4) On any elation axis A, the intersection with each rational De-

sarguesian partial spread induces a 2-spread of A and the set of the
2-spreads form a Desarguesian parallelism.

Proof. Apply Theorem 68 and Lemma 21. �

There is another interesting theorem similar to the Jha-Johnson
SL(2, q)× C-theorem that probably belongs in this chapter. From
Chapter 3.1, there was mention of Desarguesian partial parallelisms
with deficiency. Suppose we have a finite Desarguesian deficiency one
partial parallelism in PG(3, q), then there is a translation plane of order
q4 with kernel GF (q) admitting a collineation group isomorphic to
SL(2, q), generated by Baer collineations such that each orbit of length
q2 − q together with a set of q + 1 Baer subplanes of the component-
fixed net are derivable nets. If the net is derivable, then we obtain a
translation plane of order q4 admitting SL(2, q), generated by elation
groups. There is a set of q + 1 Sylow p-subgroups of SL(2, q), each of
which fix a Baer subplane pointwise and this set of q+1 Baer subplanes
is in an orbit under SL(2, q). Consider any one of these subplanes π0,
so there is a group of order q(q − 1) that fixes π0.
We claim that SL(2, q) is normal in the collineation group of the

derived plane π∗. If not then there is a set of elation axes larger than



162 Jha-Johnson SL(2, q)× C-Theorem

q + 1. If any of these elation axes are not in the derived net N∗, then
there are at least q + 1 + q2 − q elation axes. We know that in this
case, the group generated by the elations is isomorphic to SL(2, pz),
where q = pr, and there are 1 + pz elation axes. Hence, pz is at least
q2. Therefore, we have a translation plane of order q4 admitting a
collineation group isomorphic to SL(2, pz), where pz ≥ q2. It is not
diffi cult to conclude that pz = q2 or q4, and in both cases, the plane
is Desarguesian (see, e.g., Chapter 41), a contradiction by the kernel
assumption. A similar argument applies if there are> q+1 elation axes,
inducing SL(2, q2). Hence, SL(2, q) is normal in the full collineation
group of π∗. Therefore, the kernel leaves invariant each of the q+1 Baer
subplanes that are pointwise fixed by p-collineation (that is, fix one, fix
all applies here). Hence, induced on any one of the Baer subplanes π0

as a 4-dimensional GF (q)-subspace is a parallelism. We consider the
derived net N∗ again and consider the remaining q2 − q components
that are not elation axes. We leave to the reader to determine that
it is true that these components are in an orbit under SL(2, q). This
means that there is a quadratic extension field GF (q2), so that N∗ is
a rational Desarguesian net. This now implies immediately that the
new spread induced on π0 is Desarguesian. This proves the following
theorem.

Theorem 69. Let π be a translation plane of order q4 and kernel
GF (q) admitting a collineation group isomorphic to SL(2, q), generated
by Baer collineations, all of whose non-trivial orbits are of length q2−q.
Let N denote the net of degree q2 + 1 that is component-wise fixed by
SL(2, q).
(1) There are at least q + 1 Baer subplanes of N that are incident

with the zero vector and on any such Baer subplane π0, considered
as a 3-dimensional projective space over GF (q), there is an induced
Desarguesian partial parallelism of deficiency one.
(2) The Desarguesian partial parallelism of deficiency one may be

extended to a Desarguesian partial parallelism if and only if the net N
is derivable.



CHAPTER 13

Baer Groups of Nets

First, we offer a few words about why in a book on general spreads
and parallelisms there would be included general theory of Baer groups.
Of course, the previous chapter shows that partial Desarguesian paral-
lelisms of deficiency one in PG(3, q) are directly connected to transla-
tion planes admitting SL(2, q) generated by Baer collineations. Also, it
is well known that given a flock of a quadratic cone in PG(2, K), forK a
field, there is an associated translation plane with spread in PG(3, K),
such that the spread is a union of reguli that mutually share exactly
one component `. The translation plane admits an elation group E
with axis `, which fixes each regulus partial spread and acts transi-
tively on the components not equal to `. Since such a translation plane
is then derivable by any of the associated regulus nets, we see that any
derived translation plane admits a ‘Baer group’that fixes the infinite
points of the derived net, fixes a Baer subplane, and fixes each original
regulus partial spread, whose component orbits give the components
of each regulus partial spread other than `. Conversely, if there is a
translation plane with spread in PG(3, Z), for Z a skewfield, such that
there is a Baer group whose orbits union the fixed point subplane (the
‘Baer axis’) define reguli, then there is a partial flock of a quadratic
cone with one conic missing; a partial flock of a quadratic cone of de-
ficiency one. This theory also works for flocks of hyperbolic quadrics,
where now there is a translation plane with spread in PG(3, Z), for Z
a skewfield, admitting a Baer group such that the net containing the
Baer subplane in question (the ‘Baer axis’) admits a second Baer sub-
plane left invariant by the Baer group (the ‘Baer coaxis’), and whose
component orbits union the Baer axis and Baer coaxis are reguli, and
again, in this case, we obtain a partial flock of a hyperbolic quadric of
deficiency one.
It is an extremely important problem to determine whether the net

defined by the Baer group in either the conical flock type situation
or the hyperbolic flock type situation is a regulus net, for then upon
derivation of the regulus net, we obtain a flock. Hence, the question
is whether partial flocks of quadratic cones or of hyperbolic quadrics

163
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of deficiency one may be extended to flocks. In the infinite case, the
existence of Baer groups of this type, implies K to be a field. In the
finite case, there are deficiency one partial flocks of hyperbolic quadrics,
but the extension theory of Payne and Thas [173] shows that every
partial flock of a quadratic cone of deficiency one in PG(3, q) may be
extended uniquely to a flock. Moreover, the recently emerging general
theory of flocks over arbitrary cones provides new translation planes
admitting Baer groups, where now the spread is not in PG(3, q). So,
the problem is to determine the structure of the components that do
not intersect the corresponding Baer subplane.
Much of the following material is taken more or less from our previ-

ous texts, and we include this here for the benefit of the reader. Also,
since whenever a Baer group exists, there is always the question of
whether the corresponding Baer net defined by the components of the
Baer subplane is derivable. We have previously discussed regular direct
product nets and noted that they are, in fact, derivable nets. There-
fore, a natural starting place for the study of Baer groups would be
to study Baer subplanes in nets. However, now the subplane, which is
Baer in the net might not be Baer in the affi ne plane containing the
Baer net and even if the Baer net is derivable, in the general case there
is no assurance that the affi ne plane is derivable. Indeed, in the infinite
case, if the kernel is a skewfield that is not a field, there are problems
with left and right vector spaces.
We wish to include enough material on Baer groups and flocks of

quadric sets so as to understand the nature of the problem both in
the infinite and finite cases and also to give the theorem of Johnson,
Payne-Thas mentioned above. This theorem can be generalized to more
general settings such as flocks of α-cones, the theory of which we sketch
in this text. Furthermore, we maintain that the interchange between
finite and infinite point-line geometries provides considerable insights
into both areas and whenever possible, we develop theory ostensible
about finite geometry somehow related to finite fields in a completely
general manner in the infinite case and somehow related to skewfields.
So we begin with the definition of a Baer subplane in the general

case. Of course, in a finite projective plane of order n, a Baer subplane
is simply a subplane of order

√
n, thus requiring n to be a square.

Baer subplanes can also be characterized in the finite case either as
subplanes such that each point of the superplane is incident with a line
of the subplane or that each line of the subplane is incident with a
point of the subplane. The wonderful thing is, in the infinite case, one
of these properties does not imply the other. So, one property gives
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what we call a ‘point-Baer’subplane and the other gives a ‘line-Baer’
subplane. If we have both properties, we obtain a ‘Baer subplane.’

Definition 54. A Baer subplane of a net (including the case that
the net is an affi ne plane) has two properties: The point-Baer property
that every point of the net is incident with a line of the Baer subplane
and the line-Baer property that every line of the net is incident with a
point of the Baer subplane.
A point-Baer subplane is a subplane of the net that has the point-

Baer property and a line-Baer subplane is a subplane of the net that
has the line-Baer property.

We include the following section to somewhat ease into the compli-
cations of what comes later– the analysis of Baer groups within trans-
lation planes. As mentioned, we decided to leave this material as gen-
eral as possible, following the ideas in the Subplane Covered Nets text,
as there is some emerging theory of general flocks, for which a more
general theory of Baer groups on nets may be applicable.

1. Left and Right in Direct Product Nets

We first consider Desarguesian spreads over skewfields and worry
about commutativity or the lack thereof in K. We then consider ar-
bitrary translation planes π with kernel K and consider the kernel
mappings acting on the left, whereas elements of the group GL(π,K)
necessarily act on the right when π is a left K—subspace. We compli-
cate the issue by considering a point-Baer translation subplane πo with
its own kernel Ko and ask when it is possible that there is a direct
product net πo × πo sitting in the translation plane π. We have seen
that there is a natural group GL(2, Ko), which is defined via scalar
mappings of πo so this group must act on the ‘left.’This group is gen-
erated by certain collineations that fix Baer subplanes pointwise and,
in particular, certain collineations of the translation planes could fix
πo pointwise and then simultaneously be in GL(π,K) and GL(2, Ko)
posing a potential problem as one group acts on the right while the
other group acts on the left. Such situations seem to imply some sort
of commutativity of K in the case when πo is a K—subspace of π.

Actually, the use of the notation is a bit problematic as the elements
of the group are not necessarily K-linear mappings in the traditional
sense.
Consider a Desarguesian affi ne plane (x, y), as a 2-dimensional left

vector space over a skewfield (K,+, ·). Since we may also consider the
affi ne plane as a 2-dimensional right space over K, we take components
to have the form y = xα for α in K and x = 0, and note that y = xα
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and x = 0 are 1-dimensional left K—subspaces. We may consider the
mappings called the kernel mappings Tβ : (x, y)→ (βx, βy). It follows
easily that {Tβ ; β in K} forms a field isomorphic to K ≡ (K,+, ·) and
fixes each component of the Desarguesian plane.

Define the determinant of
[
a b
c d

]
as ac−1d − b if c 6= 0 and ad

otherwise. Now consider the mappings (x, y)→ (xa+ yb, xc+ yd) such

that the corresponding determinant of
[
a b
c d

]
is nonzero. Then it

follows easily that each mapping is a {Tβ}-linear mapping. Hence, we
may justify the designation GL(2, K).
Previously, we have defined the kernel of a translation plane as

the set of endomorphisms, which leave each component of the plane
invariant.
Hence, {Tβ | β ε K} = Kend is the kernel of the Desarguesian plane

π. Furthermore, the full collineation group of π, which fixes the zero
vector (the translation complement), is ΓL(2, K) or is ΓL(2, Kend).
Since the use of K or Kend ' K is merely in the distinction between K
and the associated kernel mappings, we also refer to K as the kernel of
the plane. So, considering the translation complement of π as ΓL(2, K),
then Kend∗ = Kend−{To} is a group of semilinear mappings, and each
collineation Tβ is in ΓL(2, K) but is in GL(2, K) if and only if β is in
Z(Ko). That is to say that the elements of GL(2, K) are the elements
of ΓL(2, K), which commute with Kend and Tβ commutes with Kend

if and only if β is in Z(K). The notation can be particularly tricky
if one considers βx as a linear mapping over the prime field P of K.
For example, βx is normally written xβ when considering β as a P -
linear endomorphism. Then considering an element u in K as a P -
linear endomorphism it follows then that notationally βu = uβ when
considering the elements as linear endomorphisms, whereas it is not
necessarily the case that βu = uβ when the operation juxtaposition is
considered as skewfield multiplication.
Note that elements of GL(2, K) act on the elements (x, y) on the

right, whereas Tβ acts on the elements (x, y) on the left.
We now generalize to an arbitrary affi ne translation plane with

kernel K as follows: Let X be a left K—subspace and form V = X⊕X.
We denote points by (x, y) for x, y in X.

When we have an affi ne translation plane Σ with kernel K, we
similarly consider the lines through (0, 0) (components) in the form
x = 0, y = xM, where M is a K-linear transformation. In the finite
dimensional case, we may take M as a matrix with entries in K say as
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[aij] and define xM = (x1, x2, ...xn)M as (Σxiai1, ..,Σxiain). It follows
that M becomes a left K-linear mapping with scalar multiplication
defined by βx = (βx1, βx2, .., βxn) and furthermore, {(x, xM)} is a left
K-linear subspace. In this caseKend is a skewfield isomorphic toK and
as a collineation group of Σ, Kend∗ is a semilinear K-group. Similar to
the Desarguesian case, one may consider the left scalar multiplication
as a linear endomorphism over the prime field P of K. When we do
this, we shall use the notation KL. Hence, theM ′s now commute with
the elements of KL.
To be clear, we now have three different uses of the term ‘kernel’of

a translation plane. We always consider the translation plane asX⊕X,
where X is a left vector space over a skewfield K, the kernel mappings
are denoted by Kend and the component kernel mappings thought of as
prime field endomorphisms are denoted by KL. All three skewfields are
isomorphic and each is called the kernel of the translation plane where
context usually determines which skewfield we are actually employing.
Of course, there is a fourth usage of ‘kernel’if we are to include the
kernel of an associated quasifield.
We now consider a coordinate set for a regular direct product net.
We may identify any point-Baer subplane as πo within the direct

product so that the points of the net have the general form (p1, p2)
for p1 and p2 in πo and the lines have the form L1 × L2 for L1 and
L2 parallel lines of πo. It follows that the net M is πo × πo with the
identity mapping defined on the set of parallel classes.
Considering the translation plane πo with kernel Ko, we specify two

lines incident with the zero vector as xo = 0 and yo = 0. Recall, that we
have a group GL(2, Ko) acting on the direct product net with elements
from Ko acting on the ‘left.’

We further decompose πo in terms of these two subspaces and write
the elements of πo as (xo, yo), where xo, yo are in a commonKo-subspace
Wo. We may take yo = xo as the equation of a line of πo incident with
the zero vector so that the remaining lines are of the general form
yo = xoM, whereM is a Ko-linear transformation of Wo forM in a set
Πo.
The points of the net now have the general form (xo, yo, x1, y1),

where xo, yo, x1, y1 are in Wo. The lines of the net are as follows: (yo =
xoM + co)× (yo = xoM + c1) for all M in Πo containing I and O and
(xo = co)× (xo = c1).
Note change bases by the mapping

χ : (xo, yo, x1, y1) 7−→ (xo, x1, yo, y1).
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Finally, we write (xo, x1) = x and (yo, y1) = y when (xo, yo, x1, y1)
is a original point of the net or (xo, x1, yo, y1) is a point after the basis
change.
Note that, before the basis change χ, the lines of the net are sets

of points

{(xo, xoM + co, x1, x1M + c1) for all xo, x1 in Wo},
for fixed co and c1 in Wo

and

{(co, y1, c1, y2) for all y1, y2 in Wo},
for fixed co and c1 in Wo.

Hence, after the basis change, the lines of the net have the basic

form x = (co, c1) and y = x

[
M 0
0 M

]
+ (co, c1).

Before the basis change χ, the point-Baer subplanes incident with
the zero vector, which are in a GL(2, Ko) orbit of πo, have the following
form:

ρ∞ = {(0, 0, x1, y1) for all x1, y1 inWo} and ρα = {(xo, x1, αxo, αx1)
for all xo, x1 in Wo} for each α in Ko.

Definition 55. We shall call these subplanes ρ∞, or ρα the ‘base
subplanes.’

Remark 25. We now observe that the group GL(2, Ko) acting on
the left is represented by mappings of the form

(xo, x1, y1, y2)

7−→ (ax1 + bx2, cx1 + dx2, ay1 + by2, cy1 + dy2).

We now connect the ideas of coordinates of a translation plane,
which contains a regular direct product net and coordinates of the
assumed point-Baer subplanes.
Now assume that we have a translation plane Σ with kernel K and

there are at least three point-Baer subplanes as above with kernel Ko,
which are left invariant under the mappings Kend∗or equivalently are
K—subspaces. Then there is a regular direct product net N isomorphic
to πo × πo embedded in Σ. The translation complement of Σ is a
subgroup of ΓL(Σ, K) with the linear elements acting on the right.
Furthermore, there is a group of the direct product net N , which is
isomorphic to GL(2, Ko) and naturally embedded in GL(4, K) with
the elements acting on the left. It is easy to see that if a collineation
g of Σ fixes a K—subspace πo pointwise then g is in GL(Σ, K) and
hence commutes with the mappings Tβ. Now any kernel homology
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group Kend∗ induces a faithful kernel group on any invariant point-
Baer subplane so K may be considered a subskewfield of Ko.

1.1. WhenK isKo. We specialize to the case thatK = Ko. Then
Σ is a K = Ko-vector space, and the above decomposition preserves
the structure of the translation plane. In order that g be in GL(Σ, K)
and GL(2, Ko), it must be in〈

Diag

[
1 λ
0 1

]
;λ ∈ Ko

〉
·

·
〈
Diag

[
δ 0
0 1

]
; δ ∈ Ko − {0}

〉
acting on the left. On the other hand, each such mapping is inGL(Σ, K)
acting on the right.
For example, assuming that δ = 1, we would have

g : (x1, x2, y1, y2) 7−→ (x1, λx1 + x2, y1, λy1 + y2)

is in GL(Σ, K). In order that the mapping commutes with each Tβ it
must be that

(βx1, β(λx1) + βx2, βy1, β(λy1) + βy2)

= (βx1, λ(βx1) + βx2, βy1, λ(βy1) + βy2)

so that λ must be in Z(K). Similarly, if Diag
[
δ 0
0 1

]
= g, then δ is

in Z(K). Alternatively, the above mapping is K-linear for λ in K if
and only if the mapping x1 7−→ λx1 is K-linear if and only if λ is in
Z(K).
We note that although we are assuming that K = Ko, there is a

distinction between Kend
o and Kend as they are the associated kernel

mappings on πo and on the translation plane Σ, respectively, andKend |
πo = Kend

o .
So, we have noted that when there are at least three point-Baer

subplanes sharing an affi ne point and all of their infinite points, which
are left invariant by the kernel K of the super-translation plane, then
any point-Baer perspectivity induces a degree of commutativity in K
in the case when K is (i.e. isomorphic to) the kernel of the subplane.
Of course, it is not necessarily the case that any given point-Baer

subplane which is pointwise fixed by a collineation of a translation
plane with kernel K is automatically necessarily a K—subspace. Thus,
part of our analysis in the next section details situations when such
point-Baer subplanes are, in fact, kernel subspaces. Moreover, we shall
expect that certain large point-Baer collineation groups in translation



170 Baer Groups of Nets

planes with kernel K could induce a certain degree of commutativity
in K.

2. Point-Baer Subplanes in Vector Space Nets

In the following three subsections, we are interested in what is im-
plied of a translation plane due to the existence of a Baer subplane.
Since the points of a translation plane form a vector space, we relax this
condition and assume only that there is a vector space net admitting
a point-Baer subplane. The theory decomposes naturally into three
separate cases: When there are at least three point-Baer subplanes in-
cident with the zero vector and sharing all parallel classes, when there
are exactly two such point-Baer subplanes and when there is but one.
Apart from a general theory, our goal is to apply these results to

Baer or point-Baer subplanes within translation planes and particularly
those with spreads in PG(3, K), for K a skewfield.

2.1. Three Point-Baer Subplanes. In this subsection, we show
that if there are at least three point-Baer subplanes incident with the
zero vector and sharing all parallel classes with a vector space net then
the ‘base’subplanes form the entire set of point-Baer subplanes incident
with the zero vector and in the net (sharing all parallel classes with the
net).

Remark 26. We adopt the notation of the previous preliminary
section. In particular, we adopt the notation x = (xo, x1) and y =
(yo, y1) if and only if (xo, yo, x1, y1) is a point originating from the direct
product notation.

We shall use the notation (∞) to denote the parallel class contain-
ing the line x = 0 and (0) to denote the parallel class containing the
line y = 0. Note that, in our notation, the points on x = 0 are the
points (0, yo, 0, y1), and the points on y = 0 are the points (xo, 0, x1, 0).
Similarly, points on y = x have the representation (xo, xo, x1, x1). We
shall use both the original direct product point notation and the no-
tation after the basis change χ more or less simultaneously. After our
main structure theorem, we shall use the representation after the basis
change exclusively.

Lemma 29. Let ρ be any point-Baer subplane incident with the zero
vector and sharing all parallel classes with the net. Then (0, xo, 0, x1)
is in ρ ∩ (x = 0) if and only if (xo, 0, x1, 0) is in ρ ∩ (y = 0).

Proof. Let the infinite points of x = 0, y = x

[
M 0
0 M

]
be de-

noted by (∞) and (M), respectively. Let (xo, 0, x1, 0) be a point of
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ρ ∩ (y = 0). Form the line (∞)(xo, 0, x1, 0) ≡ (x = (xo, x1)) and in-
tersect the line y = x to obtain (xo, xo, x1, x1). Since all such lines
are lines of ρ, the intersection is a point of ρ. Now form the line
of ρ, (0)(xo, xo, x1, x1) and intersect x = 0 to obtain (0, xo, 0, x1) in
ρ ∩ (x = 0). �

Lemma 30. Now assume that ρ is any point-Baer subplane.
For (0, xo, 0, x1) in ρ∩ (x = 0) define a mapping λ on Wo that maps

xo to x1(λxo = x1).
Then λ is a bijective, additive transformation of Wo.
Furthermore, ρ = {(xo, yo, λxo, λyo) for all xo, yo in Wo}.
Moreover, λ ∈ Ko and ρ is a base-subplane.

Proof. We noted previously that no two distinct point-Baer sub-
planes incident with a common affi ne point and sharing all of their
parallel classes can share two distinct affi ne points. Hence, xo = 0 if
and only if x1 = 0, when (0, xo, 0, x1) is a point of ρ and ρ is not the base
subplane ρ∞ or ρo. It follows that the subplane ρ is a translation affi ne
subplane and hence a subspace of the underlying vector space taken
over at least the prime field. Hence, it follows that λ is 1−1 since the in-
tersections with any of the base subplanes contain exactly the zero vec-
tor, and it is also now clear that λ is additive as ρ is additive. It remains
only to show that λ is an onto mapping. From the above remarks, any
two distinct point-Baer subplanes sharing a common affi ne point and
their infinite points sum to the vector space and their intersections with
a line incident with the common point sum to the line. Hence, given
any element x∗1 of Wo, we consider the vector (0, 0, 0, x∗1). There exist
vectors (0, x∗o, 0, 0 ) in ρo ∩ (x = 0) and (0, xo, 0, x1) in ρ∩ (x = 0) such
that (0, 0, 0, x∗1) = (0, x∗o, 0, 0) + (0, xo, 0, x1). It follows that x1 = x∗1,
so there exists a vector (0, xo, 0, x

∗
1) in ρ. Therefore, the mapping λ

: xo → x1 is onto. If (0, xo, 0, λxo, 0) is in ρ∩(x = 0), then (xo, 0, λxo, 0)
is in ρ ∩ (y = 0) by the previous lemma so that (xo, yo, λxo, λyo) is
in ρ for all xo, yo in Wo as ρ is the direct sum of any two compo-
nents. Let (x∗o, y

∗
o , x

∗
1, y
∗
1) be any point of ρ then it follows that ρ also

contains (0, 0, λx∗o − x∗1, λy∗o − y∗1), and since ρ ∩ ρ∞ = (0, 0, 0, 0) this
forces x∗1 = λx∗o and y

∗
1 = λy∗o . It remains to show that λ is in Ko.

For y = x

[
M 0
0 M

]
a line of the net and (xo, 0, x1, 0) in ρ then

(xo, xoM,x1, x1M) is also in ρ. We have seen this previously in the
preliminary section. We form (xo, 0, x1, 0)(∞) ≡ (x = (xo, x1)) and in-

tersect y = x

[
M 0
0 M

]
to obtain the point (xo, xoM,x1, x1M). Since

all of the points and lines are points and lines of Σ, it follows that the
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intersection point is also in ρ. Again, we know that if (xo, 0, x1, 0)
is in ρ, then so is (xo, xoM,x1, x1M), which, in turn, implies that
(0, xoM, 0, x1M) is in ρ. However, also we have that x1 = λxo and
we know that (0, xoM, 0, λ(xoM)) is in ρ. Subtracting, since ρ is addi-
tive, we have that (0, 0, 0, (λxo)M − λ(xoM)) is in ρ for all xo. Since
ρ ∩ ρ∞ = (0, 0, 0, 0), it follows that (λxo)M = λ(xoM). Let Lo be any
skewfield such that {M for M in Πo} is a set of Lo-linear transforma-
tions. Then it follows that Lo must be contained in the kernel Ko of
πo = ρ∞. Hence, λ is in Lo ⊆ Ko. �

Therefore, we have proved the following result:

Theorem 70. Let M be any Abelian net, which contains three
point-Baer subplanes that share the same affi ne point and share all
of their parallel classes.
Then there is a skewfield Ko such that M is a Ko-vector space net

and there is a Ko-space Wo such that the points of M may be identified
with Wo ⊕Wo ⊕Wo ⊕Wo. The set of all point-Baer subplanes of M
that share the zero vector is isomorphic to the set whose subplanes are

{(0, 0, yo, y1) for all (yo, y1) in Wo ⊕Wo}
∪αεKo{(xo, yo, αxo, αyo) for all (xo, yo) in Wo ⊕Wo}.

Furthermore, there is a collineation group Γ of the net isomor-
phic to GL(2, Ko) that fixes (0, 0, 0, 0) and all parallel classes and acts
triply transitively on the set of all point-Baer subplanes incident with
(0, 0, 0, 0). Moreover, if B denotes the set of all point-Baer subplanes
of M and Γ[πo] is the pointwise stabilizer of a subplane πo of B then Γ

=
〈
Γ[πo] | πo ε B

〉
.

Corollary 18. Let M be any Abelian net which contains three
point-Baer subplanes that share the same affi ne point P and all of their
parallel classes.
If one of the point-Baer subplanes has kernel Ko, then the set of all

point-Baer subplanes ofM incident with P is isomorphic to PGL(1, Ko).

Proof. We consider the above representation after the basis change
χ. The group 〈

Diag

[
1 λ
0 1

]
;λ ∈ Ko

〉
·(13.1)

·
〈
Diag

[
δ 0
0 1

]
;δ ∈ Ko − {0}

〉
(13.2)

fixes πo = ρ∞ pointwise and acts doubly transitively on the remaining
point-Baer subplanes. �
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Below, we completely determine the collineation group of a net of
type in the statement of the above theorem. We first note the following:

Remark 27. Let R be any Abelian net, which contains three point-
Baer subplanes that share the same affi ne point A and all of their par-
allel classes. Let πo be any point-Baer subplane incident with A.
Then πo is an affi ne translation plane with kernel Ko.
Let Gπo denote the full translation complement of πo.
Then there is a collineation group of R isomorphic to Gπo which

leaves πo invariant.

Proof. We have noted that R is a regular direct-product net. The
result is then not diffi cult and is left for the reader to verify. �

Remark 28. In the net R defined as a regular direct product of a
translation plane as a left vector space, the components of the net R
become ‘left’ subspaces, whereas the Baer subplanes incident with the
zero vector become natural ‘right’ subspaces. Of course, the original
translation plane may be consider both a left and a right space. Fur-
thermore, any three given Baer subplanes may be chosen so that the
three subplanes are both left and right spaces.

Theorem 71. Let R be any Abelian net, which contains three point-
Baer subplanes that share the same affi ne point P and all of their
parallel classes. Let πo be any point-Baer subplane incident with P .
Then πo is an affi ne translation plane with kernel Ko. Let Gπo

denote the full translation complement of πo obtained as a collineation
group of R that leaves πo invariant.

Then the full collineation group of R that fixes P is isomorphic to
the product of Gπo by GL(2, Ko). The two groups intersect in the group
kernel of πo naturally extended to a collineation group of R.

Proof. The group GL(2, Ko) acts 3-transitively on the point-Baer
subplanes of the net R and fixes R componentwise. Hence, we may
assume that a collineation fixes the zero vector and permutes the point-
Baer subplanes π∞ = {(0, p) such that p ∈ πo}, πλ = {(p, λp) such
that p ∈ πo and λ in the kernel of πo} (when λ = 0, the subplane
πo is identified with πo × 0). So, if g is a collineation of R that fixes
the zero vector, then we may assume that g leaves π∞, πo, and π1

invariant. Hence, g is inGπo as it acts faithfully on πo. We now consider
intersections. Since GL(2, Ko) fixes R componentwise, assume g fixes
R componentwise. Then g induces the kernel mappings on πo and on π1

and is fixed-point-free as it also leaves π∞ invariant. Thus, the faithful
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stabilizer of πo in GL(2, Ko) that fixes π∞, πo, and π1 is〈[
β 0
0 β

]
such that β ∈ Ko

〉
in this representation. It then follows that the collineation group of R
is the product as maintained. �

Corollary 19. Let N be a vector space net, which contains three
point-Baer subplanes that share the same parallel classes and have a
common affi ne point.
If one of the subplanes is Desarguesian, then the net N is derivable.

Proof. Under the assumptions, it follows that ifKo is the kernel of
one of the subplanes πo then πo is a left 2-dimensional Ko-subspace. In
the direct product net, generally Baer subplanes are right spaces where
the components are left spaces and note the direct product net becomes
a left 4-dimensional Ko-subspace. However, by three-transitivity, any
three point-Baer subplanes may be considered as left Ko-subspaces in
the sense that the components of the net are leftKend

o -subspaces (under
what we have been calling {Tβ for all β inKo}). Take any component T
of the net. Since the intersections of T with any two of the point-Baer
subplanes sum (direct sum or product) to the component and there
are two of the point-Baer subplanes that are left 1-dimensional Ko-
subspaces, it follows as before that each component may be considered
a 2-dimensional left Ko-subspace. Since GL(2, Ko) acts transitively on
any left 2-dimensional Ko-subspace that it leaves invariant, it follows
that the net N is covered by point-Baer subplanes. To see this in
coordinate notation, after the basis change χ, we have points of the
net (x0, x1, y0, y1), where (x0, y0) denote the points of πo. The group
GL(2, Ko) acts on the left mapping (x0, y0, x1, y1) onto (α(x0, yo) +
δ(x1, y1), β(x0, y0)+γ(x1, y1)). Now x = 0 is represented after the basis
change by the points (0, 0, y0, y1), which are mapped by GL(2, Ko) onto
the points (0, 0, αy0+δy1, βy0+γy1). Since πo is 2-dimensional, we may
take xi, yi ∈ Ko. In particular, (0, 0, 0, 1) maps to (0, 0, δ, γ) for all δ, γ.
Hence, the net is derivable. �

2.2. Nets with Two Point-Baer Subplanes. In this section, we
consider the situation where there are exactly two point-Baer subplanes
that share the same parallel classes and an affi ne point.
If we consider that the net involved is a vector space net, then it

follows from the Reconstruction Theorem 59 that the net is a direct
product net by the two point-Baer subplanes. However, the net is not
necessarily a regular direct product net. Still, all of the above lemmas
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involving decomposition of the space via the point-Baer subplanes re-
main valid. We may write the space relative to a vector space Wo as
Wo⊕Wo⊕Wo⊕Wo. We choose coordinates so that (0, x2, 0, y2) defines a
point-Baer subplane πo and (x1, 0, y1, 0) defines a point-Baer subplane
π1. Since the net is a direct product net, we may set up a choice of
coordinates for the point-Baer subplanes so that the x = 0′s, y = 0′s,
and y = x′s correspond under the correspondence between parallel
classes. Note that we have a subtle distinction between having a net
that contains two point-Baer subplanes sharing a point and all parallel
classes and realizing the net as a direct product net πo ×σ π1 where σ
is a bijection from the parallel classes of πo onto the parallel classes of
π1. In the latter case, we choose coordinates for the spreads as noted
directly above. If the components for πo are, say, x1 = 0, y1 = x1Mo

and the components for π1 are x2 = 0, y2 = x2M1 then we may agree
that σ maps x1 = 0 onto x2 = 0, y1 = 0 onto y2 = 0 and y1 = x1 onto
y2 = x2.
In this way, we may then rewrite the equations for πo and π1 so

that allowing that (x1, x2, y1, y2) now represent points of the net then
πo has equation x1 = 0 = y1 and π1 has equation x2 = 0 = y2.

If one considers how components of the direct product net are
formulated with the switch of coordinates mentioned above, then it
follows that components of the net have the general form (x1, x2) =

(0, 0), (y1, y2) = (0, 0) and (y1, y2) = (x1, x2)

[
M1 0
0 Mo

]
.

Theorem 72. If a vector space net contains two point-Baer sub-
planes sharing the same parallel classes and an affi ne point then the net
is a direct product net by point-Baer subplanes. Let the two point-Baer
subplanes be denoted by πo and π1 and let the kernels of πo and π1 be
denoted by Ko and K1, respectively, and assume that both planes are
left vector spaces over their respective kernels.

If the net does not contain three point-Baer subplanes sharing an
affi ne point and all parallel classes, then the collineation group of the
net that fixes πo pointwise induces the full kernel homology group K1

on π1 and may be represented in the form〈
λ 0 0 0
0 I 0 0
0 0 λ 0
0 0 0 I

 for all λ in K∗1

〉
.

Proof. Clearly, if there are not three point-Baer subplanes, the
group fixing πo pointwise must also leave π1 invariant so that the group
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has the general form and certainly induces kernel homologies on the
subplane π1. From the general set up of the direct product net, it is
clear that any kernel homology of π1 can be used to define a collineation
of the net which fixes πo pointwise. We consider the mappings acting
on the left. �

2.3. Decomposable by a Point-Baer Subplane. We assume
that there is but one point-Baer subplane within the vector space net.
In this situation, we must make an assumption which is automati-

cally valid in the finite-dimensional case.
We assume that it is possible to decompose the space as (x1, x2, y1, y2)

for xi, yi in Wo for i = 1, 2 such that a point-Baer subplane πo is given
by x1 = y1 = 0 while the components of the net have the form

x = 0, y = 0, y = x

[
A B
0 Mo

]
,

where Mo defines a component of πo and the elements A,B,Mo are
considered as prime field linear mappings of Wo. Furthermore, sup-
pose γ is a prime field linear endomorphism that commutes with all
such M ′

os. Then the mapping (xo, yo) 7−→ (xoγ, yoγ) will fix each com-
ponent xo = 0, yo = 0, yo = xoMo of πo. Hence, defining left scalar mul-
tiplication by γxo = xoγ (recall that the right hand notation considers
the image of xo as a prime field endomorphism), then the mapping is
Tγ as previously discussed so that γ is considered within the kernel
skewfield Ko of πo.

In this situation, we say that the space is ‘decomposable by a point-
Baer subplane.’

Theorem 73. Let N be a vector space net that is decomposable by
a point-Baer subplane πo. Recall that we denote by (Ko)L the kernel of
πo taken as the centralizer of the set {Mo} such that yo = xoMo defines
a component of πo and πo is a left Ko-vector space.
Assume that N contains exactly one point-Baer subplane incident

with a given point and sharing its parallel classes.
If G is the full point-Baer central collineation group of the net that

fixes πo pointwise and the central planes are the translates of πo, then
G may be represented in the form

〈
I β 0 0
0 I 0 0
0 0 I β
0 0 0 I

 for all β in Ko

〉
acting on the left.
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Proof. Under the given initial set up, any collineation fixing πo
pointwise may be represented in the form

α δ 0 0
0 I 0 0
0 0 α δ
0 0 0 I

 ,
where α, δ, 0, I are considered as linear endomorphisms over the prime
field written on the right. Note that we will be showing that δ is
in (Ko)L. By assumption, each element of the group leaves invariant
each translate of πo. This implies that for any elements c, d of Wo

then {(c, x2, d, y2)} is left invariant. Hence, it follows that α = I in
all cases. Now represent the components of πo in the form x = 0 =

(x1, x2) and y = x

[
A B
0 C

]
, where A,B,C are considered as linear

endomorphisms over the prime field. Since, the indicated collineation
fixes each component, it follows that[

I −δ
0 I

] [
A B
0 C

] [
I δ
0 I

]
=

[
A B − δC + Aδ
0 C

]
,

so it follows that δC = Aδ. Now, suppose that δ is singular. Then
the collineation fixes points outside the point-Baer subplane. Let b be
such a fixed point not in πo. However, it was noted previously that
πo is also a Baer subplane so 〈b, πo〉 is the entire vector space as it is a
subplane. That is, the collineation acts trivially. Thus, δ is nonsingular
as a prime field P -linear endomorphism. For some fixed collineation,
change bases over the prime field P by

T 0 0 0
0 T 0 0
0 0 T 0
0 0 0 T

 ,
where T is a P -linear automorphism so that the group

〈
I β 0 0
0 I 0 0
0 0 I β
0 0 0 I


〉
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becomes 〈
I T−1βT 0 0
0 I 0 0
0 0 I T−1βT
0 0 0 I


〉
.

Choose a particular δ so that T−1δT = I. The components of πo now
have the form

x = 0, y = x

[
T−1 0

0 T−1

] [
A B
0 C

] [
T 0
0 T

]
,

which is

y = x

[
T−1AT T−1BT

0 T−1CT

]
=

[
A∗ B∗

0 C∗

]
.

Since we now have an element of the form
I I 0 0
0 I 0 0
0 0 I I
0 0 0 I

 ,
it follows that A∗ = C∗. Following the previous argument, we have that

if


I γ 0 0
0 I 0 0
0 0 I γ
0 0 0 I

 is an element of the group after the basis change then
γ is nonsingular and γA∗ = γC∗ = C∗γ. We are now thinking of the
elements γ as linear endomorphisms over the prime field. The points
of the subplane πo have the form (xo, yo), and components have the
general form xo = 0, y = xoC

∗, where C∗ is a P -linear automorphism
of Wo. Therefore, γ is in the kernel of πo considered as an element of
(Ko)L. Defining left scalar multiplication as in the preliminary section,
we may consider the above matrix group acting on the left. This proves
the theorem. �

3. Translation Planes with Baer Groups

In this section, we consider when an Abelian net with three point-
Baer subplanes can be embedded in a translation plane with kernel K
in such a way so that K may be considered to be contained in the
kernel Ko of a given point-Baer subplane.

Definition 56. Let D be a vector space net. Let πo be a translation
point-Baer subplane with kernel Ko.
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A collineation group of D fixing πo pointwise and which may be
identified with 〈[

I γ
0 I

]
for all γ in Ko

〉
is called a ‘full Ko-point-Baer elation group.’
A collineation group of D fixing πo pointwise, which may be identi-

fied with 〈[
γ 0
0 I

]
for all γ in Ko \ {0}

〉
is called a ‘full Ko-point-Baer homology group.’

The following somewhat omnibus theorem tries to detail various
situations in which a point-Baer subplane of a translation plane with
kernel K is left invariant under the kernel mappings Kend. The proofs
to all parts of the theorem will be given collectively.

Theorem 74. Let π be a translation plane with kernel K. Assume
that σ is a point-Baer collineation and Fixσ = πo. Let Ko denote the
kernel of πo. Let G denote a collineation group of π in the translation
complement that fixes πo pointwise.
Then πo is a K—subspace in any of the following situations.
(i) K is a field and |G| > 2.
(ii) The characteristic is not 2 and σ is a point-Baer elation.
(iii) G is a full Ko-point-Baer elation group and |Ko| > 2.
(iv) Lo is a subskewfield of Ko, |Lo| > 3, and G is a full Lo-point-

Baer homology group.
(iv)′ More precisely,
If the collineation group of π that fixes πo pointwise contains a point-

Baer homology group isomorphic to the multiplicative group of a sub-
skewfield of Ko and has order > 2, then πo is a K—subspace, and there
exists another point-Baer subplane of Rπo that shares an affi ne point
with πo and is invariant under the point-Baer group and which is also
a K—subspace.

Proof. Either πo is aK—subspace and we are finished, or not every
kernel homology Tβ leaves πo invariant. First, assume that there are
exactly two point-Baer subplanes πo, π1 incident with the zero vector
that share the infinite points of πo and g in the kernel of π interchanges
πo and π1. Let H denote the subgroup of the multiplicative group
fixing πo. Then H ∪ gH = K∗ = K \ {0}. We assert that H ∪{0} is a
skewfield. To see this, let h, k be in H. Then h + k is either in H or
gH. However, if α ∈ πo, then α(h+ k) = αh+ αk, and since both αh
and αk are in πo and πo is a subspace over the prime field, it follows
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that h + k is in H ∪ {0}. It is immediate that −1 in K must leave
every subspace over the prime field invariant so that it follows that h
in H implies that −h is in H. Hence, H ∪ {0} is an additive group, H
is a multiplicative group so H must be a subskewfield as the remaining
skewfield properties are inherited from those of K. This implies that
gH ∪ {0} is additive. Now consider gh + h = (g + 1)h for h in H and
note that this element is either inH or gH. If (g+1)h is inH, then g+1
is in H, but −1 is in H and H is additive so that g is in H. If (g+ 1)h
is in gH then, since gH is additive, this forces h to be in gH. Thus, we
obtain a contradiction in either situation. Hence, we may assume that
there are at least three point-Baer subplanes incident with the zero
vector that share the infinite points of πo. By the previous material,
we have a complete determination of Rπo . Recall that we obtain the
representation of the points of the net in the form (x1, y1, x2, y2), where
πo is given by x1 = y1 = 0. Change bases by χ as before so as to
represent the points in the form (x1, x2, y1, y2) for all xi, yi in Wo for
i = 1, 2 and Wo a left Ko-subspace now considered as a P -subspace,
where P is the prime field. Now we may allow that the equations

x = 0, y = 0, y = xM for M =

[
m1 m2

m3 m4

]
define the components of

the plane, where the entriesmi are P -linear transformations ofWo. We
may also assume that y = x is one of the lines of the plane. The point-
Baer subplanes of Rπo incident with the zero vector are now πo and πλ

= {(x1, λx1, y1, λ1y1) for all x1, y1 in Wo for each λ of Ko}.

Furthermore, the components of Rπo are x
[
w 0
0 w

]
, for a set of P -

linear automorphisms {w}, such that the components of πo are x1 = 0
and y1 = x1w. Now what has occurred is that we have changed bases
with respect to the prime field P to obtain this representation. Let
τ denote the basis change. Hence, there is an isomorphic translation
plane πτ and subplane πoτ . The original kernel mappings Tβ are rep-
resented as P -linear mappings, so let βx = xB over the prime field,
where B commutes with M when y = xM is a component. Since we
are free to choose x = 0, y = 0, y = x without destroying the original
kernel K, we now have a kernel of the form〈

Sβ =

[
S−1BS 0

0 S−1BS

]
for all β in K

〉
.

We further denote the new kernel by S−1KS. Hence, there exists a field

of P -linear automorphisms,
〈[

Bˆ 0
0 Bˆ

]〉
isomorphic to K that fixes
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all components of Rπoτ . We will show that this kernel for πτ leaves
πoτ invariant. Hence, this implies that the original subplane πo is a K-
space. We have determined the full collineation group Gπo ·GL(2, Ko)
of the net. Note that the subgroup of Gπo that fixes each component
is actually in GL(2, Ko). Suppose that σ is an element of the kernel
of the translation plane. Since σ is in Gπo · GL(2, Ko), it follows that
we may assume that the kernel is in GL(2, Ko) in this representation.
Notice that the group GL(2, Ko) of the net Rπo in this representation
is 〈

Diag

[
α β
δ γ

]
for all α, β, δ, γ in Ko

〉
,

such that the mappings are nonsingular

and where the entry elements ρ ofKo are written as leftKo-scalar map-
pings and then, in turn, as P -linear mappings acting on Wo. In other

words, the action of the elementDiag
[
α β
δ γ

]
on a point (x1, x2, y1, y2)

is

(αx1 + δx2, βx1 + γx2, αy1 + δy2, βy1 + γy2).

Furthermore, such an element leaves πo (x1 = y1 = 0) invariant if and

only if δ = 0. Hence, each element Bˆ =

[
α β
δ γ

]
for some α, β, δ, γ

of Ko. We note that the set is an additive set of matrices with entry
elements thought of as P -linear automorphisms. Each collineation of
the plane that fixes the zero vector is an element of ΓL(π,KS) (a semi-
linear automorphism over the kernel). Each collineation that fixes πo
pointwise in this representation is in the group〈

Diag

[
1 λ
0 1

]
such that λ ∈ Ko

〉
·〈

Diag

[
β 0
0 1

]
such that β ∈ Ko \ {0}

〉
.

Furthermore, each such collineation normalizes KS, which is a sub-
skewfield of 〈

Diag

[
α β
δ γ

]
; ∀α, β, δ, δ ∈ K0

〉
,

such that the mappings are nonsingular.
We point out that all of the operations are considered on the left.

First, assume that a point-Baer collineation σ of the plane isDiag
[

1 λ
0 1

]
.
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Suppose that k = Diag

[
α β
δ γ

]
is in the kernel of the translation

plane. Then consider the upper 2 × 2 submatrix of σkσ−1 − k (note
that σkσ−1 − k must be in the kernel of the translation plane):[

1 λ
0 1

] [
α β
δ γ

] [
1 −λ
0 1

]
−
[
α β
δ γ

]
=

[
λδ −(α + λδ)λ+ λγ
0 −δλ

]
.

Apply the conjugate subtraction construction again to obtain the ele-
ment [

0 −2λδλ
0 0

]
so that for λ 6= 0, it must be that δ = 0 or the characteristic is two.
Again note that if the characteristic is not two then since the subplane
πo has the representation {(0, x2, 0, y2)}, it follows that any kernel el-

ement represented on the net in the form Diag

[
α β
0 γ

]
must leave

πo invariant. Hence, when the characteristic is not two and there is
a point-Baer elation with fixed point set πo, it follows that the ker-
nel must leave πo invariant and therefore πo is a K—subspace. This
proves part (ii). Now assume that K is a field. Note that we do not
necessarily then have that Ko is a field. First, assume that there is a
point-Baer elation. We may assume that the characteristic is two by
the above argument. Also, by the previous argument, we consider the
following element: [

λδ −(α + λδ)λ+ λγ
0 −δλ

] [
α β
δ γ

]
=

[
α β
δ γ

] [
λδ −(α + λδ)λ+ λγ
0 −δλ

]
.

Then [
λδ −(α + λδ)λ+ λγ
0 −δλ

] [
α β
δ γ

]

=

 λδα + ((α + λδ)λ+ λγ)δ
λδβ

+((α + λδ)λ+ λγ)γ
δλδ δλγ


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and [
α β
δ γ

] [
λδ −(α + λδ)λ+ λγ
0 −δλ

]
=

[
αλδ α((α + λδ)λ+ λγ) + βδλ
δλδ δ((α + λδ)λ+ λγ) + γδλ

]
.

Equating the (2, 2)-entries, we obtain δ((α + λδ)λ + λγ) + γδλ = δλγ
so that δ((α + λδ)λ) = γδλ, which implies that δ(α + λδ) = γδ.
This is to say that whenever there is a point-Baer elation of the form

Diag

[
1 λ
0 1

]
then δ(α + λδ) = γδ. So, if there are two point-Baer

elations, then there exists another element ρ of Ko \ {λ} such that
δ(α + ρδ) = γδ = δ(α + λδ), which implies that δρδ = δλδ. Hence,
either δ = 0 or ρ = λ. So, if the point-Baer elation group has order > 2
and K is a field, we have a contradiction. Thus, assume that K is a
field and there is a point-Baer homology. We may assume that there is
a point-Baer homology, which fixes πo pointwise of the following form:

Diag

[
λ 0
0 1

]
for λ 6= 0. Form[

λ 0
0 1

] [
α β
δ γ

] [
λ−1 0
0 1

]
−
[
α β
δ γ

]
=

[
λαλ−1 − α (λ− 1)β
δ(λ−1 − 1) 0

]
.

Since K is a field then KS is a field. (Note again that we are not
assuming that Ko is a field.) Then[

λαλ−1 − α (λ− 1)β
δ(λ−1 − 1) 0

] [
α β
δ γ

]
=

[
α β
δ γ

] [
λαλ−1 − α (λ− 1)β
δ(λ−1 − 1) 0

]
.

Hence, we have[ (
λαλ−1 − α

)
α + (λ− 1) βδ

(
λαλ−1 − α

)
β + (λ− 1) βγ

δ
(
λ−1 − 1

)
α δ

(
λ−1 − 1

)
β

]
=

[
α
(
λαλ−1 − α

)
+ βδ

(
λ−1 − 1

)
α (λ− 1) β

δ
(
λαλ−1 − α

)
+ γδ

(
λ−1 − 1

)
δ (λ− 1) β

]
.

Equating the (2, 2)-entries, we have δ (λ− 1) β = δ
(
λ−1 − 1

)
β. If

δβ 6= 0, then λ = λ−1 so that the group has order 2. If δβ = 0, assume
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β = 0. Then the element

Diag

[
λαλ−1 − α 0
δ
(
λ−1 − 1

)
0

]
is in KS, which implies δ = 0 as λ−1 6= 1 and λαλ−1 = α. Hence, β = 0
= δ = 0, which implies that πo is left invariant by the kernel mappings
of the translation plane. So, if there is a point-Baer homology, K is
a field, and if the fixed-point subspace is not a K—subspace, then the
only point-Baer homology is

Diag

[
−1 0
0 1

]
.

Thus, there must be point-Baer elations if the group has order larger
than 2. However, by previous arguments, the characteristic must be
2 and the condition λ−1 = λ provides a contradiction unless δ = 0.
Hence, in the case that K is a field, and the group fixing πo pointwise
has order > 2, then πo is a K—subspace. This proves part (i). We now
assume that there is a full point-Baer elation group〈

Diag

[
1 λ
0 1

]
for λ in Ko

〉
.

The previous arguments show that the following elements are obtained[
λδ −(α + λδ)λ+ λγ
0 −δλ

]
for all λ in Ko so that

Diag

[
λδ −(α + λδ)λ+ λγ
0 −δλ

]
is in the kernel. Moreover, we may assume that the characteristic is 2.
We have [

λδ −(α + λδ)λ+ λγ
0 −δλ

]
+

[
ρδ −(α + ρδ)ρ+ ργ
0 −δρ

]
=

[
(λ+ ρ)δ −(α + (λ+ ρ)δ)(λ+ ρ) + (λ+ ρ)γ

0 −δ(λ+ ρ)

]
,

which implies (using the (1, 2) elements) that

ρδλ = −λδρ for all ρ, λ in Ko.
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Hence, Ko is a field or δ = 0. Assume the former. Then[
λδ −(α + λδ)λ+ λγ
0 −δλ

] [
ρδ −(α + ρδ)ρ+ ργ
0 −δρ

]

=

 λρδ2 λδ(−(α + ρδ)ρ+ ργ)
+(−(α + λδ)λ+ λγ)(−δρ)

0 λρδ2

 .
On the other hand, we already would have an element constructed from
a suitable point-Baer elation of the form[

(λρδ)δ −(α + (λρδ)δ)(λρδ) + (λρδ)γ
0 −δ(λρδ)

]
.

This implies that

λδ(−(α + ρδ)ρ+ ργ)) + (−(α + λδ)λ+ λγ)(−δρ)

= −(α + (λρδ)δ)(λρδ) + (λρδ)γ.

Since Ko is a field, we are reduced to

λδ2ρ2 + λ2δ2ρ = αλρδ + λ2ρ2δ3 + λρδγ for all λ, ρ in Ko.

Keep λ fixed and nonzero then ρ satisfies a quadratic in Ko for all ρ in
Ko. By our assumptions, this implies that λδ

2 = λ2δ3 for all λ in Ko so
that δ = 0. Hence, πo is a K—subspace in this situation. This proves
part (iii). Now assume that K is not necessarily a field and assume the
conditions of part (iv) so that every element fixing πo pointwise has

the form Diag

[
λ 0
0 1

]
for all λ 6= 0 in a subskewfield Lo of Ko. So,

there are at least two point-Baer subplanes that share the same infinite
points and exactly one affi ne point. Either both are K—subspaces or we
have at least three point-Baer subplanes that share an affi ne point and
all parallel classes. Hence, we may assume the latter case. Conjugate

the kernel element Diag
[
α β
δ γ

]
and subtract to obtain that

Diag

[
λαλ−1 − α (λ− 1)β
δ(λ−1 − 1) 0

]
is in the kernel for all elements λ 6= 0 in Lo and fixed β, δ, γ. Assume
that βδ 6= 0. Fix λ as λo 6= 1 and take the inverse of this element and
note it is DiagD, where D is[

0 F
G H

]
,
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where

F =
(
δ
(
λ−1 − 1

))−1
,

G = ((λ− 1) β)−1 ,

H = ((λ− 1) β)−1 (− (λαλ−1 − α
)) (

δ
(
λ−1 − 1

))−1

= Diag

[
0 f
g e

]
.

Fix the element, letting λ = λo. Apply the conjugation-subtraction

method again using a general Diag
[
ρ 0
0 1

]
as above to obtain an

element in the kernel of the form

Diag

[
0 (ρ− 1)f = b

g(ρ−1 − 1) = d 0

]
,

where g = ((λo − 1) β)−1 and f =
(
δ
(
λ−1
o − 1

))−1
. Assume bd 6= 0.

Since

Diag

[
λ 0
0 1

] [
0 b
d 0

] [
λ−1 0
0 1

]
= Diag

[
0 λb

dλ−1 0

]
is in the kernel, we have that

Diag

([
0 λb

dλ−1 0

] [
0 d−1

b−1 0

])
= Diag

[
λ 0
0 dλ−1d−1

]
is in the kernel for all elements λ in L∗o. Since the kernel is fixed-point-
free, it follows that DiagE, where E is

[
λ 0
0 dλ−1d−1

] [
ρ 0
0 dρ−1d−1

]
−
[
λρ 0

0 d (λρ)−1 d−1

]


= Diag

[
0 0
0 dλ−1ρ−1d−1 − dρ−1λ−1d−1

]
.

Hence, we have λ−1ρ−1 = ρ−1λ−1 so that Lo is a field provided bd 6= 0.
Thus, there is a function σ : Lo → Ko such that λ

σ = dλ−1d−1 for
λ 6= 0 and where we may assume that 0σ = 0. Since σ is 1—1 and
onto and preserves addition and multiplication, it follows that σ is an
isomorphism of Lo into Ko. For fixed d, and τ ∈ Ko, the mapping
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β : Ko → Ko such that τβ = dτd−1 is an inner automorphism of Ko.
Hence, λ−β = λσ so that λ−1 = λσβ

−1

. Note that Lβo = Lσo . Therefore,
σβ−1 = θ is an automorphism of Lo such that λ

θ = λ−1 for all λ 6= 0
of Lo, and if bd 6= 0, Lo is a field. In this latter case, it follows easily
that Lo ∼= GF (2), GF (3), or GF (4). However, the group is assumed
to have order > 2, so we have a contradiction unless we have GF (4). If
Lo is isomorphic to GF (4), let the elements be denoted by 0, 1, θ, and
θ2 = θ + 1. Since we have the elements

Diag

[
λ 0
0 dλ−1d−1

]
,

we apply the argument again for a possibly different d, say, d∗. It
then follows that d = d∗ since the kernel is additive. Recall that d =
g(ρ−1 − 1) = ((λo − 1)β)−1(ρ−1 − 1). Fix ρ for this particular d as ρo.
We could have obtained an element d∗ by fixing say λ1 initially and
then isolate on ρ1. Hence, it follows that

((λo − 1)β)−1(ρ−1
o − 1) = ((λ1 − 1)β)−1(ρ−1

1 − 1)

and, hence, for β nonzero, we have

(λo − 1)−1(ρ−1
o − 1) = (λ1 − 1)−1(ρ−1

1 − 1)

for all λo, λ1, ρo, ρ1 in GF (4) not equal to 0 or 1. Since τ−1 = τ 2, we
obtain

((λo + 1)(ρo + 1))2 = ((λ1 + 1)(ρ1 + 1))2.

Let λo = ρo = θ and λ1 = ρ1 = θ + 1 to obtain θ4 = (θ + 1)4, a contra-
diction. Hence, the situation GF (4) does not occur. So, bd = 0, and
note that b = 0 if and only if d = 0. Thus, ((λo − 1) β)−1 (ρ−1 − 1) =

0 = (ρ− 1)
(
δ
(
λ−1
o − 1

))−1
for all such non-zero elements of Lo. This

implies δ = 0 = β. Thus, the kernel K must leave πo invariant. This
completes the proof to part (iv). So, this completes the proofs to all
parts of the theorem. �

4. Spreads in PG(3, K)

In this section, we shall show that spreads in PG(3, K), for K a
skewfield, that admit full Ko-Baer elation or homology groups can only
exist if the skewfield K is a field. More precisely,

Theorem 75. Let π be a translation plane with spread in PG(3, K)
for K a skewfield.
Assume that πo is a point-Baer subplane with kernel Ko.
If π admits a full Ko-point-Baer elation group of order > 2 or a full

Ko-point-Baer homology group of order > 2 fixing πo pointwise, then
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(1) Ko is isomorphic to K and
(2) K is a field.

Proof. By the previous section, πo is a K—subspace. Hence, it fol-
lows that πo is a 2-dimensional K—subspace. The components of πo are
2-dimensional K—subspaces so that there is an induced Desarguesian
spread, which forces πo to be a Desarguesian affi ne subplane. Hence,
the kernel of πo is isomorphic to K. Choose coordinates so that π is
{(x1, x2, y1, y2) for xi, yi in K and i = 1, 2}, where scalar multiplication
is on the left

γ(x1, x2, y1, y2) = (γx1, γx2, γy1, γy2)

and πo is {(0, x2, 0, y2) for x2, y2 in K} and where components of π
have the general form

y = x

[
f(u, t) g(u, t)
t u

]
,

x = 0 ∀t, u ∈ K and f, g functions : K ×K into K.

It is easy to see that the components of πo are

x = 0, and y = x

[
f(u, 0) g(u, 0)

0 u

]
∀u ∈ K.

Let f(u, 0) = f(u) and g(u, 0) = g(u). Assume that π admits a full
Ko-point-Baer elation group B with axis πo and center C the set of
translates of πo. Then B fixes πo pointwise and since πo is a K—
subspace, it follows that B is a linear group representable by a 4 × 4
matrix with elements in K and acting on the right. Furthermore, B
leaves invariant every subplane of C. The group that fixes πo pointwise
is K-linear and has the matrix form

〈
a b 0 0
0 1 0 0
0 0 a b
0 0 0 1

 for all a, b in K

〉
.

But each point-Baer elation fixes each translate of πo so that it follows
that a = 1 in all cases. We emphasize that this matrix group is acting
on the right, whereas previously the action was defined on the left when
we were considering the group acting on the net and elements defined
via the kernel of the subplane Ko. It is this fact that we shall see will
force the commutativity of K. The point-Baer elation group fixes each
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component y = x

[
f(u) g(u)

0 u

]
for u in K. Hence, we must have[

1 −b
0 1

] [
f(u) g(u)

0 u

] [
1 b
0 1

]
=

[
f(u) (g(u)− bu) + f(u)b

0 u

]
=

[
f(u) g(u)

0 u

]
.

Thus, bu = f(u)b for all b, u in K. Therefore, f(u) = u for all u in
K and bu = ub for all b, u in K. Hence, K is commutative. Now
assume that there is a full Ko-point-Baer homology group B fixing πo
pointwise. By the previous section, πo is a K—subspace. By results of
the previous chapter, we see that there are two point-Baer subplanes
πo and π(σ − 1) sharing the same parallel class both of which are K—
subspaces for σ in B − {1}. Note that π(σ − 1) is clearly σ-invariant
and distinct from πo. Hence, we may choose bases as above but now
π(σ − 1) is represented by {(x1, 0, y1, 0) for all x1, y1 in K}. It follows
that the collineation group B is K-linear and has the matrix form〈

a b 0 0
0 1 0 0
0 0 a b
0 0 0 1

 for all a 6= 0, b in K

〉

acting on the right. It is immediate that, in this case, b = 0 for all ele-

ments. The components of πo now have the form y = x

[
f(u) 0

0 u

]
, x =

0 for all u in K. Then,[
a−1 0
0 1

] [
f(u) 0

0 u

] [
a 0
0 1

]
=

[
a−1f(u)a 0

0 u

]
=

[
f(u) 0

0 u

]
.

So, we have
a−1f(u)a = f(u)

for all a 6= 0, u in K. Since {f(u) for all u in K} = K, it follows that
av = va for all a, v in K so that K is commutative. This proves the
theorem. �
We now prove that a point-Baer homology group becomes a Baer

homology group under certain circumstances.
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Theorem 76. Let π be a translation plane with spread in PG(3, K),
for K a field.
Then, any point-Baer homology group of order > 2 is a Baer ho-

mology group.

Proof. Let B denote the point-Baer homology group and let πo =
FixB. Then, by convention, π(σ−1) = π1 = π(τ −1) for all σ, τ in B.
We know from the previous results that πo is a K-space. Moreover, the
previous proof shows that the unique 0-coaxis of B (unique point-Baer
subplane incident with the zero vector) is also left invariant by K. The
action of B on π(σ − 1) induces a kernel homology subgroup on the
subplane. On the other hand, π(σ − 1) is a Pappian plane with kernel
K. Hence, there exists a subgroup of the kernel homology group that
induces the same action as does B on π(σ−1). Hence, π(σ−1) is fixed
pointwise by a nontrivial collineation group, which forces the subplane
to be Baer. This completes the proof of the theorem. �
Corollary 20. Let π be a translation plane with spread in PG(3, K),

for K a skewfield.
Let πo be a point-Baer subplane with kernel Ko that is fixed point-

wise by a full Ko-point-Baer group B of order > 2 (either a point-Baer
elation or a point-Baer homology group).
Then K is a field and B is a Baer elation or a Baer homology

group.

Proof. We may assume that B is a full Ko-point-Baer homology
group. Since K is now a field by the above remarks and πo is a K—
subspace, it follows from the above theorem that B is a Baer elation
or Baer homology group. �
Theorem 77. Let π be a translation plane with spread in PG(3, K),

for K a skewfield. Let πo be a point-Baer subplane with kernel Ko.
If B is a full Ko-point-Baer elation group of order > 2, then K is

a field and one of the following three situations occur:
(i) The net defined by the components of πo is a regulus net relative

to PG(3, K).
(ii) The net defined by the components of πo contains exactly one

point-Baer subplane incident with the zero vector, the net is not deriv-
able, and the full collineation group which fixes πo pointwise is

〈
1 a 0 0
0 1 0 0
0 0 1 a
0 0 0 1

 for all a in K

〉
.
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(iii) The net defined by the components of πo is a derivable net and
there is exactly one point-Baer subplane incident with the zero vector,
which is a K—subspace.
In this case, the components of the net have the following form:

x = 0, y = x

[
u Au− uA
0 u

]
for all u in K and where A is a

linear transformation considered over the prime field P of K such that
Au− uA is in K for all u in K.

Proof. We see thatK is a field isomorphic toKo. Furthermore, πo
is a K-space so is 2-dimensional and hence we have the decomposable
situation previously described. Either there exists another point-Baer
subplane incident with the zero vector and sharing the same parallel
classes or we may apply the results of the previous section. Since B
acts regularly on the nonfixed 1-dimensional K—subspaces that are on
components of πo, it follows that BK∗ acts transitively on the set of
points not in πo on components of πo. If there exists another point-
Baer subplane, there is a covering by point-Baer subplanes and the net
is derivable. Hence, it remains to consider the situation when the net
is derivable but not a regulus net. The derivable net must have the

basic components x = 0, y = x

[
u g(u)
0 u

]
, for all u in K, where g is a

function on K. And we note from a previous theorem that K is a field.
If the net is a derivable net then there exists a Baer group that fixes πo
and any particular vector on, say, x = 0. We assume that, considered
over the prime field P of K, a basis change leaves πo invariant as well
as x = 0, y = 0, y = x and is thus represented as

T1 T2 0 0
0 T4 0 0
0 0 T1 T2

0 0 0 T4

 ,
where Ti represent nonsingular linear mappings over the prime field
P . Furthermore, we assume that the standard representation of the
derivable net is now obtained. That is, we have

Let M1 =

([
T1 T2

0 T4

]−1

=

[
T−1

1 −T−1
1 T2T

−1
4

0 T−1
4

])
. Then

M1

[
u g(u)
0 u

] [
T1 T2

0 T4

]
=

[
M 0
0 M

]
.
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Hence, it follows after a bit of calculation, which the reader should
complete, that

g(u) = T2T
−1
4 u− uT2T

−1
4

for all u in K. Letting A = T2T
−1
4 shows that case (iii) is the only

remaining possibility. Conversely, any set of matrices of the form in
case (iii) determine a derivable net by the basis change

I A 0 0
0 I 0 0
0 0 I A
0 0 0 I

 .
This completes the proof of the theorem. �

Corollary 21. Under the assumptions of the above theorem, if K
is finite, then Au−uA = 0 for all u in K and case (iii) does not occur.

Proof. g(u) = Au−uA implies that vg(u)+ug(v) = g(uv). Hence,
2ug(u) = Au2−u2A. In particular, for characteristic two perfect fields,
it follows that g(w) = 0 for all w in K. An easy induction argument
shows that g acts like a formal derivative so that g(ur) = rur−1g(u) for
all integers r. Hence, ifK is GF (q), then g(u) = g(uq) = quq−1g(u) = 0
for all u in K. �

Example 2. Let L be a field of characteristic two, which is not

perfect. Let γ denote a nonsquare in L. Then
([

u γt
t u

]
;u, t ∈ L

)
defines a quadratic extension field K of L.
Furthermore, for any 2× 2 matrix A over L,

x = 0, y = x

[
w Aw − wA
0 w

]
∀w ∈ K

defines a derivable net, which is a regulus net in PG(3, K) if and only
if A is in K.

Proof. It suffi ces to show that for any 2× 2 matrix A over L then

Aw − wA is in K. Let A =

[
a1 a2

a3 a4

]
. Then, for w =

[
u γt
t u

]
and

u, t in L, we obtain

Aw − wA =

[
(a2 + γa3)t γ(a4 + a1)t
(a4 + a1)t (a2 + γa3)t

]
,

which is always in K. This expression is identically zero if and only if
a2 = γa3 and a4 = a1, which is valid if and only if A is in K. �
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Corollary 22. Let K be any field that admits a nontrivial deriva-
tion δ. Then there is a derivable partial spread in PG(3, K), which is
not a regulus and whose corresponding derivable net contains exactly
one K—subspace point-Baer subplane.

Theorem 78. Let π be a translation plane with spread in PG(3, K),
for K a skewfield.
If π admits a point-Baer subplane πo with kernelKo and a collineation

group of order > 2 in the translation complement, which is a full Ko-
point-Baer homology group, then one of the following occurs:

(i) There are exactly two point-Baer subplanes incident with the
zero vector, the net is not derivable, and the full collineation group,
which fixes πo pointwise, is

〈 
λ 0 0 0
0 I 0 0
0 0 λ 0
0 0 0 I


for all λ in K∗

〉
.

(ii) There are exactly two point-Baer subplanes incident with the
zero vector, which are also K—subspaces, but the net defined by πo is
a derivable net. The components may be represented in the form x =

0, y = x

[
uσ 0
0 u

]
for all u in K and σ 6= 1 in AutK.

(iii) There are at least three point-Baer subplanes incident with the
zero vector, which are K—subspaces, and the net defined by πo is a
regulus net (corresponds to a regulus in PG(3, K)).

Proof. By previous results, there are at least two point-Baer sub-
planes that are K—subspaces, K is a field and K1 is isomorphic to
K, where K1 denotes the kernel of π(σ − 1) = π1 and where σ is a
point-Baer collineation. The group B mentioned in part (i) is clearly
a collineation group of the plane. Moreover, the group BK∗ acts regu-
larly on the points on component of πo that are not in πo ∪ π1. Hence,
if there exists a third point-Baer subplane, the net is derivable. If there
exists a third point-Baer subplane that is a K—subspace, the net is a
regulus net. Finally, when there are exactly two K—subspace point-
Baer subplanes, one can diagonalize the space and when the net is
derivable, the associated matrices of the spread components form a
field. Hence, (ii) follows immediately. �



CHAPTER 14

Ubiquity of Subgeometry Partitions

In this chapter, we use the theory that we have developed regarding
Baer groups and their representation. We also connect algebraic lift-
ing and geometric lifting, which are as disparate concepts as one could
imagine: one process, that of lifting a spread in PG(3, q) defining a
translation plane of order q2 to a corresponding spread in PG(3, q2)
that provides a translation plane of order q4, and the second process,
that of lifting a subgeometry partition to a translation plane. We also
are able to use the algebraic lifting process in combination with our
Sperner spread construction theorem presented in Chapter 4 for the
construction of still more, interesting subgeometry partitions. There
is a fusion process in the theory of semifields that allows a coordinate
change that fuses certain subfields of the nuclei. Here we consider a
similar fusion process for Baer groups, noting that a Baer group will
arise from a group associated with a nucleus upon derivation (usu-
ally of a semifield plane). Using these ideas, there will be a ubiquity
of subgeometry partitions that arise from the concept of double-Baer
groups.
In the previous chapters, we have tied together a number of various

spreads that admit retraction groups, thereby constructing subgeom-
etry partitions. The natural question is how general are the spreads
that give rise to subgeometry partitions. Or, we may ask the opposite
question: given a t-spread, is there a subgeometry partition that gives
rise to it?

As we know, the main issue is when there is a suitable group, a
‘retraction group’that can create a quasi-subgeometry partition with
the hope that the quasi-subgeometries are actually subgeometries. Re-
call that the intrinsic character is that the translation plane has order
qt with subkernel K isomorphic to GF (q) and admits a collineation
group (on the nonzero vectors), which contains the scalar group K∗,
written as GK∗, such that GK∗ together with the zero mapping is a
field isomorphic to GF (qz).
So, since subgeometry partitions often first arise directly from trans-

lation planes or more generally from t-spreads in kt-dimensional vector

195
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spaces, it is essentially an open question to find geometric conditions
that can squeeze a retraction group from the spread or more generally
from an arbitrary partition. We have seen, for example, that often
semifield planes that admit certain right and middle nuclei admit re-
traction groups by looking at the fusion of their nuclei. If we can derive
a net preserved by the affi ne homology groups associated with right and
middle nuclei, we obtain Baer groups that basically been ‘fused.’ So,
we start in this chapter with the idea of fusing Baer groups with the
hope that a retraction group will pop up. Of course, the question
of what sorts of translation planes admit such Baer groups becomes
of major interest. In this regard, there is a very unlikely connection
with what are called ‘algebraically lifted planes’ with the algebraic
construction procedure for spreads that is called ‘algebraic lifting’by
which a spread in PG(3, q) may be lifted to a spread in PG(3, q2).
More precisely, this construction is a construction on the associated
quasifields for the spread and different quasifields may produce differ-
ent algebraically lifted spreads. This material is explicated in Biliotti,
Jha and Johnson, and the reader is referred to this text for additional
details and information (see p. 437 [21]).

The objective of this chapter is to connect two very different con-
struction techniques and to show how ubiquitous are certain basic sub-
geometry partitions. The work of the chapter follows articles by Jha
and Johnson [84], [83], with various changes appropriate for this text
and uses material from the chapters on Baer groups acting on transla-
tion planes.

1. Jha-Johnson Lifting Theorem

Jha and Johnson [84] have been able to connect subgeometry par-
titions of PG(3, q2) with two types of subgeometries isomorphic to
PG(3, q) and PG(1, q2) with every spread in PG(3, q). In other words,
these ‘mixed subgeometry partitions’are basically equivalent to the set
of all spreads in PG(3, q). The Jha-Johnson lifting theorem establishes
that fact as follows:

Theorem 79. (Jha and Johnson [84]) Let S be any spread in
PG(3, q). Then there is a mixed subgeometry partition of PG(3, q2),
which geometrically lifts to a spread in PG(3, q2) that algebraically con-
tracts to S.

Corollary 23. (Jha and Johnson [84]) The set of mixed subgeom-
etry partitions of a 3-dimensional projective space PG(3, k2) constructs
all spreads of PG(3, k).
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Theorem 80. From any quasifield, with spread in PG(3, q), there
is a process that lifts and derives to a spread permitting retraction,
which, in turn, produces a mixed partition of (q − 1) PG(3, q)’s and
q4 − q lines of PG(3, q2).

We begin with some preliminaries.
The following theorem recalls the main ideas of algebraic lifting.

The reader is directed to the foundation’s text by Biliotti, Jha, and
Johnson [21] for details on algebraic lifting. Actually, this concept
originated and is due to Hiramine-Matsumoto-Oyama [69].

1.1. Hiramine-Matsumoto-Oyama Algebraic Lifting. The re-
traction part of the following theorem is due to the author and estab-
lished in this text.

Theorem 81. Let π be translation plane with spread S in PG(3, q).
Let F denote the associated field of order q and let K be a quadratic
extension field with basis {1, θ} such that θ2 = θα + β for α, β ∈ F .
Choose any quasifield and write the spread as follows:

x = 0, y = x

[
g(t, u) h(t, u)− αg(t, u) = f(t, u)
t u

]
∀ t, u ∈ F

where g, f are unique functions on F × F and h is defined as noted in
the matrix, using the term α.
Define F (θt+ u) = −g(t, u)θ + h(t, u). Then

x = 0, y = x

[
θt+ u F (θs+ v)
θs+ v (θt+ u)q

]
∀ t, u, s, v ∈ F

is a spread SL in PG(3, q2) called the spread ‘algebraically lifted’from
S. We note that there is a derivable net

x = 0, y = x

[
w 0
0 wq

]
∀ w ∈ K ' GF (q2)

with the property that the derived net (replaceable net) contains exactly
two Baer subplanes, which are GF (q2)-subspaces and the remaining
q2 − 1 Baer subplanes form (q − 1) orbits of length q + 1 under the
kernel homology group.
Hence, we obtain a mixed partition of (q − 1) PG(3, q)’s and q4 −

q lines of PG(3, q2). In this case, one retraction provides a mixed
subgeometry partition of q2 + 1 lines and q2(q − 1) PG(3, q)’s of a
PG(3, q2).
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Considered vectorially, retraction may be considered more gener-
ally over infinite vector spaces, even infinite vector spaces of infinite
dimension over their kernels. Hence, in essence, geometric lifting may
be more generally considered, even though in this text, we restrict our-
selves to the finite situation.
We have used ideas of retraction throughout this text in a very

general manner. Now we intend to be more concrete and actually
define a retraction group of order q2 − 1.
First, the pertinent theorem:

1.2. Johnson’s Retraction Theorem.

Theorem 82. (Johnson [113]) Let π be a translation plane of order
q2ar and kernel containing GF (q). Let G be a collineation group of
order q2 − 1 containing the kernel homology group of order q − 1 and
assume that G ∪ {0} (the zero mapping) is a field K.
(1) Then the component orbit lengths of G are either 1 or q + 1.

Forming the projective space PG(2ar − 1, q2), the orbits of length 1
become projective subgeometries isomorphic to PG(2a−1r − 1, q2) and
the orbits of length q + 1 become projective subgeometries isomorphic
to PG(2a−1r − 1, q).
(2) The set of subgeometries partition the points of the projective

space providing a ‘mixed subgeometry partition.’

We have discussed previously the ‘unfolding of a fan,’that is, the
geometric lifting process that constructs translation planes of order q2ar

and kernel containing GF (q) from any mixed subgeometry partition.
Of course, there is a result in Johnson [113] for translation planes of
order qt, for t odd but admitting collineation groups of order q2 − 1
having the properties of the group in the previous theorem. In this
setting, all component orbits will have length q + 1, and the associ-
ated subgeometry partition is said to be a Baer subgeometry partition.
Previously, we have used the term ‘retraction’and ‘folding the fan’to
mean the same process.
Specifically, for this setting, we define the process of retraction as

follows:

Definition 57. Assume that a finite translation plane with kernel
containing GF (q) admits a collineation group of order q2− 1 that con-
tains the kernel homology group of order q − 1 such that together with
the zero mapping, a field isomorphic to GF (q2) is obtained. Then the
group is said to be a ‘retraction group.’
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Definition 58. A retraction group is said to be ‘trivial’ in the
projective space PG(2n − 1, q2) associated with the spread, if the sub-
geometries are all isomorphic to PG(n− 1, q2).

Remark 29. It is immediate that a retraction group is trivial if and
only if it is a kernel homology group of the translation plane.

Definition 59. The associated process of constructing the subge-
ometry partition from a non-trivial retraction group is said to be ‘re-
traction’ (or ‘spread retraction’). If there are two distinct retraction
groups G1 and G2 that centralize each other, we shall say that we have
‘double-retraction.’ More generally, if there are k distinct retraction
that centralize all other associated groups, we say that we have ‘k-
retraction.’We note that we are allowing ‘double-retraction’to include
the possibility that one of the associated fields is a kernel field of the
translation plane.

Of course, in the finite case, we recall that a ‘Baer group’ in a
translation plane of order h2 is a group in the translation complement
that fixes a Baer subgroup pointwise. Indeed, such Baer groups have
orders that divide h(h − 1). Here we let h = q2ar and consider the
possibility of having two Baer groups of order q + 1. The reason for
consideration of such Baer groups may be seen from algebraic lifting,
where a spread in PG(3, q) algebraically lifts to a spread in PG(3, q2)
admitting a Baer group of order q+ 1. In this setting, the order of the
translation plane has order q4. We now are able to give the proof of
the Jha-Johnson lifting theorem.

Proof. We note that in any algebraically lifted spread, the follow-
ing B1 is a Baer group of order q + 1.

B1 =
〈
diag(e−1, 1, 1, e−1); e has order q + 1

〉
.

Now B1 maps a basic spread component

y = x

[
u F (z)
z uq

]
onto

y = x

[
e 0
0 1

] [
u F (z)
z uq

] [
1 0
0 e−1

]
= y = x

[
ue F (z)
z (ue)q

]
,

and so this also is a verification that B1 is a collineation group of the
algebraically lifted translation plane. Furthermore, B1 fixes the vector



200 Ubiquity of Subgeometry Partitions

subspace

FixB1 =
〈
(0, x2, y1, 0);x2, y1 ∈ GF (q2)

〉
pointwise, which emphasizes that B1 is a Baer group of order q+1. The
algebraically lifted translation plane has order q4 and kernel GF (q2)
(the spread is in PG(3, q2)). Since we have the kernel GF (q2) in the
lifted plane, it follows that we have a second Baer group

B2 = 〈diag(1, e, e, 1); e has order q + 1〉

fixing the vector subspace〈
(x1, 0, 0, y2); x1, y2 ∈ GF (q2)

〉
pointwise. Furthermore, B1 and B2 commute and note that B1 is
contained in the group B2K

2∗, where K2∗ denotes the kernel homology
group of order q2 − 1. We now locate our retraction group within
〈B1, B2〉K2∗. We now claim that 〈B1, B2〉K2∗ is

D =

〈
diag(a, b, b, a); a, b ∈ GF (q2)∗

such that aq+1 = bq+1

〉
of order (q + 1)(q2 − 1). Note that the order of 〈B1, B2〉K2∗ is (q +
1)2(q2 − 1)/I, where I is the intersection with B1B2 and K2∗. This
group leaves invariant the subplane FixB1, B1 fixes it pointwise, B2

induces a kernel group on it as does K2∗. Hence, the group induced on
FixB1 is isomorphic to K2∗. But since B1 of order q + 1 fixes FixB1

pointwise, it follows that the group has order (q + 1)(q2 − 1). When
a = b, D contains K2∗ and when a = 1, D contains B1, similarly, D
contains B2. Since D has a K2∗ as a normal subgroup of index q + 1,
we see that B1B2K

2∗ = D. Let q = pr, for p a prime and form the
following set of fields Lσ of order q2, for σ = pi for i dividing 2r.

Lσ =
〈
diag(a, aσ, aσ, a); a ∈ GF (q2)∗

〉
∪ {0}.

To obtain L∗σ in our group, then a
σ(q+1) = aq+1, which implies that if

σ = pi, then q divides pi, so let σ = q or 1. Now each of the fields
Lσ satisfies the hypothesis of the retraction theorem so that we obtain
a double-retraction. However, when σ = 1, in this particular setting,
the subgeometry partition is essentially trivial, as K1 is the kernel
homology group of the associated translation plane so that we do not
actually obtain a mixed partition as all subgeometries are isomorphic to
PG(1, q2)’s. This then completes the proof of the Jha-Johnson Lifting
Theorem. �
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2. Double-Baer Groups

In the proof of the Jha-Johnson lifting theorem, from one Baer
group B1, we used the kernel homology group to locate another group
B2, and from these two groups, we found a retraction group. We wish
now to generalize these ideas, and here we make no assumptions on the
spread, that is, no assumptions on the kernel of the translation plane π,
merely that we have a translation plane of order q2ar, with unspecified
kernel. Basically, if one thinks about what happens in an algebraically
lifted plane, this will be the situation we are trying to replicate.
There are two principal situations where the use of Baer groups

provides double-retraction. First, two Baer groups of order q + 1 in
translation planes that admit a subkernel isomorphic to GF (q2) and
two Baer groups of order (2, q − 1)(q + 1) in translation planes that
admit a subkernel isomorphic to GF (q). Of course, when q is even, we
may use either of these conditions for our results.

Definition 60. Let B1 and coB1 be distinct commuting Baer groups
of the same order and in the same net of degree q2a−1r + 1 in a trans-
lation plane π of order q2ar and kernel containing K for (r, 2) = 1. If
either K is isomorphic to GF (q2) and B1 is divisible by q + 1 or if
K is isomorphic to GF (q) and B1 is divisible by (2, q − 1)(q + 1), the
pair (B1,coB1) shall be called a ‘double-Baer group.’The ‘order’of the
double-Baer group is the order of either Baer group in the set.

Definition 61. Any Baer group whose order is that of a double-
Baer group is said to be ‘critical.’

We continue the notation established in the previous definition for
all sections of this chapter.
Now assume that we have a double-Baer group of order divisible by

q + 1 and a translation plane of order q2ar, where there is a subkernel
of Kq2 isomorphic to GF (q2).

Lemma 31. We may choose coordinates so that B1 and coB1 have
the following representation:

B1 =
〈
diag(I, A, I, A);A ∈ K+

1 of order dividing q + 1
〉

and

coB1 =
〈
diag(C, I, C, I);C ∈ K+

2 of order dividing q + 1
〉
,

where both K+
1 and K

+
2 are fields isomorphic to GF (q2), and K+

i is the
Kq-module generated over Kq by A or C, respectively, for i = 1, 2.

Proof. We shall leave this proof to the reader, merely mentioning
that Baer groups are linear over Kq. �
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Therefore, we have the following representation for B1coB1K
∗
q2:

B1coB1K
∗
q2 = 〈diag(Cα,Aα,Cα,Aα)〉 ,
A ∈ K+

1 , C ∈ K+
2 of orders dividing (q + 1)

and α ∈ Kq2 − {0}.

We note our previous argument in the dimension 2 algebraically lifting
situation applies directly here to show that the order of this group is
(q + 1)(q2 − 1).

B1coB1K
∗
q2 = 〈diag(Cα,Aα,Cα,Aα)〉

=

〈
diag(D,E,D,E);Dq+1 = Eq+1,

for D ∈ K+
1 , E ∈ K∗2

〉
.

Since K+
1 and K+

2 are isomorphic fields of matrices containing Kq,
they are conjugate by anKq-matrixH. So, letK+H

2 = K+
1 and consider

the following fields:

Lσ =
〈
diag(D,DσH , D,DσH);D ∈ K+

1 , σ automorphism of K+
1

〉
.

By our previous argument L∗σ belongs to our group if and only if σ = 1
or q. We now have the conditions for double-retraction as given in
Theorem 82. Of course, in this setting, A and C are in the kernel
group Kq2 but in a related setting to follow, this will not be the case.
Hence, we have the following theorem.

Theorem 83. Let π be a translation plane of order q2ar for (r, 2) =
1, admitting a double-Baer group of order divisible by q+ 1 with kernel
containing Kq2 isomorphic to GF (q2).

From the double-Baer group, there are exactly two retraction fields
Lσ, for σ = 1 or q, for the translation plane so we have double-
retraction.

We now consider a somewhat related situation, that of a translation
plane of order q2ar with kernel containing Kq isomorphic to GF (q) that
admits a double-Baer group of order divisible by (2, q− 1)(q+ 1). Now
just as before we see that we can still create two fields Lσ, for σ = 1 or
q. In particular, we have

B1coB1K
∗
q =

〈 diag(Cα,Aα,Cα,Aα);
C and A have orders divisible by

(2, q − 1)(q + 1)z and α ∈ K∗q

〉
.

The order of this group is ((2, q − 1)(q + 1))2(q − 1)/I, where I is the
intersection of B1coB1 and K∗q . In order that an element of g ∈ B1coB1



Combinatorics of Spreads and Parallelisms 203

be also in K∗q , then C = A has order dividing (q− 1). It is not diffi cult
to establish the following: We have the subgroup of B1coB1K

∗
q〈

diag(D,E,D,E);Dq+1 = Eq+1, for D ∈ K+
1 , E ∈ K∗2

〉
of order (q + 1)(q2 − 1), and we obtain the fields Lσ, for σ = 1 or q,
exactly as in the previous situation.
However, in this setting, the field L1 need not be a kernel homology

group. Therefore, we obtain the following theorem:

Theorem 84. Let π be a translation plane of order q2ar for (r, 2) =
1, admitting a double-Baer group of order divisible by (2, q − 1)(q + 1)
with kernel containing Kq isomorphic to GF (q).
(1) From the double-Baer group, we may construct two retraction

fields Lσ, for σ = 1 or q, for the translation plane so we have double-
retraction.
(2) If the plane has kernel GF (q2), but L1 is not a kernel homology

group, we obtain triple-retraction.

3. Fusion of Baer Groups

We have mentioned previously that some of the ideas of double-Baer
groups comes from what happens when deriving semifield planes, where
the derived net is invariant under the affi ne homology groups associated
with the fused right and middle nuclei. (The reader is directed to the
article by Jha and Johnson [87] for more on fusion of nuclei). Here is
the important point in theorem form.

Theorem 85. Let π be a semifield plane of order q2ar and kernel
containing K isomorphic to GF (q), for (r, 2) = 1. Assume that the
right nucleus and middle nucleus of the associated semifield contain
fields isomorphic to GF (q2). If there is a derivable net that contains
a middle nucleus net invariant under the associated affi ne homology
group, then the derived plane admits a double-Baer group.

Definition 62. Let π be a translation plane of order q2ar admitting
a double-Baer group. Then both associated Baer groups are represented
by fields K+

1 and K+
2 isomorphic to GF (q2). If these fields can be

identified, we shall say that the Baer groups are ‘fused.’
Let B1 and B2 denote the two Baer groups of the double group. If

there is a field L+ isomorphic to GF (q2) whose multiplicative group
is a collineation group such that B2 ⊆ B1L

+∗, we shall say that L+

‘intertwines’the double group, or that L+ is an ‘intertwining field’for
the double group.
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We note that when the fields corresponding to the Baer groups in
a double-Baer group are fused, we still might not have the situation
that one of the fields constructed above Lσ, for σ = 1 or q is a kernel
homology group.
We want now to somehow find a retraction group from double-Baer

groups, just as we did in the Jha-Johnson lifting theorem. We note
that fusion is obtained when a double-Baer group actually commutes
with a retraction field, but this is not a necessary condition.

Theorem 86. Let π of order q2a r and kernel containing K iso-
morphic to GF (q) admit spread-retraction relative to the group G1K

∗.
Assume that a double Baer group B1B2 commutes with G1K

∗. Let N
denote the net containing the axes of the Baer groups Bi, for i = 1, 2.

(1) Then G1K
∗B1B2 fixes at least two components of the net N

containing the axes of Bi, i = 1, 2.
(2) Assume that G1K

∗ fixes all components of the net N .
(a) Then the kernel of the Baer subplane FixBi contains

G1K
∗ ∪ {0} = L+.

(b) Furthermore, the double Baer group may be fused and L+

is an intertwining field for the double group.

Proof. Here is a sketch of the proof. The full explanation is given
in Jha and Johnson [83]. The double Baer group fixes a set of q2a−1r+1
components, which are necessarily permuted by G1K

∗, a group of order
q2 − 1. The component orbit lengths of G1K

∗ are 1 and q + 1. Since
q + 1 divides q2a−1r − 1, it follows that there must be a common set
of at least two fixed components, say, L and M . Decompose both L
and M relative to K+

1 and an easy argument shows that B1 and B2

must diagonalize relative to K+
1 in the same manner on both L and

M. Furthermore, the group element acting on a 1-dimensional K+
1 -

subspace on L orM must act on that 1-space as a K+
1 -scalar mapping.

Assume that on L, B1 has the general form:

(x1, .., xq2a−1r) 7−→ (a1x1, a2x2, a3x3, a4x4, ...)

for ai ∈ K+
1 of orders dividing q + 1. It then is not diffi cult to show

that a generator h1 for B1 maps on L

(x1, .., xq2a−1r) 7−→ (cx1, x2, c
qλ(3)

x3, x4, c
qλ(5)

x5, ..),

where c has order q+1. The analogous decomposition may be assumed
on M.
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Then a simple counting argument (left to the reader to complete)
will show that either we have all c′s, all cq′s, or half c′s and half cq′s
relative to B1.
However, we have assumed that the group G1K

∗ fixes all compo-
nents on the net N defined by π1 and π2. Since G1K

∗ leaves π1 and
π2 invariant and fixes all components on N , it must induce a kernel
homology group of order q2 − 1 on both subplanes.
In this case, then choosing a third component of N as y = x,

the representation already given for G1K
∗ is basically valid over the

translation plane, since now x = 0, y = 0, y = x are fixed. However,
the representation of B1 must then have all c′s or all cq′s. In other
words, we may represent the group B1 as previously

B1 =
〈
diag(I, A, I, A); A ∈ K+

1 of order dividing q + 1
〉
.

Now since the kernel acting on π2 is diag(A,A), it follows that
L+ acting on π1 is K+

1 . It now follows that A = aq−1I2a−2r (recalling
that a ∈ K+

1 isomorphic to GF (q2)). Furthermore, we now have that
a1−qI2arB1 is B2. Hence, the double group may be fused and L+ is an
intertwining group. �
The following two corollaries and theorem now follow fairly directly.

Corollary 24. Let π be a translation plane of order q2a r and ker-
nel containing K isomorphic to GF (q). If π admits spread-retraction
with a group G1K

∗ and admits a Baer group B1 of order q + 1 such
that B1 and G1K

∗ commute and G1K
∗ fixes all components of the net

N containing FixB1 then there is a double group of order q + 1 and
two intertwining fields.
Hence, the plane admits double-retraction.

Corollary 25. Let π be a translation plane of order q2a r and
kernel containing F isomorphic to GF (q2).
(1) If π admits a Baer group of order q + 1, then a double group

exists with intertwining field F .
(2) Furthermore, then the three fields, kernel, and two associated

Baer-fields may be fused.
(3) Double-retraction exists.

Theorem 87. Let π be a translation plane of order q2ar, (r, 2) = 1
with subkernel F isomorphic to GF (q2) containing K isomorphic to
GF (q).

(1) If π admits t distinct commuting Baer subgroups of order q+ 1,
then π admits (t + 1)-retraction and has kernel a subfield of GF (q2r),
where r is odd.
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(2) Moreover, for 2a−1r = n and if t = 2n − 1, then π admits
symmetric homology groups of orders q + 1.

4. Double-Homology Groups

Now the idea is to show some sort of converse, something like double
retraction is equivalent to the existence of a double-Baer group, and this
is almost true. We need to add in the concept of a ‘double-homology
group.’

Theorem 88. Let π be a translation plane of order q2ar and kernel
containing K isomorphic to GF (q).
(1) When q is even, a double-Baer group of order q + 1 implies

double-retraction.
(2) For arbitrary order, a double-Baer group of order q + 1 with

intertwining field implies double-retraction.
(3) A double-Baer group of order (2, q − 1)(q + 1) implies double-

retraction.
(4) Double-retraction implies a double-Baer group of order q + 1

or two commuting homology groups of order q + 1; a ‘double-homology
group’of order q + 1.
(5) A double-homology group of order q + 1 in a semifield plane

implies double-retraction.

Proof. It remains to prove (4) and (5). Assume that we have
double-retraction. Write one of the fixed-point-free groups as G1K

∗

and decompose the space so that this group looks like a scalar group
of order q2− 1 generated by z 7−→ az. Then, we know that the second
group G2K

∗ must look either like xi 7−→ axi or xj 7−→ aqxj and there
are exactly half a′s and half aq′s. It follows that by multiplication, we
may obtain a commuting pair of homology groups of order q + 1 or a
double-Baer group of order q + 1, which proves (4).

Now assume that we have a semifield plane and we have a double-
homology group of order q+1. Hence, we must have a double-homology
group of order q2− 1. Moreover, we can ‘fuse’the nuclei. The possible
products produce two fixed-point-free fields of order q2 − 1. We need
to show that these fields contain the K-kernel homology group of order
q − 1. Let a subgroup of the product of the two homology groups be
given by:

F qλ :
〈

(x, y) 7−→ (xA, yAq
λ

);A ∈ F+∗
〉
,

where F+∗ is a field of order q2. However, since the homologies are K-
linear groups, it follows that F+∗ commutes with the kernel homology
group K∗ so that by Schur’s lemma, 〈F+∗, K∗〉 is contained in a field.
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It follows by uniqueness of cyclic groups that K ⊆ F+. Hence, both
F qλ for λ = 0 or 1 produce retraction. Therefore, double-retraction
exists. This proves (5). �
We give some formal definitions.

Definition 63. Let π be a translation plane of order q2n and kernel
containing K isomorphic to GF (q). A ‘double-homology group’ is a
pair of commuting homology groups of orders divisible by the order of
a critical Baer order. A ‘doubly-generalized central group’ is either a
double-homology group or a double-Baer group.

Corollary 26. Let π be a semifield plane of even order q2n and
kernel containing K isomorphic to GF (q).
Then double-retraction is equivalent to a double-generalized central

group of order (q + 1), when the kernel contains GF (q2).

We now assume that we have a translation plane of order q2ar,
which has kernel isomorphic to GF (q2) and also assume that we have
right and middle subnuclei isomorphic to this subkernel F . Assume
that we can fuse these nuclei (this is possible, for example, when the
plane is a semifield by Jha and Johnson [87]). Let Q denote a quasi-
field coordinatizing the plane π. Let K be a subkernel subfield of F
and isomorphic to GF (q). If K commutes with Q, then there is an
associated K-regulus in the spread. Furthermore, we assume that F
does not commute over the associated quasifield. Then, we take the
subkernel F acting as z 7−→ az for all vectors z, writing the vector
space over F . Moreover, if the axis and coaxis are taken as x = 0 and
y = 0, we have the action of either homology group as z 7−→ atz, where
t = 0, 1 or q, assuming that K commutes with the quasifield.
We claim that from the two homology groups, we obtain two dis-

tinct retraction-groups not equal to the kernel group. Each of these
groups provides, in turn, a double-Baer group of order q + 1. Hence,
we obtain

Theorem 89. Let π be a translation plane of order q2ar, (r, 2) = 1,
with subkernel F isomorphic to GF (q2). Assume that we have right and
middle subnuclei, which are both fields, and, which are field-isomorphic
to this subkernel F . Let K denote the subfield isomorphic to GF (q).
If the associated quasifield commutes over K but does not com-

mute over F, then we obtain commuting double-Baer groups provid-
ing double-retraction, as well as double-homology groups that provide
double-retraction.

Now applying this to semifield planes, we obtain:
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Theorem 90. Let π be a semifield plane of order q2ar, for (r, 2) =
1, admit subnuclei, left, right and middle all isomorphic to GF (q2).
Assume also that there is a double-Baer group of order q+1 that is not
in the group generated by the three associated homology groups.
Then π admits triple-retraction.

Proof. Since we have a semifield plane, we know that we can
fuse the nuclei. By the above theorem, a double-Baer group must be
commensurate with a kernel group of order q2 − 1. �

5. Dempwolff’s Double-Baer Groups

Here we mention some new classes of translation planes that admit
double-Baer groups due to Dempwolff [39]. Consider the following
matrices: 

u 0 at+ btq (ct+ dtq)q

0 uq ct+ dtq (at+ btq)q

t 0 uq 0
0 tq 0 u

 ;u, t ∈ GF (q2),

a, b, c, d constants.
Dempwolff shows that it is always possible to find situations so that

acd 6= 0, and when this happens, one obtains a completely new class
of semifields.
Furthermore, the semifield plane is derivable, and a right and mid-

dle homology group corresponding to the right and middle nuclei of
order q − 1 will become into Baer groups in the derived plane. There-
fore, the derived plane of order q4 admits two Baer groups of order
q − 1. Now we need to modify the orders to fuse the Baer groups into
a double-Baer group. This happens where q = p2ar and (2, r) = 1;
then we have a plane of order p2a+2r with two Baer groups of order
p2ar − 1. Assume that q = h2, so we have two Baer groups of order
h + 1 in a translation plane of order h8 with kernel GF (h2). There-
fore, we obtain double-Baer groups that are fused, and hence, we have
double-retraction.

Theorem 91. The class of Dempwolff semifield planes π of order
q4, for acd 6= 0, listed above are derivable.
(1) When q is a square, let π∗ denote the translation plane obtained

by derivation of the net

x = 0, y = x diag(u, uq, uq, u); u ∈ GF (q2).
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There is a collineation group of order q = h2 that contains a kernel
subgroup of order h− 1 and is fixed-point-free, and we obtain a double-
Baer group and double-retraction.
(2) Hence, there is a retraction to a mixed subgeometry partition of

PG(7, h2) by subgeometries isomorphic to PG(7, h) or PG(3, h2).

Dempwolff considers generalized Knuth semifields defined as fol-
lows: Let q = pk for m = 2k and define multiplication as follows:

(u, v) ∗ (x, y) = (ux+ gvp
a

yp
b

, y + vxp
k

), for u, v, x, y ∈ GF (q2 = pm),

where a, b ∈ {0, 1, ..,m− 1} and such that pm 6= pm(pb+1+p|a−b|+1+pk+b−1)

and g inGF (pm) and of order not pm(pb+1+p|a−b|+1+pk+b−1). We note that
the kernel is GF (p(a,m)), the middle nucleus is GF (p(k+a−b,m)), and the
right nucleus is GF (p(k−b,m)). In all cases, there is a Baer group of
order q + 1 = pk + 1. Moreover, the semifield plane is derivable with a
net of the form

x = 0, y = x diag(u, uq, uq, u);u ∈ GF (q2).

First, assume that a is even so that we have a subkernel GF (p2(a/2,k)).
Now consider GF (p2(a/2,k)) ∩ GF (q2) = GF (p2(a/2,k,2k)). Assume that
k is odd, so since (a/2, k, 2k) divides k, we see that we have a sub-
Baer group of order p(a/2,k,2k) + 1 = p(a/2,k) + 1. This means we have a
double-Baer group of order p(a/2,k) + 1, and hence by Corollary 25, we
have double-retraction. Therefore, we have the following theorem:

Theorem 92. Consider the semifield

(u, v) ∗ (x, y)

= (ux+ gvp
a

yp
b

, y + vxp
k

), for u, v, x, y ∈ GF (q2 = pm).

Assume that a is even and k is odd (a ≤ 2k − 1). Then there is a
double-Baer group of order p(a/2,k) + 1, which may be fused so that
double-retraction occurs.

When we derive the net, we obtain Baer groups of orders p(k+a−b,m)−
1 and p(k−b,m)−1, and we may fuse the obvious intersection Baer groups
of orders p((k−a−b,2k),(k−b,2k)) − 1. In this case, we have double-Baer
groups of this order. The kernel of the derived plane is

GF (q) ∩GF (p(a,2k)) = GF (p(a,2k,k)) = GF (p(a,k)).

Furthermore, we may fuse all subnuclei isomorphic to

GF (p(a,2k)) ∩GF (p(k+a−b,2k)) ∩GF (p(k−b,2k))

= GF (p((a,2k),(k+a−b,2k),(k−b,2k))).

And if the subfield is a squareGF (h2), then we obtain double-retraction.



210 Ubiquity of Subgeometry Partitions

Theorem 93. The derivation of the semifield plane listed in the
previous theorem admits two fused Baer groups of order

p((k−a−b,2k),(k−b,2k)) − 1.

If

((a, 2k), (k + a− b, 2k), (k − b, 2k))

is even, then we obtain double-Baer groups and double-retraction.

6. Subgeometry Partitions from Going Up

So, in the previous sections, we have come down, so to speak, from a
t-spread in a 2t-dimensional vector space to a focal-spread of type (t, k),
and with the appropriate retraction group inherited by the k-cut, we
may construct interesting subgeometry partitions from existing ones.
We now start from below and ‘go up’ with the same goal. We wish
to construct subgeometries from focal-spreads arising from the going
up process. So, we wish to consider all of this from the context of
various new subgeometry partitions constructed using the k-spreads in
tk-dimensional vector spaces, basically using a variation of the Sperner
spread construction process.

We begin again with a subgeometry partition and ask what such a
going-up process might imply for subgeometries. Recall that we con-
struct a k-spread from the Sperner spread construction process from
suitably many k-spreads in 2k-dimensional subspaces (that is, from
translation planes of order qk), and we then use this construction to con-
struct our focal-spreads as well as our generalized focal-spreads (where
the dimension is larger than t+ k, in the type (t, k) situation).
So assume that we have a subgeometry partition of PG(z−1, qw) by

subgeometries isomorphic to PG(l − 1, qe), for various values of l and
e and assume that the subgeometry partition arises from a k-spread
over GF (q). If we begin with a vector space of dimension ks over
GF (q), then for w dividing ks, we would have a subgeometry partition
of PG(ks/w − 1, qw) by subgeometries isomorphic to PG(l − 1, qe),
again for many various values of l and e. In the context of focal-
spreads of type (k(s − 1), k) arising from the going up process, the
question is whether the subgeometry partitions of the k-spread may be
modified to construct subgeometry partitions of the associated focal-
spread. All of the subgeometry partitions arise from groups acting
on the individual translation planes of order qk that are used in the
construction of the k-spread in the ks-dimensional vector space over
GF (q), and which fix two components x = 0, y = 0 that we identify



Combinatorics of Spreads and Parallelisms 211

so that a group G of type given in Theorem 20 acts on the focal-
spread. This is the key issue– to make this group a retraction group
that produces at least a quasi-subgeometry partition. Therefore, if
the vectors are (x1, x2, .., xs), where xi are k-vectors, for i = 1, 2, .., s,
and the focus is the k(s − 1) dimensional vector space with equation
xs = 0, the group G of order qw − 1, for w dividing k, will leave
xs = 0 invariant, and we may consider one of the subgeometries in a
subgeometry partition to be PG(k(s− 1)/w− 1, qw). Now noting that
the same construction will work in focal-spreads of type (k(t−1), k(t−
m), k), we obtain the following theorem:

Theorem 94. Using the Sperner k-spread construction Theorem,
if a subgeometry partition of PG(ks/w − 1, qw), for w dividing k, by
subgeometries of type PG(l − 1, qe) for various values of l and e, is
constructed, then using the going up process, we also obtain a subge-
ometry partition with the same sort of collection of subgeometries but
with an extra type of subgeometry PG(k(s−m)/w− 1, qw), where m is
any integer so that s−m > 1.

Of course, we may consider all of these ideas in a much more general
setting, and the reader is directed to [99] for the construction of a great
many subgeometry partitions of projective spaces. In particular, if the
retraction group is of order qw−1, then for each divisor e of w, assume
that it is possible to find subgeometry partitions of PG(ks/w−1, qw) by
subgeometries isomorphic to PG(l−1, qe). Then the bonus is that there
are related subgeometry partitions with an extra type of subgeometry
PG(k(s−m)/w − 1, qw).

7. Algebraic Lifting of Focal-Spreads

We may now use the ideas presented in the Jha-Johnson lifting
theorem coupled with k-cuts of subgeometry partitions to obtain some
new subgeometry partitions.
Here are the main points: given a spread in PG(3, q), algebraically

lift to a spread in PG(3, q2) and then derive the plane of order q4.
Locate and fuse the Baer groups. There is now an associated retraction
group, which has q2 + 1 invariant components and (q4 − q2)/(q + 1) =
q2(q2 − 1)/(q + 1) = q2(q − 1) orbits of length q + 1.
By Theorem 23, noting that we have a 4-spread, we choose x = 0

and a 1-space on y = 0 over the retraction group/field isomorphic to
GF (q2). Then we construct a focal-spread of dimension 4+2 with focus
of dimension 4 that admits a retraction field isomorphic to GF (q2).
This constructs a subgeometry partition of PG(6/2−1, q2) = PG(2, q2)
with one subgeometry isomorphic to PG(4/2 − 1, q2) = PG(1, q2), q2
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subgeometries isomorphic to PG(2/2−1, q2) = PG(0, q2) and q2(q−1)
subgeometries isomorphic to PG(2 − 1, q) = PG(1, q). Here is the
outcome of similar analysis of k-cuts spreads, thereby creating k-cuts
of subgeometry partitions.

Theorem 95. From any spread in PG(3, q), and q = pr and e
a proper odd prime divisor, let 2jr = 2jse and k = 2ie, for i =
2, 3, .., 2j−1s − 1, where j ≥ 2. Then it is possible to construct sub-
geometry partitions of

PG((2jr/e+ k)/2− 1, p2e)

by

one PG(2jr/e− 1, p2e),

p2r PG(k/2, p2e)’s, and

p2r(pr − 1)/(p− 1) PG(k − 1, pe)’s.

Proof. The process of algebraic lifting from a spread in PG(3, q)

to a spread in PG(3, q22
) can be repeated to construct a spread in

PG(3, q222), and so on. Hence, j is any integer at least 2. �

Now there is a very general concept of general algebraically lifting,
which we shall call ‘lifting and twisting,’by which we may algebraically
lift (2, k)-spreads and then twist the groups so that we obtain a group
acting in the manner of Theorem 20. This then will imply that there is a
retraction group action on the constructed k-spread in a tk-dimensional
vector space, which, in turn, will act on the associated focal-spread
obtained using the going up procedure, which will then act on the
focal-spread obtained by the going up procedure. The main result in
this regard is as follows. The reader is directed to the article by Jha and
Johnson [80], but if one would think about the natural action of the
group inherited from a lifting procedure and the requirement that the
group act on the constructed spread the concept of the ‘twist’ would
become apparent.

Theorem 96. (Jha and Johnson [80]) Choose any set of
z−2∑
j=0

(
z
j

)
(z−

j − 1) = Nz spreads in PG(3, q). Algebraically lift and twist each of
these spreads. Apply the 2-spread construction to construct a 4-spread
of an 8z dimensional GF (q)-space, with

(q4z − 1)/(q4 − 1)

2-spaces over GF (q2).
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(1) This 2-spread over GF (q2) admits a retraction group G of order
q2− 1, such that the union of the zero vector gives a field F over which
the ambient space is an F -space.

(2) The group G fixes exactly (q2z − 1)/(q2− 1) components. If K∗

denotes the kernel homology group of order q2 − 1, then in GK∗, there
is a group of order q + 1 that fixes pointwise a subspace of dimension
4z over GF (q). We call this a ‘Baer subspace.’
(3) Since the group G contains the scalar homology group of order

q−1, we may ‘retract’the spread to produce a subgeometry partition of
PG(4z−1, q2) by subgeometries isomorphic to PG(3, q) and PG(1, q2).
In particular, there are exactly

(q2z − 1)/(q2 − 1)

PG(1, q2)’s and(
(q4z − 1)/(q4 − 1)− (q4t − 1)/(q2 − 1)

)
/(q + 1)

PG(3, q)’s.
(4) We may derive any of the 2-spreads by the subspace given by

x = 0, y = 0, y = x

[
0 uq

u 0

]
;u ∈ GF (q2)∗.

We note that the group G leaves this spread invariant, fixes two compo-
nents, and has (q − 1) orbits of length q + 1. The group fixes two Baer
subplanes of the net and has q−1 orbits of length q+1. To re-represent
this spread, we obtain the derived spread in the form:

x = 0, y = 0, y = xq
[

0 u
u 0

]
;u ∈ GF (q2)∗.

The spread

x = 0, y = x

[
u F (t)
t uq

]
, for all u, t ∈ GF (q2),

when derived and twisted is

x = 0, y = 0,

y = x

[
F (t)− t−1uq+1 −ut−1

t−1uq t−1

]
,

for all u, t 6= 0 ∈ GF (q2),

y = xq
[

0 u
u 0

]
;u ∈ GF (q2)∗,

where xq means to apply the automorphism

to the elements of the 2-vector.
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The group G acts on the derived spread and has the same form. The
group maps

y = x

[
F (t)− t−1uq+1 −ut−1

t−1uq t−1

]
to y = x

[
F (t)− t−1uq+1 −(aq−1u)t−1

t−1(aq−1u)q t−1

]
.

Hence, any of these general spreads also admit the retraction group G
and produce additional examples of subgeometry partitions of PG(4t−
1, q2) by PG(3, q)’s and PG(1, q2)’s. G acts as a ‘Baer group’of the
‘multiply-derived’spreads.
Note that if we derive any of the spread, we obtain a set of 4-

dimensional subspaces over GF (q). Hence, the derivation of any spread
produces a 4-spread in the 8z-dimensional space over GF (q).

(5) If we choose the Nz spreads in PG(3, q) to be mutually non-
isomorphic, then the lifted and twisted spreads are mutually non-isomorphic.
Therefore, the collineation group of the constructed 2-spreads or 4-
spreads must leave invariant each of the 2-spreads (4-spreads).

(6) To construct the spreads, we use the notion of a j-(0-set). We
may choose any ordering we like and the constructed 2-spreads will not
normally be isomorphic. Hence, we obtain Nz! 2-spreads of dimension
8z over GF (q). Then, for each of these spreads, we may choose any
set to derive. Hence, there are

2Nz !

possible ways to do this for each of the Nz! spreads. Therefore, we
obtain

Nz!2
Nz

possible mutually non-isomorphic spreads, all of which give rise to sub-
geometry partitions of PG(4z − 1, q2) by subgeometries isomorphic to
PG(3, q)’s and PG(1, q2)’s.

The reader interested in continuing reading about these ideas is
directed to the article by Jha and Johnson [80].



Part 4

Flocks and Related Geometries



In this part, we consider flocks and the translation planes connected
with them, as well as generalizations of these ideas. As it is not much
more diffi cult to consider spreads covered by pseudo-reguli as opposed
to spreads covered by reguli, we give the more general theory in this
first chapter. The ideas presented here will also pave the way for the
study of flocks of α-cones.
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CHAPTER 15

Spreads Covered by Pseudo-Reguli

In this chapter, we consider spreads in PG(3, K) that are covered by
pseudo-reguli that share a given line, which we call ‘conical spreads’in
PG(3, K), and we consider spreads which are covered by pseudo-reguli
that share two given lines, which we call ‘ruled spreads’and formulate
the corresponding theory. In the following chapter, we consider conical
and hyperbolic flocks that correspond to spreads that are unions of
reguli, sharing either one or two common components. However, there
are translation planes whose spreads are unions of derivable nets that
are not given by reguli over the field or projective space in question.
This is true both for the finite and infinite cases. Thus, we include
here a study of a more general situation than encountered in spreads
corresponding to flocks.
Although it seems natural enough to consider this study in the con-

text of derivable nets, this material originated not with derivable nets
but with the consideration of flocks of quadric sets. In the next chap-
ter, we sketch part of the theory interconnecting coverings of quadrics
by planes to the analysis of spreads covered by reguli. However, we
choose to work from the general to the specific in this instance. This
and the following chapters on flocks of hyperbolic and quadratic cones
are also in the author’s Subplanes text with a few changes in form. We
include these chapters here for convenience and completeness.

1. Pseudo-Reguli

There are some technical problems forming unions of pseudo-reguli
that can occur because of the possible non-commutativity of multiplica-
tion of K so we consider what are called ‘normal sets’of pseudo-reguli.
We have discussed a geometric version of a ‘regulus’ in PG(3, q),

and a pseudo-regulus is only defined algebraically. Furthermore, we
have defined a K-regulus as a pseudo-regulus over a field and have
given a geometric definition.

We now consider a possible geometric definition of a pseudo-regulus.
This is not completely satisfactory, but it gives some insight as to the
diffi culties in working with non-commutative geometries.

217
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It has been shown that given a derivable net N algebraically repre-
sented as a pseudo-regulus net with reference to a skewfield K then the
derived net N∗ may be algebraically represented with reference to the
skewfield Kopp where multiplication ◦ in Kopp is defined by a ◦ b = ba
where juxtaposition denotes multiplication in K.
We recall that if the vector space V of points is a left vector space

over the skewfield K then the lines of the derivable net incident with
the zero vector are not necessarily always 2-dimensional left K-vector
subspaces although they are natural 2-dimensional right K-vector sub-
spaces. However, the Baer subplanes incident with the zero vector are
left 2-dimensional left K-vector spaces.

For the derived net, the situation is reversed. The lines of the de-
rived net incident with the zero vector are not always 2-dimensional left
Kopp-vector subspaces but they are natural 2-dimensional right Kopp-
vector subspaces as they are always 2-dimensional left K—subspaces.
Similarly, the Baer subplanes incident with the zero vector of the de-
rived net are 2-dimensional left Kopp-vector spaces as they are the
lines of the original net incident with the zero vector, which are 2-
dimensional left K-vector subspaces.

Since we would like to represent the lines of our derivable net within
the lattice of left subspaces of a 4-dimensional left vector space, we
dualize everything and note the following:

Remark 30. Let N denote a derivable net with lines incident with
the zero vector represented in the form y = xδ for all δ in a skewfield
J , where the associated vector space V is a 4-dimensional left J-space
and the lines indicated are 2-dimensional left J-subspaces.
So, the lines of N incident with the zero vector become lines in the

projective space Σ isomorphic to PG(3, J)L defined as the lattice of left
vector J-subspaces.
In terms of a given basis, V may also be defined as a 4-dimensional

right or left Jopp-vector space V ∗ and the lines of N∗ incident with
the zero vector become lines in the projective space Σ∗ isomorphic to
PG(3, Jopp)L defined as the lattice of left vector Jopp-subspaces.
Choose a left K-basis B = {ei for i in λ}. For a vector Σxiei, xi

in K for i = 1, 2, 3, 4, a left space over Kopp may be defined as follows:
u ◦ Σxiei = Σxiuei = Σ(u ◦ xi)ei. So, there are many ways to form a
projective space PG(3, Kopp), if K is a non-commutative skewfield.

Remark 31. In the following, we shall be considering always ‘left’
vector spaces over either K or Kopp, so we shall use simply PG(3, K)
to denote PG(3, K)L.
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Note that a right 1-dimensional K—subspace may not be associated
with a ‘point’of PG(3, K), but it would be a ‘point’of PG(3, Kopp).
If the associated vector space is considered over Z(K), we call 1-

dimensional Z(K)-subspaces, ‘Z(K)-projective points.’

Definition 64. Let S be any set of mutually skew lines of PG(3, K).
A ‘vector-transversal’L to S is a line of some PG(3, Kopp) of Z(K)-
projective points with the property that L as a left Z(K)-subspace has
a nontrivial vector intersection with each line of S as a left Z(K)-
subspace such that the direct sum of any two such intersections is L.
A ‘point-transversal’ to S is a line of PG(3, K) that is also a vector-
transversal.
A ‘projective pseudo-regulus’R = R

{U,V,W}
{L,M,N} in PG(3, K) is a set

of lines (as left 2-dimensional K-vector spaces) containing {L,M,N}
with a set of points {U, V,W} of L such that any line T that intersects
L in either U, V, or W and also intersects M and N intersects each
line of R and T is contained in the set of these intersections. So, any
such line T becomes a point-transversal.

Remark 32. We have previously defined the pseudo-regulus net.
Here we consider the corresponding net defined by a projective pseudo-
regulus also called a pseudo-regulus net. We shall show that there is no
distinction between the two nets and thus the terminology is justified.
Furthermore, when it does not present problems, we shall use the same
notation for the pseudo-regulus and the corresponding net and allow
context to dictate which is under consideration.

Theorem 97. Choose any three mutually skew lines L,M,N of
PG(3, K) and let U, V,W be any three distinct points on L.

(1) Then there exists a unique projective pseudo-regulus R{U,V,W}{L,M,N}
in PG(3, K), which contains L,M,N and which has point-transversals
intersecting L in U ,V , and W .
Furthermore, there is a unique basis such that L,M,N may be

represented in the form y = x, x = 0, y = 0, respectively where
L = 〈U〉 ⊕ 〈V 〉 and W = 〈U + V 〉.
The pseudo-regulus then has the form

x = 0, y = x

[
u 0
0 u

]
for all u in K.

(2) Choose any set {L∗,M∗, N∗} of three mutually skew lines of the
pseudo-regulus R{U,V,W}{L,M,N} . Then there exist points U

∗, V ∗, W ∗, on L∗
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such that
R
{U∗,V ∗,W ∗}
{L∗,M∗,N∗} = R

{U,V,W}
{L,M,N}.

(3) Any pseudo-regulus net is a derivable net (is a standard pseudo-
regulus net).

Proof. Consider the associated 4-dimensional left K-vector space
V . Choose a basis for L as 〈U, V 〉 . Then W = αU + βV for α, β in K.
Choose U∗ = αU and V ∗ = βV . Hence, projectively, we may assume
without loss of generality that W = U + V . Represent V4 = M ⊕ N ,
then there exist unique elements mu, mv of M, and nu, nv of N such
that U = mu + nu and V = nv + nu. Then

W = U + V = (mu + nu) + (mv + nv)

= ((mu +mv) = mw) + ((nu + nv) = nw).

It is immediate that {mu,mv} is a basis for M and {nu, nv} is a basis
for N . Now form

TU = 〈mu, nu〉 , TV = 〈mv, nv〉 , TW = 〈mw, nw〉 .
Clearly, TU ∩ L = 〈U〉, TV ∩ L = 〈V 〉 and TW ∩ L = 〈W 〉. Choose a
basis {mu,mv, nu, nv} for V4. In terms of this basis,

V4 = {(x1, x2, y1, y2) | xi, yi ∈ K, i = 1, 2}.
Let x = (x1, x2) and y = (y1, y2). Then L, M , N are y = x, y = 0,
x = 0, respectively. Furthermore,

TU = {(x1, 0, x2, 0) | xi ∈ K, i = 1, 2},
TV = {(0, y1, 0, y2) | yi ∈ K, i = 1, 2},
TW = {(x1, x1, y1, y1) | x1, y1 ∈ K}.

It follows that any component of the pseudo-regulus is of the form

y = x

[
a b
c d

]
for a, b, c, d in K and the intersection with TU , TV , and

TW shows that a = d = u and b = c = 0. Let the pseudo-regulus R be

represented in the form x = 0, y = 0, y = x

[
u 0
0 u

]
for u ∈ λ ⊆ K.

Now in order that TU is contained in {TU ∩ Z | z ∈ R}, we have
{(x1, 0, x1u, 0) | x1 ∈ K} = TU ∀u ∈ λ.

It clearly follows that this forces λ = K so that the pseudo-regulus has
the required form. It follows immediately that any pseudo-regulus is a
derivable partial spread. The derivable net R defined by

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K
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has Baer subplanes

ρa,b = {(aα, bα, aβ, bβ) ∀α, β ∈ K}

and (a, b) 6= (0, 0), and by such a choice of basis for the vector space,
we see that there are at least three 2-dimensional Kopp-subspaces that
are vector-transversals, which are also point-transversals, namely, ρ0,1,
ρ1,0, and ρ1,1 . Note that if Z(K) is isomorphic to GF (2), there are
exactly three lines of PG(3, K), which are point-transversals to this
net. Now assume that there is another pseudo-regulus satisfying these
conditions. Assume that exist three point-transversals γ0, γ1, γ2 (2-
dimensional left K—subspaces) such that γo ∩ L = U, γ1 ∩ L = V and
γ2 ∩ L = W . The question is whether γ0 actually turns out to be TU
above. Since it intersects L in the same subspace, we may assume that
γ0 contains (1, 0, 1, 0). Let (x1, x2, y1, y2) and (1, 0, 1, 0) generate γ0.
Since γ0 intersects x = 0 and y = 0 in a 1-dimensional K—subspaces, it
follows that the only way to manage this is for x2 = 0 and for y2 = 0.
The two indicated vectors are linearly independent so it is clear that
γ0 = 〈(1, 0, 0, 0), (0, 0, 1, 0)〉 = TU . Similarly, γ1 = TV and γ2 = TU .
In other words, any two sets of point-transversals of three elements
to {L,M,N} that intersect L in the same set of points are identical.
Since these point-transversals determine a unique representation, we
have a uniquely defined pseudo-regulus. We have noted that there
are at least three lines of PG(3, K) that are point-transversals to the
pseudo-regulus R{U,V,W}{L,M,N}. By the structure theory for derivable nets
previously determined, there exists a collineation group of the pseudo-
regulus net, which is triply transitive of the components of the pseudo-
regulus and fixes each Baer subplane incident with the zero vector
and hence every vector-transversal. Thus, there exists a collineation σ
of the net that carries {L,M,N} onto {L∗,M∗, N∗} as ordered sets.
Choose U∗, V ∗, W ∗ as Uσ, V σ,Wσ, respectively. Then the above
construction is merely a basis change, so that the two pseudo-regulus
nets are identical. �

Remark 33. Any pseudo-regulus in PG(3, K) has a set of transver-
sal lines in 1− 1 correspondence with a set of cardinality Z(K) + 1.

We note that since the vector-transversals define Baer subplanes of
the net incident with the zero vector, it is not necessarily true that every
Baer subplane incident with the zero vector intersects each component
in a 1-dimensional left K—subspace (point of PG(3, K)).
In fact, the point-transversals are determined by any one intersec-

tion.
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Corollary 27. Let R be any pseudo-regulus in PG(3, K). If a
vector-transversal intersects some line of R in a point (a 1-dimensional
left K-space), then the vector-transversal is a point-transversal (line).

Proof. We may represent R in the standard form

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K.

The vector-transversals are exactly the Baer subplanes ρa,b. Suppose
ρa,b intersects x = 0 in a 1-dimensional left K-space. Then, it follows
that the intersection is {(0, 0, aα, bα) ∀ α in K}. However, this is a
1-dimensional left K-space if and only if a and b are in Z(K), which

implies that the intersection with y = x

[
u 0
0 u

]
is

{(aα, bα, aαu, bαu)∀α ∈ K}
and is a 1-dimensional left K-space. Similarly, if any such intersection

{(aα, bα, aαu, bαu)∀α ∈ K}
is a 1-dimensional left K-space, then a and b are in Z(K) so that all
intersections are 1-dimensional left K-spaces. �

This also proves the following well-known corollary, which we repeat
in order to emphasize the ensuing remarks.

Corollary 28. If K is a field, then there is a unique regulus con-
taining any three mutually skew lines L, M , and N .

Proof. Choose any three points on L and construct the corre-
sponding regulus net. Any vector-transversal is a point-transversal
and corresponds to a Baer subplane of the net. As any three points on
L correspond to unique Baer subplanes of this regulus net, it follows
that the choice of three points on L is arbitrary. �

Remark 34. To illustrate that the previous corollary is not neces-
sarily valid for pseudo-reguli, suppose K is a skewfield such that K 6=
Z(K) ' GF (2). Then, the above result shows that for any three dis-
tinct points U, V,W on a line L of PG(3, K), there is a unique pseudo-
regulus R{U,V,W}{L,M,N} containing {L,M,N}. Furthermore, there are exactly
three Baer-transversals, which are point-transversals to this pseudo-
regulus. So, take any three distinct points U∗, V ∗,W ∗ on L such that
{U, V,W} 6= {U∗, V ∗,W ∗}. Then, it is not possible that

R
{U,V,W}
{L,M,N} = R

{U∗,V ∗,W ∗}
{L,M,N} .
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Hence, there exist skewfields K such that there are infinitely many
pseudo-reguli that share any three mutually skew lines in PG(3, K).

2. Conical and Ruled Spreads over Skewfields

Now suppose thatD is a pseudo-regulus net represented in standard
form. Suppose that a subplane ρa,b intersects x = 0 in {(0, 0, aβ, bβ)
∀β ∈ K}. Assume that a and b are not both in Z(K). Choose the
vector (0, 0, a, b) and let 〈(0, 0, a, b)〉 = U denote the left 1-dimensional
K—subspace generated by (0, 0, a, b). Assume that {x = 0,M,N} is a
set of skew lines in PG(3, K) that is not in D. Choose any other points
V,W of x = 0 and form R

{U,V,W}
{x=0,M,N} = R. Then R and D are pseudo-

reguli, which share at least one line but do not have the property that
the vector-transversals to the two pseudo-reguli partition x = 0 in the
same set of sublines. We shall be interested in situations where there is
such a partition, and, to this end, we formulate the following definition.

Definition 65. Let D1 and D2 be any two pseudo-regulus nets
whose union defines a partial spread in PG(3, K) that share either one
or more components. Assume that on one of the common components L
there exists two points of PG(3, K) (1-dimensional left K—subspaces),
each of which are in point-transversals to Di for i = 1, 2, respectively.
Any two pseudo-reguli sharing one or more two lines, whose nets

satisfy the above property shall be said to be ‘normalizing’. Further-
more, any set of pseudo-reguli sharing one or more lines each pair of
which satisfies the above property with respect to the same two points
shall be said to be ‘normal set.’ Any such point shall be said to be a
‘normal point.’

Remark 35. If K is a field, any two reguli satisfying the above
conditions are normalizing pseudo-reguli.

Theorem 98. (1) Two normalizing pseudo-reguli in PG(3, K) share
one or two lines.

(2) If two normalizing pseudo-reguli share exactly one line then there
is an elation group with axis the common line that acts regularly on
the remaining lines of each pseudo-regulus. Furthermore, the vector-
transversals to each pseudo-regulus net induce the same partition on
this common line.

(3) If two normalizing pseudo-reguli share at least two lines then
there is a homology group with axis and coaxis the two common lines
that acts regularly on the remaining lines of each pseudo-regulus. Fur-
thermore, on one of the common lines, the vector-transversals to the
various pseudo-reguli induce the same partition on this line.
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Proof. Assume the hypothesis of (2). By appropriate choice of
coordinates, any given pseudo-regulus may be brought into the form

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K.

Let D1 have this standard form. We assume that x = 0 is the common
line. The Baer subplanes incident with the zero vector are

πa,b = {(aα, bα, aβ, bβ)∀α, β ∈ K}.
Note the Baer subplanes that are transversal lines are πa,b where both
a and b are in Z(K). Furthermore, we may assume that the two 1-
dimensional left K—subspaces on x = 0 that belong to transversal lines
of each of the two pseudo-reguli have the general form 〈(0, 0, 1, 0)〉
and 〈(0, 0, 0, 1)〉 . Note that the Baer subplanes of D1 containing the
indicated 1-dimensional left K—subspaces are π1,0 and π0,1 respectively.
Assume that y = xTi for i in λ and x = 0 are the lines of the second
pseudo-regulus net D2. Select two distinct values c, d of λ and change
bases by the mapping

(x, y)→ (x,−xTc + y).

This mapping fixes x = 0 pointwise and carries y = xTc onto y = 0.
Now change bases again by the mapping

(x, y)→ (x(Td − Tc), y).

It follows, after the basis change, that the components of the second
pseudo-regulus net are

x = 0, y = x(Td − Tc)−1(Ti − Tc).
In particular, x = 0, y = x, y = 0 are components of the second net
D2. Since x = 0 is fixed pointwise by both of the above basis changes,
it follows that there are two transversal lines L,M to D2 intersecting
x = 0 in 〈(0, 0, 0, 1)〉 and 〈(0, 0, 1, 0)〉 , respectively such that L ∩ (y =
0) = 〈(m,n, 0, 0)〉 and M ∩ (y = 0) = 〈(s, t, 0, 0)〉. Since L and M
both intersect y = x in a 1-dimensional left K—subspace, it follows
that m = 0 = t. Hence, L and M are π0,1 and π1,0, respectively. It
then easily follows since D2 is a derivable net with partial spread in
PG(3, K), that the components of the net have the general form

x = 0, y = x

[
uσ 0
0 u

]
∀u ∈ K

and σ an automorphism of K. However, there is at least a third
transversal line to the derivable net. Since the Baer subplanes of the
net in question now have the form ρa,b = {(aασ, bα, aβσb, β)}, then
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there exist a, b such that ab 6= 0 and a and b are in Z(K) so it must be
that σ = 1. Hence, the set of images

x = 0, y = 0, y = x(Td − Tc)−1(Ti − Tc)
is equal to

x = 0, y = 0, y = x

[
u 0
0 u

]
∀u ∈ K.

Thus,
Ti = Tc + (Td − Tc)uI∀u ∈ K.

To prove part (2), it suffi ces to show that Td − Tc = voI for some vo in
K. Since x = 0 is fixed pointwise, it would then also follow that the
vector-transversals to both pseudo-regulus nets share the same points
on x = 0. Hence, we have a partial spread

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K,

y = x(Tc + (Td − Tc)vI)∀v ∈ K.

Let Td =

[
a1 b1

c1 d1

]
and Tc =

[
a2 b2

c2 d2

]
. It then follows that all

matrix differences are nonsingular or zero so that we must have[
a2 + (a1 − a2)v − u b2 + (b1 − b2)v
c2 + (c1 − c2)v d2 + (d1 − d2)v − u

]
,

which is nonsingular ∀ u, v ∈ K. Assume that (b1 − b2) 6= 0. Then
choose v so that

b2 + (b1 − b2)v = 0.

Then there exists a u ∈ K such that

a2 + (a1 − a2)v − u = 0.

This is a contradiction so b1 = b2 and similarly c1 = c2. Note that if
c2 = 0 then choosing u = a2 shows the matrix difference to be singular.
Hence, c2d2 6= 0. Also, since c1 = c2 and Td − Tc is nonsingular, it
follows that a1 − a2 6= 0. Then, for each u in K, we may choose v in
K so that

a2 + (a1 − a2)v − u = 1.

This leaves us with the matrix[
1 b2

c2 1− a2 + d2 + ((d1 − d2)− (a1 − a2))v

]
.

Then, in order that the matrix be nonsingular, we must have

b2 − c−1
2 (1− a2 + d2 + ((d1 − d2)− (a1 − a2))v)

6= 0 ∀v ∈ K.
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Clearly, this forces (d1 − d2)− (a1 − a2) = 0. Hence,

Td − Tc =

[
a1 − a2 0

0 a1 − a2

]
.

Thus, there is an associated elation group E of the form〈
1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

 ∀ u ε K
〉
.

Assume the conditions of (3). Let D1 be represented in the form

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K

and choose the two common components to be x = 0, y = 0. Let D2

have components y = xTi and x = 0, y = 0. Further, assume the two
1-dimensional left K subspaces lie on x = 0 and are < (0, 0, 1, 0) > and
< (0, 0, 0, 1) >. Choose a new basis by (x, y) → (xTd, y). Then there
are Baer subplanes in the image of D2 that are 2-dimensional left K—
subspaces that share x = 0, y = 0, y = x and such that the subplanes
intersect x = 0 in 〈(0, 0, 1, 0)〉 and 〈(0, 0, 0, 1)〉. It follows, similarly as
in the previous argument, that the two Baer subplanes have the form

〈(1, 0, 0, 0), (0, 0, 1, 0)〉 and 〈(0, 1, 0, 0), (0, 0, 0, 1)〉 .
Hence, as before, D2 is now represented as

x = 0, y = 0, y = x

[
u 0
0 u

]
∀u ∈ K − {0}.

Thus, Ti = TduI. Hence, there is an associated homology group H of
the form 〈

1 0 0 0
0 1 0 0
0 0 u 0
0 0 0 u

 ∀ K − {0}
〉
.

Since y = 0 is pointwise fixed by the basis change above, this proves
(3). Furthermore, if D2 shares at least three components with D1,
then this will force Td = voI so that the two pseudo-regulus nets are
identical. This proves (1). �
Thus, we have the following result:

Theorem 99. (1) Let π be a translation plane with spread in PG(3, K),
for K a skewfield, which is a union of a normal set of pseudo-reguli that
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share exactly one line L. Then there is an elation group E with axis L
of π that acts regularly on lines 6= L of each pseudo-regulus.

(2) Let π be a translation plane with spread in PG(3, K), which is
a union of a normal set of pseudo-reguli that share exactly two lines L
and M . Then there is a homology group H of π with axis and coaxis L
and M that acts regularly on lines 6= L or M of each pseudo-regulus.

Definition 66. Let π be a translation plane with spread in PG(3, K),
for K a skewfield.
If the spread for π is a normal set of pseudo-reguli sharing exactly

one line L, we shall call π a ‘conical translation plane’and the corre-
sponding spread is said to be a ‘conical spread.’
If the spread for π is a normal set of pseudo-reguli sharing exactly

two lines M and N , we shall call π a ‘ruled translation plane’ or a
‘hyperbolic translation plane’and the corresponding spread is said to be
a ‘hyperbolic’or ‘ruled’spread.

Theorem 100. (1) If π is a conical translation plane, then the
spread for π may be represented in the form

x = 0, y = x

[
u+ g(t) f(t)

t u

]
∀t, u ∈ K,

and for g, f functions on K.
(2) f and g are functions on K such that x2t+xg(t)− f(t) = φx(t)

is bijective ∀ x in K if and only if the functions define a spread of the
form in (1).

(3) If π is a ruled translation plane, then the spread for π may be
represented in the form

x = 0, y = 0, y = x

[
v 0
0 v

]
,

y = x

[
g(t)u f(t)u
tu u

]
∀t, v, u, ut 6= 0 ∈ K,

where g, f are functions on K.
(4) If π is a conical translation plane with line L and a ruled

translation plane with lines L and M such that two normal points (1-
dimensional left K—subspaces) lie on L, then the spread for π may be
represented in the form

x = 0, y = x

[
u+ gt ft
t u

]
∀t, u ∈ K,

where g and f are constants in K.
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Proof. If π is a conical translation plane, choose coordinates so
that the common component is x = 0, and one of the pseudo-reguli has
the form

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K.

We shall refer to this as the standard form. It follows from the above
results that each remaining pseudo-regulus has the form x = 0, y =
x(S + uI ) for a set {S} of 2 × 2 K-matrices. Recall that the set of
components must be of the general form

x = 0, y = x

[
G(t, u) F (t, u)
t u

]
∀t, u ∈ K

and for functions G and F from K×K to K. Since the group E exists
as a collineation group, the result (1) now directly follows. If π is a
ruled translation plane, choose coordinates so that the two common
components are x = 0, y = 0 and that the two 1-dimensional left
K—subspaces referred to in the statement lie on x = 0. Choose one
pseudo-regulus to have the standard form. Since the plane now admits
the group H listed previously, the result (3) now follows immediately.
If π is a ruled translation plane of the type listed in statement (4), use
the form of (1) and apply the group H to obtain the conclusion that

g(t)v = g(tv) and f(t)v = f(tv) ∀t, v 6= 0 ∈ K.
Hence, letting g(1) = g and f(1) = f , (4) is now clear. Assume the
conditions of (2). We have that

x = 0, y = x

[
u+ g(t) f(t)

t u

]
∀t, u ∈ K

and for g(t), f(t) ∈ K for all t ∈ K, defines a spread if and only if, for
each nonzero vector (a, b, c, d) such that not both a and b zero, there
exists a unique pair (u, t) such that

a(u+ g(t)) + bt = c and

af(t) + bu = d.

If a is zero, then there is a unique such pair, namely, (b−1d, b−1c). If
b = 0, then since f(t) is bijective, the unique pair is

(f−1(a−1d), a−1c− g(f−1(a−1d)).

If ab 6= 0 then

b−1af(t)− g(t)− a−1bt = b−1d− a−1c if and only if

z2t+ zg(t)− f(t) = a−1d− a−1ba−1c for z = a−1b.
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Hence, if φz is bijective then, for any given d,c, there is a unique t in
K that satisfies the above equation and defining

u = −a−1b− a−1bt− g(t) = b−1d+ b−1af(t);

there is a unique pair (u, t), which satisfies the first system of equations.
�



CHAPTER 16

Flocks

We have considered affi ne planes that are covered by subplane cov-
ered nets and, in the last chapter, we studied translation planes covered
by pseudo-reguli in two ways. In this chapter, we restrict the skew-field
K to be a field and formulate some of the related theory of flocks of
quadric sets.

1. Conical Flocks

Definition 67. Represent PG(n− 1, K), where K is a field, by 1-
dimensional vector subspaces of a n-dimensional vector space Vn over
K where n is finite.
We may represent points by nonzero vectors (x0, x1, .., xn−1) if we

agree to identify vectors in the same 1-dimensional vector subspace.
A ‘symmetric bilinear form’is a mapping f from Vn × Vn into K

such that
f(αv + βw, u) = αf(v, u) + βf(w, u) and f(v, u) = f(u, v) for all

α, β ∈ K and for all u, v, w ∈ Vn.
A ‘quadratic form’Q is a mapping of Vn × Vn into K with the

following properties:
(1) Q(αv) = α2Q(v) and
(2) Q(v + w) = Q(v) + Q(w) + f(v, w) where f is a symmetric

bilinear form for all α ∈ K and for all v, w ∈ Vn.
A ‘quadric’is the set of points v ∈ PG(n−1, K) such that Q(v) = 0

for some quadratic form. A ‘nondegenerate quadric’is a quadric such
that Q(v) = 0 and f(v, u) = 0 for all u ∈ Vn implies that v = 0.
A ‘conic’is a quadric in PG(2, K).
If K is finite and isomorphic to GF (q), the number of points of a

nondegenerate conic is q + 1.

Definition 68. Let Σ be a 3-dimensional projective geometry iso-
morphic to PG(3, K), where K is a field. Choose a plane πo (so iso-
morphic to PG(2, K)) and a point v0 of Σ− {πo} and let C be a non-
degenerate conic of πo.

231
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We define the ‘quadratic cone’ defined by C and v0 as the set of
points that lie on lines v0c for all c ∈ C. We call v0 the ‘vertex’of the
cone.
A ‘flock’of a quadratic cone is a set of mutually disjoint conics in

planes of Σ whose union is C − {vo}.
For convenience, we represent the points of Σ by (x0, x1, x2, x3) for

all xi ∈ K, not all xi = 0 for i = 1, 2, 3, 4 and the points of πo by
(x0, x1, x2, 0). Then, we may choose v0 as (0, 0, 0, 1).

It turns out that there are canonical forms for conics in PG(2, K)
and quadrics in PG(3, K), but we shall not be overly concerned with
such forms. What we are trying to do is to show that conical transla-
tion planes when K is a field and flocks of quadratic cones are in 1—1
correspondence.

Lemma 32. Given PG(2, K), and points (x0, x1, x2), then

xox1 = x2
2

is the equation of the non-degenerate conic with defining quadratic form
Q : Q(x0, x1, x2) = x0x1 − x2

2.

Proof. The associated bilinear form is

f : f((x0, x1, x2), (x∗0, x
∗
1, x
∗
2)) = x0x

∗
1 + x0x

∗
1 − 2x2x

∗
2.

If Q(x0, x1, x2) = 0, then letting (x∗0, x
∗
1, x
∗
2) equal (1, 0, 0), (0, 1, 0) and

(0, 0, 1) forces x0 = x1 = x2 = 0 so that the conic is non-degenerate. �

Theorem 101. Represent the points of PG(3, K) by homogeneous
coordinates (xo, x1, x2, x3). A flock of a quadratic cone in PG(3, K)
with conic x0x1 = x2

2 in the plane whose points are given by the equation
x2 = 0 and with vertex v0 = (0, 0, 0, 1) has planes represented in the
following form:

tx0 +G(t)x1 + F (t)x2 + x3 = 0

for all t ∈ K and for functions G,F on K.

Proof. Every plane which is not incident with (0, 0, 0, 1) has the
basic form ax0 +bx1 +cx2 +x3 = 0 for a, b, c ∈ K. If there is a flock and
two planes have the same a′s then their intersection is of the general
form (b− b∗)x1 + (c− c∗)x2 = 0. In addition, their intersection on the
quadratic cone whose equation is given by x0x1 = x2

2 contains the point
(0, (c − c∗)/(b − b∗), 1, 0) unless b = b∗. Similarly, c = c∗ and the two
planes are identical. Hence, the a′s must vary over K. It is equally
straightforward to see that the b′s and c′s are functions of a′s. �
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We now show the equivalence between flocks of quadratic cones and
conical translation planes.

Theorem 102. For every translation plane with spread in PG(3, K)
with spread{

x = 0, y = x

[
u+ g(t) f(t)

t u

]
;u, t ∈ K

}
,

where g, f are functions from K × K → K, there is an associated
flock of a quadratic cone defined as follows: Let (x0, x1, x2, x3) denote
homogeneous coordinates for PG(3, K), and consider the conic C with
equation x0x1 = x2

2 in the plane x3 = 0. Let vo = (0, 0, 0, 1) and form
the cone voP where P ∈ C.
Then the following planes define, by intersection, a flock of the cone:

πt : tx0 − f(t)x1 + g(t)x2 + x3 = 0.

Conversely, a flock of a cone in PG(3, K) with equation xox1 = x2
2

and vertex (0, 0, 0, 1) has plane equations of the form given above and
defines a translation plane with spread in PG(3, K) with components
defined as above.
Let

Rt :

{
x = 0, y = x

[
u+ g(t) f(t)

t u

]
;u ∈ K

}
,

t fixed in K.

Then the spread is ∪t∈KRt and Rt ∪Rs = (x = 0), for t 6= s.
The spread admits an elation group E of order q, where

E =

〈
1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

 ;u ∈ K
〉
.

E is said to be a ‘regulus-inducing group elation group.’

Proof. We shall first show the converse. Suppose that {πt|t ∈ K}
with the given form provides a disjoint cover of the cone of points 6= vo
(vertex). This means that for any z0, z1, z2 such that z0z1 = z2

2 and
δ ∈ K then there is exactly one plane πt that contains the point
(zo, z1, z2, δ) of the line < (z0, z1, z2, 0), (0, 0, 0, 1) >. That is, we have
the following: For any point (z0, z1, z2, δ) such that z0z1 = z2

2 , where
δ ∈ K, there is a unique t ∈ K such that tz0 − f(t)z1 + g(t)z2 + δ =
0. If z2 = 0, then we have the points (0, 1, 0, δ) and (1, 0, 0, δ) so that
−f(t) + δ = 0, which implies that f(t) is bijective. If z2 is not zero
consider the point (z2

2 , 1, z1, δ), by coordinate change we may assume
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that g(0) = f(0) = 0. Now assert that u2 + ug(t) − tf(t) 6= 0, unless
u = t = 0. Consider the point (z2

2 , 1, z2, 0).
There is a unique value t, such that tz2

2 − f(t) + g(t)z2 = 0.
In general, let u = tz2 to obtain the equation above by multiplying

the equation by t to obtain u2 − tf(t) + g(t)u = 0. Now in order that

x = 0, y = x

[
u+ g(t) f(t)

t u

]
∀ u, t ∈ K

is a spread in PG(3, K), we need only to show that, for any nonzero
vector (v1, v2, w1, w2), there is a unique pair (u, t) such that the vector is
on the indicated component (note that the sets above are 2-dimensional
K—subspaces). That is, we must show that when v1, v2, w1, w2 are fixed
and not all zero then the following system has a unique solution for u
and t:

w1 = v1(u+ g(t)) + v2t,

w2 = v1f(t) + v2u.

Note that if v1 = v2 = 0 then since u2 + ug(t) − tf(t) 6= 0 for (u, t) 6=
(0, 0), it follows that x = 0 contains the indicated vector and is the only
component that does. Assume that v1 = 0 but v2 6= 0. Then t = w1/v2

and u = w2/v2. If v2 = 0, but v1 6= 0 then w2/v1 = f(t) and since
f is 1—1 and onto, this uniquely specifies t. Then u = w1/v1 − v1g(t).
Hence, assume that v1v2 6= 0. Then

w1v2 − w2v1 = v1v2u+ v1v2g(t) + v2
2t− (v2

1f(t) + v1v2u),

which is equal to

v1v2g(t) + v2
2t− v2

1f(t).

Now call (w1v2−w2v1)/v2
2 = −δ and v1/v2 = w to obtain the equation

t− f(t)w2 + g(t)w + δ = 0.

By the above, for given w and δ in K, there is a unique t ∈ K that
satisfies this equation. Note that

(w1 − v1g(t)− v2t)/v1 = (w2 − v1f(t))/v2

then uniquely defines u. Hence, we obtain a spread from a flock. To
show that a spread of the form listed above produces a flock, it is pos-
sible to essentially reread to the proof to show that a spread produces
a cover of the associated cone and such details are left to the interested
reader to verify. Furthermore, the statement regarding the group E is
also easily proved and again is left to the reader to complete. �
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2. Hyperbolic Flocks

Definition 69. Consider Σ isomorphic to PG(3, K) and repre-
sent points homogeneously in the form (x0, x1, x2, x3) for xi ∈ K,
i = 0, 1, 2, 3.
Then x0x3 = x1x2 represents a nondegenerate quadricH in PG(3, K),

which we call a ‘hyperbolic quadric’Q : Q(xo, x1, x2, x3) = xox3−x1x2.
A ‘flock of a hyperbolic quadric’ is a set of mutually disjoint non-

degenerate conics in planes of Σ whose union is H.
We are interested in the ‘ruling’lines of the hyperbolic quadric.
These are the lines that lie within H. There are two designated

classes, and it is not diffi cult to show that the classes are reguli, which
are mutually opposite.
Thus, a hyperbolic or ‘ruled’quadric is the set of points of a regulus,

and the lines of the quadric are the lines of a regulus and those of its
opposite regulus.
In the finite case when K is isomorphic to GF (q), H has (q + 1)2

points, and there are q + 1 conics in a flock as each regulus has q + 1
lines. Also, a finite hyperbolic quadric has 2(q + 1) lines contained in
it.

We now show that there are connections with hyperbolic translation
planes and hyperbolic flocks in a manner similar to that of conical
translation planes and conical flocks.

Theorem 103. (1) Let F be a flock of the hyperbolic quadric x1x4 =
x2x3 in PG(3, K), whose points are represented by homogeneous coor-
dinates (x1, x2, x3, x4), where K is a field.
Then the set of planes that contain the conics in F may be repre-

sented as follows:

ρ : x2 = x3,

πt : x1 − tx2 + f(t)x3 − g(t)x4 = 0

for all t in K, where f and g are functions of K such that f is bijective.
(2) Corresponding to the flock F is a translation plane πF with

spread in PG(3, K) written over the corresponding 4-dimensional vec-
tor space V4 over K as follows: Let V4 = (x, y), where x and y are
2-vectors over K.
Then the spread may be represented as follows:
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y = x

[
f(t)u g(t)u
u tu

]
,

y = x

[
v 0
0 v

]
, x = 0, for all t, v, u 6= 0 ∈ K.

Define

Rt = {y = x

[
f(t)u g(t)u
u tu

]
, x = 0 | u ∈ K},

R∞ = {y = x

[
v 0
0 v

]
| v ∈ K}.

Then {Rt, R∞} is a set of reguli that share two lines (components
x = 0, y = 0).
The translation plane admits the collineation group〈

v 0 0 0
0 v 0 0
0 0 u 0
0 0 0 u

 | v, u ∈ K − {0}
〉

that contains two affi ne homology groups whose component orbits
union the axis and coaxis define the reguli (regulus nets).
(3) A translation plane with spread in PG(3, K), which is the union

of reguli that share two components may be represented in the form (2).
Equivalently, a translation plane with spread in PG(3, K), which

admits a homology group one of whose component orbits union the axis
and coaxis is a regulus may be represented in the form (2). In either
case, such a translation plane produces a flock of a hyperbolic quadric
in PG(3, K).

Proof. Suppose that a translation plane with spread in PG(3, K)
admits an affi ne homology group, one of whose component orbits union
the axis and coaxis is a regulus R in PG(3, K). Choose a representation
so that the axis is y = 0, the coaxis x = 0 and y = x is a component
(line) of the regulus R. Then R is represented by the partial spread

x = 0, y = x

[
v 0
0 v

]
for all v ∈ K. Moreover, the homology group

takes the matrix form:〈
1 0 0 0
0 1 0 0
0 0 u 0
0 0 0 u

 | u ∈ K − {0}
〉
.
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There are functions f and g on K and components of the following
matrix form:

y = x

[
f(t) g(t)

1 t

]
; t ∈ K.

Note that, in particular, this says that the function f is 1 − 1 as
otherwise differences of certain corresponding matrices are singular
and nonzero, contrary to the assumption that the components form
a unique cover of the vector space. The homology group maps these

components into y = x

[
f(t)u g(t)u
u tu

]
for all nonzero u in K. Hence,

the regulus R and these components for all v, t, u 6= 0 in K define the
spread in PG(3, K). Take any value a in K and consider the vector
(1,−a, 0, 1). Since this vector is not on x = 0 or y = xvI and we are
assuming a ‘cover,’ there is a unique pair (u, t) with u nonzero such
that (1,−a, 0, 1) is incident with the component

y = x

[
f(t)u g(t)u
u tu

]
.

Hence, we have f(t)u−au = 0 and g(t)u−atu = 1. In particular, since
u is nonzero, we must have f(t) = a. Hence, f is ‘onto.’ In order to see
that the planes listed in the theorem intersected with the hyperbolic
quadric in PG(3, K) form a unique cover of the hyperbolic quadric
and hence define a hyperbolic flock, we must show that for all points
(a, b, c, d) for b 6= c and ad = bc, there is a unique t in K such that the
point is on the plane πt. Since we have a cover of the 4-dimensional
vector space, we know that for a vector (e, h,m, n), where not both e
and h are zero and 〈(m,n)〉 is not in 〈(e, h)〉, there is a unique ordered
pair (t, u) such that (e, h,m, n) is on the component

y = x

[
f(t)u g(t)u
u tu

]
.

To distinguish between points of PG(3, K) that relate to the flock and
vectors of V4 that relate to the translation plane, we shall use the terms
‘points’and ‘vectors,’respectively. That is, for all e, h,m, n such that
not both e and h are zero and the vector (m,n) is not in the 1-space
generated by (e, h), there is a unique ordered pair (t, u) such that

(2.2) : ef(t)u+ hu = m and eg(t)u+ htu = n.

The point (a, b, c, d) is on πt if and only if a − bt + f(t)c − g(t)d = 0.
First assume that bc 6= 0. Then, without loss of generality, we may take
b = 1 so that ad = c (recall that the point is considered homogeneously)
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Then the above equation becomes

(2.3) : ad− dt+ f(t)cd− g(t)d2

= 0 = c− dt+ f(t)cd− g(t)d2.

From (2.2), we may multiply the second equation by an element r in
K and subtract to obtain

(2.4) : (−m+ nr + hu)− t(rhu) + f(t)(eu)− g(t)(reu) = 0.

Hence, clearly we may solve the equation

(2.5) : c− dt+ f(t)cd− g(t)d2 = 0 for some t = to ∈ K.

First, assume that f(to)d + 1 = 0 = z. Then g(to)d + t = 0 = w and
the vector (1, d−1, 0, 0) is on the component

y = x

[
f(to)d g(to)d
d tod

]
and y = 0,

which is a contradiction. Hence, zw 6= 0. So, w = zcd−1, and the
vector (1, d−1, z, zcd−1) is on the component

y = x

[
f(to)d g(to)d
d tod

]
.

Now assume that there exists another element so such that

c− dso + f(so)cd− g(so)d
2 = 0.

Then f(so)d + 1 = z∗ 6= 0, and there exists an element v in K such
that z∗v = z. So, the vector

(1, d−1, z, zcd−1) = (1, d−1, z∗v, z∗vcd−1)

is also on

y = x

[
f(so)dv g(so)dv
dv sodv

]
.

By uniqueness of the vector space cover, it follows that (to, d) = (so, dv).
Hence, there is a unique plane πt containing the point (a, b, c, d) such
that b 6= c and ad = bc, where bc is nonzero. Now assume that bc = 0.
If b = 0 and d = 0, then, without loss of generality, we may take c = 1
so we are considering the point (a, 0, 1, 0). We need to determine an
element t in K such that a + f(t) = 0. Since f is bijective as noted
above, there exists a unique value t which solves this equation and
hence a unique plane πt containing the point (a, 0, 1, 0). If b = 0 and
a = 0 and c = 1, it is required to uniquely cover the point (0, 0, 1, d) by
a plane so we require a unique solution to the equation f(t)−g(t)d = 0.
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By (2.3), certainly there is a solution t1. Moreover, f(t1) = z1 6= 0 as
otherwise the spread would contain

y = x

[
0 0
1 t1

]
.

Hence, the vector

(1, 0, z1, z1/d) is on y = x

[
f(t1) g(t1)

1 t1

]
.

If there exists another solution s1, then f(s1) = z∗1 and there exists an
element w of K such that z∗1w = z1. Therefore, the previous vector
also belongs to

y = x

[
f(s1)w g(s1)w
w s1w

]
,

which, by uniqueness of the vector space cover, implies that (t1, 1) =
(s1, w). If c = 0, then a = 0 or d = 0 and b = 1 without loss of
generality. We are trying to show that there is a unique solution to
a − t + g(t)d = 0. If d = 0, this is trivial. Thus, assume that a = 0.
By (2.3), there is a solution t2 to −t+ g(t)d = 0. Let f(t2)d− 1 = z2,
then the vector (1,−d−1, z2, 0) is on the component

y = x

[
f(t2)d g(t2)d
d t2d

]
,

so clearly z2 6= 0. If there is another solution s2, then let f(s2)d−1 = z∗2
so that there exists an element w such that z∗2w = z2. Hence, the
previous point is also on the component

y = x

[
f(s2)dw g(s2)dw
dw s2dw

]
,

and by uniqueness, we must have (t2, d) = (s2, dw). Thus, a translation
plane with spread in PG(3, K), which admits an affi ne homology group
of the type listed above produces a flock of a hyperbolic quadric. To
complete the proof of part (3), we must show that if a translation plane
has its spread in PG(3, K) and the spread is a union of reguli sharing
two components, then there is a homology group of the type mentioned
above. However, this follows from the relevant theorem in the previous
chapter as the reguli are normalizing. To prove (1), we may choose a
basis so that a given plane of the flock has equation x2 = x3. From
here, it is fairly direct that we may represent the flock in the form
given. The function f(t) is 1 − 1 to avoid intersections and must be
onto in order to ensure a cover. The proof of (2) follows along the lines
of the proof (3) and is left to the reader. �
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3. Partial Flocks of Deficiency One

In this section, we consider structures, which are essentially flocks
‘missing’one conic– partial flocks of deficiency one. We have consid-
ered partial parallelisms of deficiency one previously. The general idea
for the study of deficiency one comes about when deriving an affi ne
plane covered by derivable nets. The derived plane, by the derivation
of one of these nets, now is not covered by derivable nets but a good
share of its parallel classes still are connected to derivable nets although
it is apparent that the remaining lines of a given derivable net are now
Baer subplanes of the derived plane. If one forgets that the derived
net is, in fact, derivable, it is natural to consider such planes abstractly
and ask what geometric point-line geometries are associated and what
is implied of such structures when the corresponding net does turn out
to be derivable.
We first consider the import of the theory of Baer groups for spreads

in PG(3, K).

4. Point-Baer Groups and Partial Flocks

Theorem 104. Let π be a translation plane with spread in PG(3, K),
for K a skewfield. Note that the following are considered the kernel
mappings:

(x1, x2, y1, y2)→ (kx1, kx2, ky1, ky2), for k ∈ K − {0},

whereas linear collineations may be represented by 4×4 matrices acting
on the right and components have the general form x = 0, y = xM,
where M is a 2× 2 matrix acting on the right.

(1) Let π admit a nontrivial point-Baer elation group B, which fixes
the point-Baer subplane πo pointwise. Let the kernel of πo be Ko.
If B is a full Ko-point-Baer elation group of order > 2, then πo is

a K-space, K is a field isomorphic to Ko, and B may be represented
in the form

〈
1 β 0 0
0 1 0 0
0 0 1 β
0 0 0 1

 ∀β ∈ K
〉
.

(2) If π admits a nontrivial point-Baer homology group C, then
let FixC = πo have kernel Ko. If C acts as the full Ko-point-Baer
homology group of the net containing FixC and has order > 2, then K
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is a field isomorphic to Ko and C may be represented in the form〈
λ 0 0 0
0 I 0 0
0 0 λ 0
0 0 0 1

 ∀λ ∈ K∗
〉
.

Note, in this case, there is another point-Baer subplane sharing its
infinite points with FixC and invariant under C. This second point-
Baer subplane is called coFixC.

(3) If L is any 2-dimensional left K—subspace that is disjoint from
FixB then the orbit of L under B union FixB is a regulus net in
PG(3, K).

(4) If L is any 2-dimensional left K—subspace that is disjoint from
FixC or coF ixC, then the orbit of L under C union FixC and coF ixC
is a regulus net in PG(3, K).

Proof. (1) and (2) follow directly and are left to the reader to
complete. Now assume the conditions of (3). Change coordinates so
that FixB is represented by x = 0. Clearly, B now has the following
form 〈

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

 ∀u ∈ K
〉
.

The set of B-images of y = 0 is y = x

[
u 0
0 u

]
∀ u ∈ K. We may

assume that a 2-dimensional subspace disjoint from x = 0 has the
general form y = xN , where N is a 2 × 2 matrix (possibly singular).

By a coordinate change of the form
[
I −N
0 I

]
, we may take the 2-

dimensional subspace as y = 0 without changing the new form of the
group B. This then proves (3). Assume the conditions of (4). Change
bases over the prime field so that the fixed subplanes have the form
x = 0 and y = 0. The group now has the form〈

u 0 0 0
0 u 0 0
0 0 1 0
0 0 0 1

 ∀u ∈ K∗
〉
.

Any 2-dimensional K—subspace disjoint from x = 0 and y = 0 has
the form y = xN , where N is a nonsingular 2 × 2 matrix. Change

bases by
[
I 0
0 N−1

]
. This basis change leaves the new form of the
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group invariant and the images of the 2-dimensional subspace are y =

x

[
u 0
0 u

]
∀ u ∈ K∗. Hence, we have the proof to (4). �

5. Deficiency One Partial Conical Flocks

Definition 70. Let Co be a non-degenerate conic in a plane of
PG(3, K), for K a field. Let vo be a point exterior to Co and form the
quadratic cone.
A ‘partial flock of the quadratic cone’is a set of mutually disjoint

conics that lie in the Co − {vo}.
A ‘partial flock of deficiency one’ is a partial flock such that for

each line of the cone, the union of the conics cover all but exactly one
of the non-vertex points.

Remark 36. We have seen previously how to connect a flock of a
quadratic cone with a conical spread in PG(3, K). Each plane of the
flock corresponds to a conic of the cone, which, in turn, corresponds to
a regulus net of the conical spread. Two conics of the flock correspond
to two regulus nets, but the points of the conics do not correspond to
the partial spread components that share a line but to the set of Baer
subplanes incident with the zero vector of the regulus nets. Under this
sort of correspondence of points on the cone with Baer subplanes of
the regulus nets, the cone points on a line correspond to the set of Baer
subplanes that share a given 1-dimensional K—subspace on the common
line.
When we have a partial flock, we have the same sort of connections

with cone points and Baer subplanes. Note, if the planes of a partial
flock cover all but one of the cone points on a line, then there would be
a set of regulus nets containing a set of Baer subplanes that intersect
a given 1-dimensional K-space on the common line and, as a set of
2-dimensional K—subspaces would be one short of containing all such
2-dimensional K—subspaces with a given mutual 1-space intersection.

Theorem 105. (1) The set of partial flocks of a quadratic cone of
deficiency one in PG(3, K), for K a field, is equivalent to the set of
translation planes with spreads in PG(3, K) that admit a point-Baer
elation group B, which acts transitively on non-fixed 1-dimensional K—
subspaces of components of the fixed point subplane.

(2) A partial flock of a quadratic cone of deficiency one in PG(3, K),
for K a field, may be extended to a flock if and only if, in the corre-
sponding translation plane that admits a point-Baer elation group B as
in (1), the net defined by the point-Baer affi ne plane FixB defines a
regulus in PG(3, K).
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Proof. Assume that such a translation plane π exists. We point
out that when we use the term Baer subplane of a regulus net we are
not asserting that the subplane indicated is a Baer subplane of any
other net containing the regulus net as we have seen that this is not
always the case. Since K is a field, the point-Baer subplane is always
a 2-dimensional K—subspace. Hence, the group has the following rep-
resentation: 〈

1 β 0 0
0 1 0 0
0 0 1 β
0 0 0 1

 ∀β ∈ K
〉
.

The components of the net N containing πo have the basic form

x = 0, y = x

[
u b(u)
0 u

]
∀u ∈ K

and b a function on K. Since the kernel may now be given unambigu-
ously by the mappings

β 0 0 0
0 β 0 0
0 0 β 0
0 0 0 β

∀β ∈ K,
then the components of the spread, which are not in the net N have
the following general form:

y = x

[
G(t, u) F (t, u)
t u

]
∀t 6= 0, u ∈ K,

where G and F are functions of K × K. Change coordinates by
(x1, x2, y1, y2) → (x1, y1, x2, y2) so that the group has the following
form: 〈

1 0 β 0
0 1 0 β
0 0 1 0
0 0 0 1

 ∀β ∈ K
〉
.

The components that are not in the net have the form:

y = x

[
−G(t, u)t−1 F (t, u)−G(t, u)t−1u

t−1 t−1u

]
∀t 6= 0, u ∈ K.

The reader should try to prove this last statement.
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Hence, the components not in N have the general form

y = x

[
G∗(t, u) F ∗(t, u)

t u

]
∀t 6= 0, u ∈ K

for functions G∗ and F ∗ on K ×K. Since the plane admits the group
listed as above, it follows that G∗(t, u) = g(t) + u and G∗(t, u) = f(t)
for functions g, f on K. It is now clear that there is a set of regulus
nets Rt with partial spread x = 0 (which is the new equation for πo)
and

y = x

[
g(t) + u f(t)

t u

]
∀u ∈ K and t fixed in K − {0}.

We are not claiming that the matrices involved are nonsingular. How-
ever, we may select one of the matrices and change bases without chang-
ing x = 0 so that this matrix is zero. The resulting partial spread has
the form Rt with partial spread x = 0, which is the new equation for
πo and

y = x

[
g1(t) + u f1(t)

t u

]
∀u ∈ K and t fixed in K − {to}, for to 6= 0

where the matrices and differences are either zero or nonsingular. Now
given any 1-dimensional K—subspace X, if X is in the original net N,
then the B-orbit of X generates a 2-dimensional K—subspace, which
is a component of the net, and which intersects πo in a 1-dimensional
subspace. If X is not in the original net N then the B-orbit of X
generates a 2-dimensional K—subspace that again intersects πo in a 1-
dimensional K—subspace. Take the set of 2-dimensional K—subspaces,
each of which is invariant under B, and each of which intersects πo
in the same 1-dimensional K—subspace Po. Then, there is exactly one
such subspace that defines a component of the net N . It then follows
directly that any other such 2-dimensional subspace is a Baer subplane
of one of the regulus nets Rt. We consider the following partial flock
of a quadratic cone in PG(3, K) defined by equation xox1 = x2

2 in the
plane x3 = 0 given by homogeneous coordinates (xo, x1, x2, x3) with
vertex (0, 0, 0, 1). The planes containing the conics of intersection are

ρt : xot− x1f(t) + x2g(t) + x3 = 0.

It follows easily that {ρt ∀ t 6= 0 } defines a partial flock of the quadratic
cone. Recall that the points on the lines of the cone correspond to
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Baer subplanes incident with the zero vector of the regulus nets and
each of these is a 2-dimensional K—subspace that is invariant under B.
Furthermore, for each 1-dimensionalK—subspace on πo, there is exactly
one component containing this 1-dimensional K—subspace. Thus, it
follows that there is exactly one point on each line of the cone that
is not covered by the partial flock. This shows that the deficiency is
one. Now assume that there is a partial flock F of a quadratic cone of
deficiency one in PG(3, K). Again, note that there is a corresponding
partial spread PF in PG(3, K) that is the union of a set of reguli that
share a common component and admit a group B. The points on a
line of the cone, which are covered by the partial flock, correspond to
Baer subplanes of the regulus nets of the translation net corresponding
to the partial spread. Hence, for each line of the cone, there is exactly
one point that then corresponds to a 2-dimensional K—subspace that
is B-invariant in the corresponding vector space (that is, the ambient
space of the translation plane), and which is not a Baer subplane of
one of the regulus nets. The points on the line of the cone correspond
to the set of all B-invariant 2-dimensional K-spaces that intersect the
common component L in a fixed 1-dimensionalK—subspace. Hence, for
each 1-dimensionalK—subspace Z of L, there is a unique 2-dimensional
K—subspace πZ containing Z that is B-invariant, and which does not
lie as a Baer subplane in one of the regulus nets of the partial spread.
So, there is a set R = {πZ ; Z is a 1-dimensional K—subspace of L} of
B-orbits, which then must consist of mutually disjoint 2-dimensional
K—subspaces. It also clearly follows that these subspaces are disjoint
from the partial spread, excluding the common component L. Clearly,
R∪(PF−L) covers the set of all 1-dimensionalK—subspaces and is a set
of 2-dimensionalK—subspaces. Hence, we have a translation plane with
spread in PG(3, K), and which admits B as a collineation group that
fixes L pointwise. Since L is a 2-dimensional K—subspace, L becomes
an affi ne plane of the new translation plane Σ. We note that L defines
a line-Baer subplane of Σ that admits a collineation group B fixing it
pointwise. We have also noted that this implies that the subplane is
Baer and hence point-Baer. This completes the proof of part (1) of the
theorem. If the partial flock can be extended to a flock, then there is
a translation plane π+ corresponding to the flock that admits B as an
elation group. By (1), there is a translation plane π corresponding to
the partial flock that admits B as a point-Baer group and that shares
all components with π+ that do not lie in the net N defined by the
components of FixB. Let N+ denote the subnet of π+ that replaces
N . We notice that the components of N are generated by B-orbits.
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Moreover, it follows that N+ is a regulus net so that B-orbits of 1-
dimensional K—subspaces within N+ generate the Baer subplanes of
N+ that are the components of N . Hence, N is the opposite regulus
net of N+. Now assume that the plane π is derivable with net N . Then
the net contains at least three point-Baer subplanes so it follows from
the preceding section that each of the point-Baer subplanes is a K—
subspace. This means the net N is a regulus net. We have seen that
the derivation of this net determines a translation plane with spread
in PG(3, K) that admits an elation group B such that any component
orbit union the axis of the group forms a regulus net. It follows that
the derived translation plane corresponds to a flock of a quadratic cone
that extends the original partial flock. This completes the proof of the
theorem. �

6. Deficiency One Partial Hyperbolic Flocks

Definition 71. Let H be a hyperbolic or ruled quadric of the form
x1x4 = x2x3 in PG(3, K), which is represented by homogeneous

coordinates (x1, x2, x3, x4). A partial flock of H is a set of mutually
disjoint conics that lie in H.
A ‘partial flock of deficiency one’is a partial flock such that on any

line of either ruling, there is exactly one point, which is not covered by
the conics of the partial flock.

Remark 37. We have mentioned that given a hyperbolic quadric
in PG(3, K), there are two ‘ruling’ classes of lines, which are reguli.
When we considered flocks of hyperbolic quadrics, we found that there
are associated hyperbolic spreads in PG(3, K). The conics are asso-
ciated with regulus nets, and the points on the conics are associated
with the Baer subplanes incident with the zero vector of the regulus
nets. Hence, we have connected the points of a hyperbolic quadric with
the Baer subplanes incident with the zero vector of a set of regulus nets
sharing two common components. Each line of a given ruling class (one
of the reguli of the hyperbolic quadric) corresponds to the set of Baer
subplanes that are incident with a given 1-dimensional K—subspace on
one of the common lines of the regulus nets. A line of the other ruling
class (the other of the reguli of the hyperbolic quadric) corresponds to
the set of Baer subplanes that are incident with a given 1-dimensional
K—subspace on the other of the common lines of the regulus nets. Now
these same connections hold for partial flocks. In particular, if the
planes of the partial flock cover all but one of the points on a line
of one of the ruling classes, there is a corresponding set of Baer sub-
planes, which, as 2-dimensional K—subspaces, share a common 1-space
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such that as a subset of the set of all 2-dimensional K—subspaces shar-
ing that common 1-space, there is exactly one missing 2-dimensional
K-space.

Theorem 106. (1) The set of partial flocks of ruled quadrics in
PG(3, K), for K a field, of deficiency one is equivalent to the set of
translation planes with spreads in PG(3, K) which admit a point-Baer
homology group B that is transitive on the non-fixed 1-dimensional K—
subspaces on any component of FixB.

(2) A partial flock of deficiency one of a ruled quadric may be ex-
tended to a flock if and only if the net defined by FixB of the corre-
sponding translation plane is a regulus net.

Proof. A partial flock of a ruled quadric in PG(3, K) gives rise to
a partial spread in PG(3, K) that is the union of a set of reguli that
share two lines. Furthermore, a flock corresponds to a translation plane
whose spread has the same property. In addition, the translation plane
admits an affi ne homology group B, each of whose component orbits
union the axis and coaxis is a regulus net. This is also true of any
such corresponding partial spread. In general, the Baer subplanes of
the regulus nets correspond to points on the ruling lines. Again, we are
not necessarily assuming that the subplanes are Baer in any net other
than the regulus net in question. Furthermore, the set of points on
a given ruling line correspond to the set of Baer subplanes that share
a given 1-dimensional K-space on a given common component of the
partial spread. The corresponding Baer subplanes are 2-dimensional
K—subspaces generated by point orbits under B. Let the two sets of
ruling lines be denoted by R+ and R−. Let J+ be a line of R+. The
points on J+ correspond to the 2-dimensional K—subspaces that are
generated by B-orbits of 1-dimensional K—subspaces, which are not
on the common components L and M , and which intersect on one
of the common components, say, L, in a particular 1-dimensional K—
subspace. First, let π be a translation plane with spread in PG(3, K)
that admits a point-Baer homology group so there are at least two
point-Baer subplanes incident with the zero vector that share the same
infinite points. By the theory of the previous chapters, since K is a
field, each point-Baer subplane is a K—subspace and the group B may
be represented in the form

〈
λ 0 0 0
0 I 0 0
0 0 λ 0
0 0 0 I

 ∀λ ∈ K∗
〉
.
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It follows that each component orbit disjoint from the two subplanes
πo and π1 under B union πo and π1 defines a K-regulus in PG(3, K).
Let N denote the net containing the two point-Baer subplanes. It then
follows that corresponding to the partial spread {π−N}∪{L,M} is a
partial flock since {π−N}∪{L,M} admits the appropriate ‘homology
group’with axis πo and coaxis π1 if FixB = πo and {L,M} = {πo, π1}.
The 2-dimensional K—subspaces that are generated by point orbits un-
der B intersect πo and π1 in 1-dimensional K—subspaces. Each such
point-orbit of a point that is not on a component of N lies in a Baer
subplane of a K-regulus net that corresponds to a conic. For a given 1-
dimensional K—subspace of πo, there is a unique B-orbit 2-dimensional
K—subspace that is not in one of the regulus nets. This unique B-
orbit is the component of N containing the subspace in question. This
component also non-trivially intersects π1. Hence, it follows that, for
each line of either ruling of the ruled quadric, there is a unique point
of the line that is not covered by conics corresponding to the regulus
nets of {π−N}∪{L,M}. Thus, the partial spread has deficiency one.
Now assume that a partial spread has deficiency one. Then, there is a
partial spread of the form P ∪ {L,M} admitting a homology group B
that may be represented in the form

〈
λ 0 0 0
0 λ 0 0
0 0 I 0
0 0 0 I

 ∀λ ∈ K∗
〉

and such that each component orbit of P union {L, M} defines a
regulus in PG(3, K). Similarly as above, the points of the ruling lines
correspond to the 2-dimensional K—subspaces that are B-invariant and
not equal to L or M . The deficiency one assumption implies that for
each 1-dimensional K—subspace of L, there is a unique 2-dimensional
K—subspace invariant under B that is not in a regulus net of the partial
spread. The union of the set S of these 2-dimensional subspaces cover
both L and M and are mutually disjoint. Form P ∪ S. Clearly, this
partial spread completely covers all 1-dimensional K—subspaces and
consists of 2-dimensional K—subspaces so that a translation plane with
spread in PG(3, K) is obtained. Since the components are defined
via B-orbits, B is a collineation group of the constructed translation
plane. However, now L and M are 2-dimensional K—subspaces that
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then define line-Baer affi ne planes. Since〈
λ 0 0 0
0 λ 0 0
0 0 I 0
0 0 0 I

 ∀λ ∈ K∗
〉

is a collineation group of the translation plane that fixes L pointwise
and 〈

λ 0 0 0
0 λ 0 0
0 0 λ 0
0 0 0 λ

 ∀λ ∈ K∗
〉

defines the kernel homology group, it follows that〈
I 0 0 0
0 I 0 0
0 0 λ 0
0 0 0 λ

 ∀λ ∈ K∗
〉

is also a collineation group of the translation plane that fixes M point-
wise. We have noted in the chapter on point-Baer collineations that any
point-Baer or line-Baer subplane that is pointwise fixed by a collineation
is a Baer subplane. This completes the proof of part (1). Now assume
that there is a partial flock of deficiency one that may be extended
to a flock. Let π denote the translation plane admitting the point-
Baer group B and let Σ denote the translation plane corresponding
to the flock. Let G denote the regulus-inducing homology group of
Σ. We note that the subplanes of Σ, which are the Baer subplanes of
the regulus nets sharing two components L and M , correspond to the
2-dimensional K -spaces that are G-invariant. Hence, all of the compo-
nents of the net N of π are now various of these subplanes of Σ. Hence,
G = B. In other words, N is a regulus net and π and Σ are derivates of
each other by replacement of N . Conversely, if N is a regulus net in π,
then it must be that derivation by N produces a translation plane Σ
and B becomes a homology group in Σ of the correct form to produce
a flock of a hyperbolic quadric. �
Definition 72. The translation planes corresponding to partial

flocks of deficiency one of either quadratic cones or hyperbolic quadrics
shall be called ‘deficiency one translation planes.’

Just as with Desarguesian partial parallelisms of deficiency one and
Desarguesian parallelisms, little is known about deficiency one partial
flocks in the infinite case. However, there cannot be proper finite partial
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conical flocks of deficiency one in PG(3, q) by results of Payne and Thas
[173], which we shall now present.

7. The Theorem of Johnson, Payne-Thas

The Payne-Thas theorem, that a partial flock of a quadratic cone
of deficiency one in PG(3, q) has a unique extension to a flock is given
in two parts, q even and q odd, whose proofs were, respectively inge-
nious but elementary, for q is even, and quite an intricate and involved
method valid only when q is odd (see, e.g., [173]).
The following proof has an interesting history. I learned of this

proof from a lecture by Stan Payne for the International Conference on
Finite Geometry, San Antonio, March 2009, Normfest. Apparently, Jef
Thas showed Stan Payne the proof in 2004, and attributed the proof
to Peter Sziklai. I am grateful to have the opportunity to share this
beautiful result and thank Stan Payne for allowing me to include the
proof in this text.
First, the theorem of Payne-Thas:

7.1. Payne-Thas Extension Theorem. Let C be a quadratic
cone in PG(3, q) with vertex v0 = (0, 0, 0, 1), with points (x0, x1, x2, x3)
on the cone if and only if x0x2 = x2

1. A plane not containing the
vertex v0 has equation ax0 + bx1 + cx2 + x3 = 0, which is designated
by [ai, bi, ci, 1] = πi, for i = 2, .., q. So, let P = {πi; i = 2, .., q} be a
partial flock of deficiency one, whose conics are defined by intersection
πi ∩ P. Let Fi(t) = ai + bit + cit

2, the point of πi on the line `t =
〈(1, t, t2, 0), (0, 0, 0, 1)〉. Since we have a partial flock, for each t, the
mapping φt : i → ai + bit + cit

2 is an injective mapping on GF (q).
Hence, for each t, there is exactly one element of GF (q) that is not
in the image of φt. But (1, t, t2,−Fi(t)) constitutes q − 1 points on
`t and for q > 2; the sum of the elements of GF (q) is 0. Hence, the
sum−

∑q
i=2 Fi(t) is the missing element of GF (q). Therefore, the point

(1, t, t2,
∑q

i=2 Fi(t)) is the q+1’st point on the line `t; the missing point.
Similarly, the point of πi on 〈(0, 0, 1, 0), (0, 0, 0, 1)〉 = `∞ is (0, 0, 1,−ci),
and the missing point on `∞ is (0, 0, 1,

∑q
i=2 ci). We note that all of

these q+1 points are on the plane π1 = [−
∑
ai,−

∑
bi,−

∑
ci, 1], and

therefore by intersection with the cone, we have another conic π1∩P.
Therefore, we have the following theorem:

Theorem 107. (Payne-Thas [173]) A partial flock of a quadratic
cone of deficiency one in PG(3, q) has a unique extension to a flock of
a quadratic cone.
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Now consider Theorem 105, which was proved by the author in
[124] for K isomorphic to GF (q). In this setting, we have q− 1 conics
of a flock of a quadratic cone, which may be extended to a flock by the
Theorem of Payne-Thas.
Therefore, we have:

7.2. Johnson, Payne-Thas Theorem.

Theorem 108. Let π be a translation plane of order q2 with spread
in PG(3, q). If π admits a Baer group of order q, then the partial spread
of degree q + 1 whose components of the Baer axis is a regulus partial
spread. Derivation of this spread constructs a translation plane of order
q2 with spread in PG(3, q), admitting an elation group of order q whose
orbits together with the elation axis are reguli; a conical translation
plane.
Therefore, translation planes of order q2 with spread in PG(3, q)

admitting Baer groups of order q are equivalent to flocks of quadratic
cones in PG(3, q).



CHAPTER 17

Regulus-Inducing Homology Groups

In the previous chapters, we have developed the ideas of flocks of
quadratic cones using translation planes whose spreads in PG(3, q)
are unions of reguli that share a component. Such a translation plane
admits what we call a ‘regulus-inducing’elation group. It is an amazing
fact that it turns out that there is another type of translation plane
with a regulus-inducing homology group that produces a flock of a
quadratic cone, in perhaps an oblique manner. In this chapter and in
the following, we shall be connecting various translation planes with
flocks of quadratic cones and more generally with what shall be called
flocks of α-cones. The present chapter generally follows the author’s
work in [103] but modified for this text.

The main thrust of this chapter is that there are two disparate
classes of translation planes of order q2 with spreads in PG(3, q), which
are equivalent to the set of flocks of quadratic cones in PG(3, q). We
have seen that if π is a translation plane of order q2 that admits an
elation group E of order q such that one component orbit together
with the axis is a regulus in PG(3, q) then all component orbits union
the axis are reguli, so there is a set of q regulus nets sharing one parallel
class. There are a total of q(q+1) Baer subplanes that are incident with
the zero vector, and these subplanes may be mapped to the set of non-
vertex points of a quadratic cone in PG(3, q). So, translation planes
with such ‘regulus-inducing’elation groups are equivalent to flocks of
quadratic cones.
Now consider a completely different sort of translation plane of or-

der q2, one that admits a cyclic affi ne homology group of order q + 1.
It turns out that the component orbits of such a group are reguli in
PG(3, q), so there is a set of q−1 reguli together with two components
that constitute the spread for this translation plane. It is a very mys-
terious fact that these two classes of translation planes are equivalent,
one giving rise to the other, and each of these classes is then equivalent
to the class of flocks of quadratic cones.
We shall approach this material from the point of view of the trans-

lation plane and cyclic homology groups. However, we shall consider

253
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the theory more generally over arbitrary projective spaces PG(3, K),
where K is an arbitrary field. The question the reader might ask is
what made anyone think that such classes of translation planes might
be equivalent. The answer basically is that the idea for such came
not from the theory of translation planes but from what is called a
‘hyperbolic fibration.’

Definition 73. A ‘hyperbolic fibration’is a set Q of q−1 hyperbolic
quadrics and two carrying lines L and M such that the union L∪M ∪
Q is a cover of the points of PG(3, q). (More generally, one could
consider a hyperbolic fibration of PG(3, K), for K an arbitrary field,
as a disjoint covering of the points by a set of hyperbolic quadrics union
two carrying lines.) The term ‘regular hyperbolic fibration’ is used to
describe a hyperbolic fibration such that for each of its q − 1 quadrics,
the induced polarity interchanges L and M . When this occurs, and
(x1, x2, y1, y2) represent points homogeneously, the hyperbolic quadrics
have the form

V (x2
1ai + x1x2bi + x2

2ci + y2
1ei + y1y2fi + y2

2gi)

for i = 1, 2, .., q − 1 (the variety defined by the fibration). When
(ei, fi, gi) = (e, f, g) for all i = 1, 2, . . . , q − 1, the regular hyperbolic
quadric is said to have ‘constant back half.’

The main theorem of Baker, Ebert, and Penttila [3] is equivalent
to the following.

0.3. Baker, Ebert, Penttila Hyperbolic Fibration Theo-
rem.

Theorem 109. (Baker, Ebert, Penttila [3])
(1) Let H : V (x2

1ai + x1x2bi + x2
2ci + y2

1e + y1y2f + y2
2g) for i =

1, 2, . . . , q − 1 be a regular hyperbolic fibration with constant back half.
Consider PG(3, q) as (x1, x2, x3, x4), and let C denote the quadratic

cone with equation x1x2 = x2
3.

Define

π0 : x4 = 0, πi : x1ai + x2ci + x3bi + x4 = 0 for 1, 2, . . . , q − 1.

Then
{πj, j = 0, 1, 2, . . . , q − 1}

is a flock of the quadratic cone C.
(2) Conversely, if F is a flock of a quadratic cone, choose a rep-

resentation {πj, j = 0, 1, 2, .., q − 1} as above. Choose any convenient
constant back half (e, f, g), and define H as V (x2

1ai + x1x2bi + x2
2ci +
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y2
1e+y1y2f+y2

2g) for i = 1, 2, . . . , q−1. Then H is a regular hyperbolic
fibration with constant back half.

Once the ideas of Baker, Ebert and Penttila are properly interpreted
in terms of spreads of translation planes, it is possible to isolate the
particular types of translation planes that produce hyperbolic fibra-
tions, thereby producing flocks of quadratic cones. But, since flocks of
quadratic cones are, in turn, equivalent to translation planes admitting
regulus-inducing elation groups, we obtain a direct connection between
these two general types of translation planes.
Now for each of the q−1 reguli, choose one of the two reguli of totally

isotropic lines. Such a choice will produce a spread and a translation
plane. Hence, there are potentially 2q−1 possible translation planes
obtained in this way.
In this chapter, as mentioned, we intend to connect flocks of qua-

dratic cones with the translation planes obtained from regular hyper-
bolic quadrics with constant back halves in a more direct manner. In
fact, the conical flock associated with a hyperbolic fibration will arise
directly by consideration of the associated spreads. Again, all of this
may be carried out over arbitrary fields K, except that we obtain in-
stead a partial flock of a quadratic cone from a hyperbolic fibration.
Then the question is whether there is an extension to a flock.
There even is some sort of connection with parallelisms with these

translation planes admitting cyclic homology groups of order q + 1.
How this might occur is as follows: It will turn out that a parallelism
in PG(3, q) that admits a collineation group of order q2+q that fixes one
spread and acts transitively on the remaining spreads of the parallelism
will force the non-fixed spreads to correspond to flocks of quadratic
cones. Specifically, given any conical flock translation plane, the spread
is a union of q reguli that share a component. One may derive any of
these reguli to obtain a ‘derived conical flock plane.’ Any such non-
fixed spread of our parallelism will be a derived conical flock spread, as
there will be an induced Baer group of order q acting on each translation
plane of each non-fixed spread of the parallelism. So, we have a set of
q2 +q isomorphic derived conical flocks planes. The group will map the
derivable net in question for one plane to the derivable net in question
for a second plane. This will imply that the conical flock planes are also
isomorphic and the same collineation group will permute transitively a
set of q2 + q conical flock planes. Each conical flock plane will produce
a set of affi ne homology planes. Each of these planes will admit a cyclic
affi ne homology group of order q + 1, which will produce a set of q− 1
mutually disjoint reguli. Now take any subset of this set of reguli and
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multiply derive the set. Then the affi ne homology group still acts on
the multiply derived plane. What this means is there are 2q−1 possible
ways of constructing planes admitting cyclic affi ne homology groups of
order q + 1 from a given flock of a quadratic cone. However, each pair
of such translation planes share at least two components. On the other
hand, it could be asked if there is a choice of one spread from each
such class so that the union of these spreads form a partial parallelism
of deficiency one. We leave this as an open question and the reader is
directed to the appendix on open problems for a related statement on
these ideas.
Another interesting connection with spreads in PG(3, K) and flocks

will be consider in a forth coming chapter and relates flocks of α-cones
to certain translation planes.

Definition 74. Let D be any finite derivable partial spread in
PG(3, K), where K is a field isomorphic to GF (q). There is a ba-
sis change so that

D has the form x = 0, y = x

[
u 0
0 uα

]
;u ∈ K, for some α ∈ GalK.

Any derivable net whose partial spread may be transformed in the above
form shall be called an ‘α-derivable net.’

Definition 75. An ‘α-hyperbolic fibration’is a set Q of q − 1 α-
derivable partial spreads and two carrying lines L and M such that the
union L ∪M ∪Q is a cover of the points of PG(3, K).

So, the question would be somehow to connect α-hyperbolic fibra-
tions to generalizations of flocks of quadratic cones. This idea will be
briefly revisited in the chapter on α-flocks and α-flokki planes.

When we work generally in PG(3, K), we actually will end up re-
proving the Baker, Ebert Penttila Theorem, but only in a sense. What
we actually do is to show that for arbitrary fields K, translation planes
with spreads in PG(3, K) that admit regulus-inducing affi ne homology
groups analogous to cyclic groups of order q + 1, in the case where
K is isomorphic to GF (q), are exactly equivalent to regular hyperbolic
fibrations with constant back half. But, in the general case, such hyper-
bolic fibrations do not necessarily always produce flocks of quadratic
cones. If K is a field that admits a quadratic extension field K+, let σ
denote the involution in GalKK+ and consider K+(σ+1). In the finite
case, this is merely K again, but in genera, it could be a proper subset
of K and this is critical, for what occurs is the hyperbolic fibration
corresponds to a partial flock that is indexed by K+(σ+1).
So we intend to prove the following result.
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0.4. Johnson’s Homology Theorem.

Theorem 110. Let π be a translation plane with spread in PG(3, K),
for K a field. Assume that π admits an affi ne homology group H so
that some orbit of components is a regulus in PG(3, K).

(1) Then π produces a regular hyperbolic fibration with constant back
half.

(2) Conversely, each translation plane obtained from a regular hy-
perbolic fibration with constant back half admits an affi ne homology
group H, one orbit of which is a regulus in PG(3, K).

H is isomorphic to a subgroup of the collineation group of a Pappian
spread Σ, coordinatized by a quadratic extension field K+,

H '
〈
hσ+1;h ∈ K+ − {0}

〉
,

where σ is the unique involution in GalKK+.
(3) Let H be a regular hyperbolic fibration with constant back half

of PG(3, K), for K a field. The subgroup of ΓL(4, K) that fixes each
hyperbolic quadric of the regular hyperbolic fibrationH and acts trivially
on the front half is isomorphic to 〈ρ, 〈hσ+1;h ∈ K+ − {0}〉〉, where ρ is
defined as follows: If e2 = ef + g, f, g in K and 〈e, 1〉K = K+, then ρ

is
[
I 0
0 P

]
, where P =

[
1 0
g −1

]
.

In particular, 〈hσ+1;h ∈ K+ − {0}〉 fixes each regulus and opposite
regulus of each hyperbolic quadric of H and ρ inverts each regulus and
opposite regulus of each hyperbolic quadric.

Now once this general theorem is proved, we may prove the finite
version as follows:

Theorem 111. Let π be a translation plane with spread in PG(3, q).
Assume that π admits a cyclic affi ne homology group of order q + 1.

Then π produces a regular hyperbolic fibration with constant back
half.

Proof. By Jha and Johnson [86], any orbit of components Γ is a
derivable net sitting in a Desarguesian spread Σ also containing x =
0, y = 0, disjoint from Γ. This is a unique Desarguesian spread so the
group H acts as a group of the Desarguesian spread. Let K∗ denote
the kernel homology group of π. Then, K∗ fixes each component of
the derivable net and x = 0, y = 0. It follows easily that K∗ is a
collineation group of Σ that fixes at least q + 3 components. Clearly,
this means that K∗ fixes all components of Σ, as Σ is Desarguesian and
K∗ then sits in ΓL(2, q2). So K∗ is a kernel homology group of Σ. But
this means that Σ is coordinatized by a field extension of the kernel K
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isomorphic to GF (q). Hence, Γ is a regulus in PG(3, K) and our more
general result applies. �
Now since a regular hyperbolic fibration with constant back half

produces translation planes with spreads in PG(3, q) admitting cyclic
affi ne homology groups of order q+1, we obtain the following corollary.

Corollary 29. Finite regular hyperbolic fibrations with constant
back half are equivalent to translation planes with spreads in PG(3, q)
that admit cyclic homology groups of order q + 1.

Definition 76. Any translation plane with spread in PG(3, K),
where K is a field that arises from a hyperbolic fibration is said to be
a ‘hyperbolic fibration translation plane.’ If the hyperbolic fibration is
regular, we use the term ‘regular hyperbolic fibration plane.’

Once all of the theory connecting translation planes admitting regulus-
inducing affi ne homology groups is connected up with regular hyper-
bolic fibrations with constant back half, we then can see how this ties
up with partial flocks of quadratic cones. We begin with some funda-
mental lemmas, which ultimately will be used to prove Theorem 110.
The first lemma merely states what we have already discussed.

Lemma 33. (1) Let H be a hyperbolic fibration of PG(3, K), for K a
field (a covering of the points by a set λ of mutually disjoint hyperbolic
quadrics union two disjoint lines having an empty intersection with any
of the quadrics). For each quadric in λ, choose one of the two reguli
(a regulus or its opposite). The union of these reguli and the “carrying
lines” form a spread in PG(3, K).

(2) Conversely, any spread in PG(3, K) that is a union of hyperbolic
quadrics union two disjoint carrying lines (i.e., two lines not contained
in any of the reguli) produces a hyperbolic fibration.

What is most effective when dealing with translation planes is to try
to find an associated Pappian plane, from which information involving
groups and partial spreads can be obtained. In our regulus-inducing
homology translation planes, the idea is simply to take a regulus orbit
and the axis and coaxis and find a unique Pappian plane containing
this partial spread.

Lemma 34. Let π be a translation plane with spread in PG(3, K),
for K a field, that admits a homology group H, such that some or-
bit of components is a regulus in PG(3, K). Let Γ be any H-orbit of
components.
Then there is a unique Pappian spread Σ containing Γ and the axis

and coaxis of H.
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Proof. Note that any regulus net and any component disjoint from
the elements of that regulus may be embedded into a unique Pappian
spread. Such a Pappian spread Σ may be coordinatized by a field
extension of K, say K+. Then there is a representation of that regulus
within Σ as follows:

y = xm;mσ+1 = 1, for m ∈ K+,

where σ is the involution in GalKK+. Let the homology group H have
coaxis x = 0 and axis y = 0 in the associated 4-dimensional vector
space. Thus, we may represent the group H by〈[

I 0
0 T

]
;T σ+1 = I, T ∈ K+

〉
.

Let y = xM be any component, whereM is a non-singular matrix. We
claim that there is unique associated Pappian spread containing{

x = 0, y = 0, y = xMT ;T σ+1 = I
}
.

To see this, change bases by
[
M−1 0

0 I

]
to obtain Σ as

x = 0, y = xm;m ∈ K+,

then change bases back to obtain the fieldMK+M−1 and the associated

Pappian spread
[
M 0
0 I

]
Σ containing the indicated set. Note that

this is a regulus with x = 0, y = 0 adjoined in that Pappian spread.
Since this Pappian spread may be coordinatized by an extension field
of the kernel K, it follows that any such regulus (image under H) is a
regulus in PG(3, K). �

The following lemma is now clear, but note that what we are actu-
ally doing is somehow connecting one orbit of the homology group with
an André net of the Pappian plane that we just found. The second part
of the lemma is quite important and fundamental. The reader should
make an effort to prove it and is directed to the author’s article [103]
for additional details (as well as the proof).

Lemma 35. (1) Under the assumptions of the previous lemma, we
may represent the coaxis, axis, and Γ as follows:

x = 0, y = 0, y = xm;mσ+1 = 1;m ∈ K+,

where m is in the field K+, a 2-dimensional quadratic extension of K,
and σ is the unique involution in GalKK+.
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A basis may be chosen so that Σ may be coordinatized by K+ as[
u t
ft u+ gt

]
for all u, t in K, for suitable constants f and g.

(2) Under the previous assumptions, if {1, e} is a basis for K+

over K, then e2 = eg + f , and eσ = −e+ g, eσ+1 = −f . Furthermore,
(et+ u)σ+1 = 1 if and only if in matrix form et+ u =

[
u t
ft u+ gt

]
,

such that u(u+ gt)− ft2 = 1.
The opposite regulus

y = xσm;mσ+1 = 1

may be written in the form

y = x

[
1 0
g −1

] [
u t
ft u+ gt

]
;u(u+ gt)− ft2 = 1.

The following lemma now just reformulates the idea of the André
net and what this implies regarding the representation of the homology
group.

Lemma 36. If π is a translation plane of order q2 with spread in
PG(3, K) admitting a homology group H such that one component is
a regulus in PG(3, K), then choosing the axis of H as y = 0 and the
coaxis as x = 0, we have the following form for the elements of H[

I 0
0 T

]
;T σ+1 = I.

Furthermore, we may realize the matrices T in the form
[
u t
tf u+ gt

]
such that u(u+ gt)− t2f = 1.

When considering a hyperbolic quadric as a variety, we then also
obtain the following nice representation of the regulus corresponding
to the orbit of y = x under H.

Lemma 37. The associated hyperbolic quadric corresponding to (y =
x)H : has the following form:

V [1, g,−f,−1,−g, f ].

Using this homology group, we obtain:

Proposition 5. If π is a translation plane with spread in PG(3, K),
and K admits a quadric extension field K+, let σ denote the involution
in GalKK+.
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Then we may choose a representation for the associated spread as

x = 0, y = 0, y = xMi

[
u t
ft u+ gt

]
;u(u+ gt)− ft2 = 1

and Mi a set of 2 × 2 matrices over K, where i ∈ ρ, some index set.
Let

Ri =
{
y = xMiT ; T σ+1 = 1

}
for i ∈ ρ, where M1 = I,

is a regulus in PG(3, K) and

R∗i =

{
y = xMi

[
1 0
g −1

]
T ;T σ+1 = I

}
represents the opposite regulus to Ri.

Therefore, there is a corresponding set of ρ reguli, where x = 0
and y = 0 are interchanged by the polarity of the associated hyperbolic
quadric.

Proof. Since GL(2, K+), where K+ is the quadratic extension
field of K coordinatizing Σ, is triply transitive on the components of
Σ, this implies that any orbit Γ of π may be chosen to have the form
y = xm;mσ+1 = 1. It is not diffi cult to show that any Baer subplane
π0, which is a K—subspace and also disjoint from x = 0, y = 0, of the
associated Pappian plane Σ has the following form:

y = xσm+ xn; m 6= 0, n ∈ K+.

This will mean that

y = xσm mσ+1 = 1 ∈ K+

is the set of replacement Baer subplanes of the image of y = x under
the homology group of Σ with axis x = 0, y = 0. So, this means that
we may choose the coaxis, axis and Γ as

x = 0, y = 0, y = xm;mσ+1 = 1,

without loss of generality.
The quadratic form for Γ is

V

(
x

[
1 g
0 −f

]
xt − y

[
1 g
0 −f

]
yt
)
,

where x = (x1, x2), y = (y1, y2), and (x1, x2, y1, y2) is the representation
in {{1, e}, {1, e}} on x = 0, y = 0.
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Recall that now Γ is y = x

[
u t
ft u+ gt

]
;u(u + gt) − ft2 = 1.

Now directly check that

x

[
1 g
0 −f

]
xt

−x
[
u t
ft u+ gt

] [
1 g
0 −f

] [
u t
ft u+ gt

]t
xt

= 0.

Also, note that

x

[
1 g
0 −f

]
xt − x

[
1 g
0 −1

] [
1 g
0 −f

] [
1 g
0 −1

]t
xt

= x

[
1 g
0 −f

]
xt − x

[
1 g
0 −f

]t
xt

and since

x

[
1 g
0 −f

]t
xt = x

[
1 g
0 −f

]
xt,

we have

y = xσ
[
u t
ft u+ gt

]
= x

[
1 0
g −1

] [
u t
ft u+ gt

]
,

where u(u+gt)−ft2 = 1, is the set of opposite lines and these are also
isotropic under the indicated quadratic form. Finally, we know that
the opposite regulus to R1 = {y = xT ;T σ+1 = 1} is{

y = xσT = x

[
1 0
g −1

]
T ;T σ+1 = 1

}
.

Consider Ri = {y = xMiT ; T σ+1 = 1} and change bases by τMi
:

(x, y) 7−→ (x, yM−1
i ) to change Ri into R1. Then R∗1 maps to R

∗
i

under τ−1
Mi
. This implies that

R∗i =

{
y = xMi

[
1 0
g −1

]
T ;T σ+1 = 1

}
.

�
We now determine the associated quadratic forms. We use the

notation of the previous proposition.

Lemma 38. The quadratic form for Ri is

V

(
xMi

[
1 g
0 −f

]
M t

ix
t − y

[
1 g
0 −f

]
yt
)
.
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Proof.

xMi

[
1 g
0 −f

]
M t

ix
t − xMiT

[
1 g
0 −f

]
T tM t

ix
t

= xMi

[
1 g
0 −f

]
M t

ix
t − xMi

[
1 g
0 −f

]
M t

ix
t.

This shows that the components of Ri are isotropic subspaces. Now
note that the opposite regulus R∗i to Ri has components

y = xMi

[
1 0
g −1

]
T ;T σ+1 = 1.

Then

xMi

[
1 g
0 −f

]
M t

ix
t

− xMi

[
1 0
g −1

]
T

[
1 g
0 −f

]
T t
[

1 0
g −1

]t
M t

ix
t. So

xMi

[
1 g
0 −f

]
M t

ix
t

− xMi

[
1 0
g −1

] [
1 g
0 −f

] [
1 0
g −1

]t
M t

ix
t

= xMi

[
1 g
0 −f

]
M t

ix
t − xMi

[
1 g
0 −f

]t
M t

ix
t.

Note that

xMi

[
1 g
0 −f

]t
M t

ix
t is self-transpose and

thus equal to xMi

[
1 g
0 −f

]t
M t

ix
t.

This proves the lemma. �

Lemma 39. The regulus

Ri =
{
y = xMiT ; T σ+1 = 1

}
for i ∈ ρ, where M1 = I

and its opposite regulus

R∗i =

{
y = xMi

[
1 0
g −1

]
T ;T σ+1 = 1

}
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are interchanged by the mapping

ρ =

[
I 0
0 P

]
, where

P =

[
1 0
g −1

]
; (x, y) 7−→ (x, yσ).

Now referring back to the statement of Theorem 110, it should be
clear that all parts are proven with the exception of part (3).
So now choose x = 0, y = 0 as the two lines (components) inter-

changed by the associated polarity of each hyperbolic quadric of H,
a regular hyperbolic quadric with constant back half. Fix a quadric
and choose either regulus of this quadric. We have seen above that
there is a unique Pappian spread containing the regulus and x = 0,
y = 0. Choose the quadratic extension field of K with basis {e, 1},
where e2 = ef + g. Then the quadric has the following form:

V

(
x

[
1 g
0 −f

]
xt − y

[
1 g
0 −f

]
yt
)
.

As any quadric of H has constant back half, we note that[
u t
ft u+ gt

] [
1 g
0 −f

] [
u t
ft u+ gt

]t
=

[
1 g
0 −f

]
,

where u(u+ gt)− ft2 = 1. Furthermore,

y

[
1 0
g −1

] [
1 g
0 −f

] [
1 0
g −1

]t
yt

= y

[
1 g
0 −f

]t
yt = y

[
1 g
0 −f

]
yt.

Since the quadric has constant back half, we see that the mappings by
elements of K+ of determinant 1 of the first type occur as homology
groups of each translation plane obtained from the hyperbolic fibration,
each of whose orbits define reguli. If y = xNi for i ∈ τ is a regulus
of some hyperbolic fibration in some spread, then since we now have a
homology group acting on the spread, it follows that

{y = xNi for i ∈ τ}

=

{
y = xMi

[
u t
ft u+ gt

]
;u(u+ gt)− ft2 = 1

}
,
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for i ∈ ρ, where ρ is an appropriate index set. We have noted previously
that  y = xMi

[
1 0
g −1

] [
u t
ft u+ gt

]
;u(u+ gt)− ft2 = 1


is the associated opposite regulus and that the mapping ρ will inter-
change the regulus and the opposite regulus. Note that ρ is just the
matrix version of xσ. Now let k be an element of ΓL(4, K) that fixes
each hyperbolic quadric of H and acts trivially on the front half of each
quadric. Thus, we may represent k in the form

k : (x, y)→ (x, yτQ),

where τ is an automorphism of the field K+ coordinatizing Σ and Q is
a non-zero element of K+. We will see that if Qσ+1 = 1 or τ = σ, the
unique involution in GalKK+, then k certainly satisfies the conditions.
However, we see that we must have

yτQ

[
1 g
0 −f

]
Qtyτt = y

[
1 g
0 −f

]
yt ∀ y ∈ K+.

Now we note that k will fix each hyperbolic quadric of H. We also
know that the mapping (x, y)→ (x, yσ) interchanges the regulus with
its opposite regulus in each such quadric. Suppose that k fixes all
reguli of the hyperbolic quadrics. Then k will be a collineation of each
corresponding spread. This means that since y = 0 is fixed pointwise,
the element k is an affi ne homology of any of the spreads. But this
means that k is in GL(4, K), when acting on the spread. This, in turn,
implies that τ is 1 or σ. But, if τ = σ, k does not act on a spread as a
collineation. But then

Q

[
1 g
0 −f

]
Qt =

[
a b
c d

]
.

If τ = 1, an easy calculation shows that a = 1, d = −f and b + c = g.
Working out the form of

Q

[
1 g
0 −f

]
Qt

shows that the element a is the determinant of Q. Hence, if τ = 1, we
obtain the det 1 group; i.e., Qσ+1 = 1. So, we may assume that k does
not fix all reguli of each quadric. If k fixes one regulus of a quadric,
then g is a collineation group of an associated Pappian spread defined
by the regulus and x = 0 and y = 0. The above remarks show that τ is
still one in this setting. Thus, we may assume that k interchanges each
regulus and opposite regulus of each hyperbolic quadric. If we follow
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the mapping (x, y)→ (x, yσ) by k, it follows that Qσ+1 = 1. But then
it also now is immediate that τ = σ or 1.
This now completes the proof of the theorem, which establishes

the connection between translation planes admitting regulus-inducing
homology groups and hyperbolic fibrations with constant back half.
In this next chapter, we see the connections between partial flocks of
quadratic cones and hyperbolic fibrations.



CHAPTER 18

Hyperbolic Fibrations and Partial Flocks

Let π be a translation plane with spread in PG(3, K) that produces
a hyperbolic fibration with carriers x = 0, y = 0. We are assuming
that K is a field that admits a quadratic extension K+. What we do
in this chapter is show that the way that the reguli are represented
as hyperbolic quadrics induces certain functions F and G on K+(σ+1)

that will represent the partial flock of a quadratic cone in PG(3, K).
Recalling that K+(σ+1) corresponds to the set of determinants of the
field of matrices representing K+, we see that there is an intrinsic
problem of representation. In the finite case, this never becomes an
issue since K+(σ+1) is simply K isomorphic to GF (q).
We begin with a general representation of the spread of π as

x = 0, y = 0, y = x

[
u t

F (u, t) G(u, t)

]
;u, t ∈ K,

for functions F and G on K ×K to K.
Let

δu,t = det

[
u t

F (u, t) G(u, t)

]
.

We have K+ as {[
u t
tf u+ gt

]
;u, t ∈ K

}
.

We may assume that when u(u + gt)− ft2 = 1 then F (u, t) = ft and
G(u, t) = u+ gt. We now compute

V

(
xMi

[
1 g
0 −f

]
M t

ix
t − y

[
1 g
0 −f

]
yt
)
.

The operand

xMi

[
1 g
0 −f

]
M t

ix
t − y

[
1 g
0 −f

]
yt

for Mi =

[
u t

F (u, t) G(u, t)

]
is easily calculated as follows: Let

A11 = δu,t = u2 + (ug − tf)t,

267
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A12 = F (u, t) + (ug − tf)G(u, t),

A21 = F (u, t)u+ (gF (u, t)− fG(u, t))t,

A22 = F (u, t)2 + (gF (u, t)− fG(u, t))G(u, t).

Therefore, we are considering:

x

[
A11 A12

A21 A22

]
xt − y

[
1 g
0 −f

]
yt.

To find functions connecting a partial flock, we claim that the (2, 2)-
entry in the front half of the quadric is a function F(δu,t) of δu,t. The
proof is merely by reductio ad absurdum and is left to the reader.
Similarly, if the sum of the (1, 2)- and the (2, 1)-entries of the front
half is not a function of δu,t then there would be two distinct sums for
a given δu,t. But this again would say that (x1, 0, (x1, 0)Mi) would be
in two quadrics. Hence, the sum of the (1, 2)- and (2, 1)-elements is a
function of δu,t, say, G(δu,t). Consider a corresponding translation plane
with components y = xM and y = xN . Notice that the (2, 2)-element
of the previous matrix for the front half is

det

[
F (u, t) G(u, t)
fG(u, t) F (u, t) + gG(u, t)

]
.

Theorem 112. A regular hyperbolic fibration with constant back
half in PG(3, K), K a field, with carrier lines x = 0, y = 0, may be
represented as follows:

V

(
x

[
δ G(δ)
0 −F(δ)

]
xt − y

[
1 g
0 −f

]
yt
)

for all δ in detK+ =
[
u t
ft u+ gt

]σ+1

;

u, t ∈ K, (u, t) 6= (0, 0)

 ,

where 

[
δ G(δ)
0 −F(δ)

]
;

δ ∈


[
u t
ft u+ gt

]σ+1

;

u, t ∈ K, (u, t) 6= (0, 0)




∪
{[

0 0
0 0

]}
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corresponds to a partial flock of a quadratic cone in PG(3, K), and
where F and G are functions on detK+.

Proof. Let λ be a subset of K such that for each t in K − {0},
the function φs(t) = s2t+sG(t)−F(t) is injective for each element s in
K. Then there is a corresponding partial flock of a quadratic cone in
PG(3, K). The partial flock is a flock if and only φs(t) is bijective for all
s in K. For λ = {detK+}, assume that φs(t) is not injective for some
element s, so assume that φs(t) = φs(t

∗), for t 6= t∗. Then, consider
(s, 1, y1, y2), where y = (y1, y2), and this point is on the hyperbolic
quadric corresponding to t. It is easy to check that this point would
also be on the hyperbolic quadric corresponding to t∗, a contradiction.
This, combined with our previous comments, proves everything

in part (1), with the exception of the surjectivity of the functions

φs on detK+. We note that y
[

1 g
0 −f

]
yt maps y = (y1, y2) onto

det

[
y1 y2

fy2 y1 + gy2

]
. Hence, the functions listed must be surjective

on detK+ in order that the hyperbolic fibration cover PG(3, K). �

Our preliminary remarks prove the following theorem:

0.5. The Correspondence Theorem. The following theorem
basically sums up the connections between hyperbolic fibrations and
partial flocks of quadratic cones.

Theorem 113. The correspondence between any spread π in PG(3, K)
corresponding to the hyperbolic fibration and the partial flock of a qua-
dratic cone in PG(3, K) is as follows:

If π is

x = 0, y = 0, y = x

[
u t

F (u, t) G(u, t)

]
,

then the partial flock is given by
[
δu,t G(δu,t)
0 −F(δu,t)

]
with

δu,t = det

[
u t
ft u+ gt

]
,

G(δu,t)

= g(uG(u, t) + tF (u, t)) + 2(uF (u, t)− tfG(u, t)),

−F(δu,t)

= δF (u,t),G(u,t),
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where

δF (u,t),G(u,t)

= det

[
F (u, t) G(u, t)
fG(u, t) F (u, t) + gG(u, t)

]
∈ detK+.

It is noted that the homology group, one orbit of which is a regulus
in PG(3, K), is given by

H =

{
T =

[
u t
ft u+ gt

]
; δu,t = 1

}
.

If we have a hyperbolic fibration in PG(3, K), there are correspond-
ing functions given in the previous theorem such that the corresponding
functions

φs(t) = s2t+ sG(t)−F(t)

are injective for all s in K and for all t ∈ detK+.
Indeed, the functions restricted to detK+ are surjective on detK+.
Conversely, any partial flock of a quadratic cone in PG(3, K), with

defining set λ (i.e., so t ranges over λ and planes of the partial flock are
defined via functions in t) equal to detK+, whose associated functions
on detK+, as above, are surjective on detK+ (K+ some quadratic
extension of K), produces a regular hyperbolic fibration in PG(3, K)
with constant back half.

Proof. We have a partial flock of a quadratic cone, indexed by
detK+, for some quadratic extension of K, where the functions φs are
bijective on detK+. Use K+ to define the elements f and g as above.
For any given function y = xMi, disjoint from x = 0, y = 0, we know
that

xMi

[
1 g
0 −f

]
M t

ix
t = x

[
δu,t G(δu,t)
0 −F(δu,t)

]
xt,

where F and G and the functions defined in the previous theorem,
for some elements u, t. Construct a partial spread from y = xMi by
applying the mappings (x, y)→ (x, yQ), where Qσ+1 = 1, Q in K+. It
will then follow that this is a regulus, and its opposite regulus defines
a hyperbolic quadric, whose polarity interchanges x = 0 and y = 0.

We claim that, in this way, we obtain a spread and hence a hyper-
bolic fibration. Consider any point not on x = 0, y = 0. We may al-
ways start with the Pappian spread Σ coordinatized by K+ and choose
x = 0, y = 0, y = x in Σ to begin the process.
Each element t ∈ detK+, defines a hyperbolic quadric of the form

Vt = V (x2
1t+ x1x2G(t)− x2

2F(t)− (y2
1 + y1y2g − fy2

2)),
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where F(1) = f and G(1) = g and one regulus R1 together with x =
0, y = 0 define a unique Pappian spread Σ admitting K+, as above, as
a coordinatizing field. Suppose that a point (xo, yo) lies in Vt and Vt∗,
for xo and yo both non-zero vectors. Then clearly t = t∗, as we have
a partial flock of a quadratic cone. It remains to show that we have
a cover of PG(3, K). Choosing any regulus for each quadric certainly
produces a partial spread. Furthermore, the partial spread admits the
‘homology’group (x, y) → (x, yQ), such that Qσ+1 = 1. If there is
a 2-dimensional subspace disjoint from this partial spread, we may
write the subspace in the form y = xM , where M is a non-singular
2 × 2 matrix over K. We may then use this subspace to construct an
extension to the partial flock, also admitting the homology group but
still indexed by detK+, a contradiction. Hence, we have a maximal
partial spread. Choose any point (x1, x2, y1, y2) such that x2 6= 0.
Note that y2

1 + y1y1g − fy2
2 = c is in detK+, as is x2

2. Since the
mappings φs are onto functions, there exists a unique t in detK+ such
that (x1/x2)2t+ (x1/x2)G(t)−F(t) = c/x2

2. This means that if x2 6= 0
then (x1, x2, y1, y2) is covered by the detK+-set of hyperbolic quadrics.
Now assume that x2 = 0. Then x2

1t = c has a unique solution in
detK+. Hence, this completes the proof of the theorem. �



CHAPTER 19

j-Planes and Monomial Flocks

The idea of a j-plane arose from Kantor’s work on the slicing of
ovoids [157], when the author used this analysis to find representa-
tions of the translation planes that arose from the slices. Using the ba-
sic representation of the spreads, Johnson, Pomareda and Wilke [155],
construct j-planes and develop the theory in the finite case, in particu-
lar for j = 1, 2, where j = 1-planes may be obtained by slicing. In this
text, we will generalize the ideas and consider j-planes over any field
K. Here is the formal definition.

Definition 77. Let K be a field and K+ a quadratic field extension
of K represented as follows:

K+ =

{[
u t
ft u+ gt

]
;u, t ∈ K

}
.

Consider the following group:

GK+,j =




1 0 0 0

0 δ−ju,t 0 0
0 0 u t
0 0 ft u+ gt

 ;

u, t ∈ K, (u, t) 6= (0, 0)

 ,

where j is a fixed integer and δu,t = det

[
u t
ft u+ gt

]
. A ‘j-plane’is

any translation plane π containing x = 0, y = 0 and y = x that admits
G+
K ,j as a collineation group acting transitively on the components of

π − {x = 0, y = 0}.

Consider the subgroup when δu,t = 1. We see that this group is an
affi ne homology group and any image together with x = 0, y = 0 is a
regulus in PG(3, K). This means that there is an associated regular
hyperbolic fibration with constant back-half. Furthermore, this also
implies that there is an associated partial flock of a quadratic cone
in PG(3, K), and in the finite case, there is an associated flock of a
quadratic cone in PG(3, q), for K isomorphic to GF (q), since in this
setting the affi ne homology group is cyclic.

273
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So, the question is to determine the class of conical flocks that
correspond to j-planes. Actually, all of the known j-planes construct
flocks that were also previously known and all of these are monomial
in the sense that the functions f(t) and g(t) representing the flock are
monomial functions.
In this chapter, we continue the ideas presented in the chapter

on hyperbolic fibrations in that translation planes with spreads in
PG(3, K) admitting regulus-inducing elation groups are somehow con-
nected to translation planes with spreads in PG(3, K) admitting regulus-
inducing homology groups. The material given in this chapter some-
what follows the work of the author [101].

For j-planes the group in question is isomorphic to the multiplica-
tive group of a field L. In general, when this occurs, we use the term
‘H-group’, and the plane an ‘H-plane,’ where H is a multiplicative
endomorphism of L− {0}.

Definition 78. Let K be a field that admits a quadratic extension
field K+. Consider the following group


1 0 0 0
0 H(δu,t)

−1 0 0
0 0 u t
0 0 ft u+ gt

 ;

x2 + xg − f is K-irreducible, u, t ∈ K, not both 0,
H an endomorphism on{

δu,t = det

[
u t
ft u+ gt

]
;u, t ∈ K

}


.

If {
x = 0, y = 0, y = x

[
1 0
0 H(δu,t)

] [
u t
ft u+ gt

]
;u, t ∈ K

}
is a spread in PG(3, K), we call this anH—spread and the corresponding
translation plane, an H—plane. Clearly, there is an associated affi ne

homology group obtained from post-multiplication of
[
u t
ft u+ gt

]
of

determinant 1.
Hence, the spread components other than x = 0, y = 0 are

y = x

[
u t

H(δu,t)ft H(δu,t)(u+ gt)

]
T,

where T is the group G′ of field matrices of determinant 1. There is,
therefore, an associated partial detK+-partial flock.
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For j-planes andH-planes, here are the connections to partial flocks
(or flocks when the field is finite).

Theorem 114. (1) A j-plane with spread set


x = 0, y = 0,

y = x

[
1 0

0 δju,t

] [
u t
ft u+ gt

]
;u, t ∈ K,

(u, t) 6= (0, 0), K a field

 ,

produces a monomial detK+-partial flock of a quadratic cone with
monomial functions

f(δu,t) = fδ2j+1
u,t , g(δu,t) = gδj+1

u,t .

(2) An H-plane with spread set


x = 0, y = 0,

y = x

[
1 0

0 H(δju,t)

] [
u t
ft u+ gt

]
;u, t ∈ K,

(u, t) 6= (0, 0), K a field

 ,

produces a detK+-partial flock of a quadratic cone with functions:

g(δu,t) = gH(δu,t)δu,t

f(δu,t) = fH(δu,t)
2δu,t.

Proof. Let π be a j-plane, so that there is a spread set of the
following form:


x = 0, y = 0,

y = x

[
1 0

0 δju,t

] [
u t
ft u+ gt

]
;u, t ∈ K,

(u, t) 6= (0, 0),

 ,

where δu,t = det

[
u t
ft u+ gt

]
.



276 j-Planes and Monomial Flocks

By Theorem 0.5, we have[
δu,t g(δu,t)
0 −f(δu,t)

]
; δu,t

= det

[
u t
ft u+ gt

]
,

g(δu,t) = g(uG(u, t) + tF (u, t)) + 2(uF (u, t)− tfG(u, t)),

−f(δu,t) = δF (u,t),G(u,t),

where

δMi
= detMi,

and δF (u,t),G(u,t) = det

[
F (u, t) G(u, t)
fG(u, t) F (u, t) + gG(u, t)

]
.

In this case,

F (u, t) = δju,tft, G(u, t) = δju,t(u+ gt).

Hence,

g(δu,t) = g(uG(u, t) + tF (u, t)) + 2(uF (u, t)− tfG(u, t))

= g(uδju,t(u+ gt) + tδju,tft) + 2(uδju,tft− tf(δju,t(u+ gt))

= gδj+1
u,t .

Also,

−f(δu,t) = δF (u,t),G(u,t)

= F (u, t)(F (u, t) + gG(u, t))− fG(u, t)2

= δju,tft(δ
j
u,tft+ g(δju,t(u+ gt))− f(δju,t(u+ gt))2

= δ2j
u,tf(ft2 + g(u+ gt)t− f(u2 + 2ugt+ g2t2)

= δ2j
u,tf(−f(u2 + ugt+−ft2)

= −fδ2j+1
u,t .

Therefore,
f(δu,t) = fδ2j+1

u,t .
This proves the result.
For H-planes, the reader may supply the similar proof with H(δu,t)

in place of δju,t, to obtain

g(δu,t) = gH(δu,t)δu,t

−f(δu,t) = −fH(δu,t)
2δu,t.

�
This theorem leads to the following classification result.
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0.6. Classification of Finite Even Order j-Planes. Assume
that we have a j-plane of order q2, where q = 2r. The monomial flocks
are completely determined in Penttila-Storme [175], where is it shown
that j = 0, 1, 2 and correspond to the linear, Betten and Payne flocks,
respectively. This proof is beyond the scope of this text and the reader
is directed to the article for the intricate proof. Hence, the associated
j-planes are also completely determined. We note that originally the j-
planes for j = 1 are constructed in Johnson [121] and are due to Kantor
as a particular slice of a unitary ovoid (see, in particular, section 3 and
(3.6)). Furthermore, for j = 2, the planes are constructed in Johnson-
Pomareda-Wilke [155].
Hence, we have the following theorem.

0.7. Johnson, Penttila-Storme Theorem.

Theorem 115. Let π be a j-plane of even order q2. Then j = 0, 1
or 2 and the plane is one of the following types of planes:
(1) Desarguesian (j = 0 and corresponding to the linear flock),
(2) Kantor-slice of a unitary ovoid (j = 1 and corresponding to the

Betten flock), or
(3) The Johnson-Pomareda-Wilke j = 2-plane (corresponding to

the Payne flock).

Hyperbolic fibrations may be considered over any field K that ad-
mits a quadratic field extensionK+, so, for example, any subfield of the
field of real numbers would work. In the following chapter, we connect
flocks of quadratic cones and hyperbolic fibrations over the field of real
numbers.

1. Hyperbolic Fibrations over the Reals

Let H(u) = ur, for u > 0, and equal to 0 when u = 0. Define
H(−u) = −ur, for u > 0. Consider putative associated functions

g(δu,t) = gH(δu,t)δu,t = gδr+1
u,t ,

f(δu,t) = fH(δu,t)
2δu,t = fδu,t.

Now we consider the functionK → detK+, whenK is a field of real
numbers. The elements in this set are u2 +ugt−ft2, where g2 +4f < 0.
Hence, −f > 0 so that we know that u = t = 0, 0 is in the detK+ and
if t = 0, we obtain the positive real numbers and for t 6= 0, we see that

y = x2 + xg − f > 0, for all x.
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Hence, detK+ is the set of positive real numbers when (u, t) 6= (0, 0).
So, the question is whether the functions φs restricted to the positive
reals are bijective on the positive real numbers, for any s ∈ K.
But, we let us begin by finding flocks of quadratic cones over the

field of real numbers as these are amazingly easy to construct.
Let R denote the field of real numbers. Let −f(t) denote a contin-

uous, strictly increasing function on the reals such that f(0) = 0, such
that limt→±∞(−f(t)) = ±∞. To obtain a flock of a quadratic cone, it
suffi ces to show that the functions

φu : t→ u2t− f(t)

are bijective for all u. For example, if the function is differentiable,
then u2t + f(t) has derivative u2 − f ′(t) > 0, which implies that the
functions are injective. More generally, if s < t, then −f(s) < −f(t)
so that u2(s − t) 6= −f(t) + f(s), so that the functions are injective.
The limit conditions ensure bijectivity. So, there is an associated flock
of a quadratic cone in PG(3, R) and a conical flock plane with spread

x = 0, y = x

[
u f(t)
t u

]
;u, t ∈ R.

Let −f(1) = −f . Then{[
u t
ft u

]
;u, t ∈ R

}
,

is a field, and note that the determinant is u2 − t2f , which is non-
negative, since −f(1) > 0. Furthermore, t > 0 if and only if −f(t) > 0,
so it follows the conditions of the theorem of the previous section are
valid. Thus, there is an induced hyperbolic fibration over the reals R.
We first observe that if

C1 =
{

(v, s); v2 +−fs2 = 1
}
,

is an ellipse with center (0, 0) in the real affi ne plane Π and P = (u, t)
is any point of Π then the line joining (u, t) and (0, 0) non-trivially
intersects C1 in a point (v, s). This means that there is a real number
k such that k(v, s) = (u, t). This implies that any spread

x = 0, y = 0, y = x

[
u t

F (u, t) G(u, t)

]
; t, u ∈ R

in PG(3,R) that admits an affi ne homology group that maps y = xM
onto y = xMT , where

T ∈ G′ =
{[

u t
ft u+ gt

]
; δu,t = 1

}
,
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corresponds to a j-plane. In this case, the spread is x = 0, y = 0, and
a union of reguli Dk, for k ∈ R:

Dk; y = x

[
k 0

F (k) G(k)

]
T ;T ∈ G′,

where we choose the notation so that F (k, 0) = F (k) and G(k, 0) =
G(k). Using Theorem 0.5, a straightforward calculation then follows
that F (u) = 0 for all u and G(u)2(−f) = −f(u2).
If we would derive a given regulus net, what happens is that G(u, t)

becomes −G(u,−t) and F (u, t) remains the same, since the involution
σ in the Galois group over the field of real numbers is given by the

matrix
[[

1 0
0 −1

]]
. What this means is that as one spread corre-

sponding to the hyperbolic fibration has:

G(u) =
√
f(u2)/f .

Furthermore,[
u 0
0 G(u)

]
and

[
u 0
0 G(u)

] [
−1 0
0 −1

]
=

[
−u 0
0 −G(u)

]
,

are in the same regulus (hence, we require G(−u) = −G(u). That is,
we may assume that u is positive. Therefore, we may assume that we
also have that [

−u 0

0 −
√
f((−u)2)/f

]
defines a component within the spread. Therefore, we obtain the fol-
lowing theorem:

Theorem 116. Let −f(x) be any continuous strictly increasing
function on the reals R, such that f(0) = 0, and limx→±∞−f(x) =
±∞.
Then there is a spread of PG(3,R)

(∗) : x = 0, y = 0, y = x

[
u 0

0
√
f(u2)/f

]
T ∈ G′, u ≥ 0,

where f = f(1) and

G′ =

{
T =

[
u t
ft u

]
; δu,t = 1

}
.

Furthermore, the spread produces a hyperbolic fibration.
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We now consider arbitrary spreads of the homology group type (∗).
Now let h(u) =

√
f(u2)/f for u > 0 and assume that h(−u) = −h(u).

Then [
k 0
0 h(k)

] [
v s
fs v

]
=

[
kv ks

h(k)fs h(k)v

]
,

where the determinant of
[
u t
ft u

]
is 1.

In general, the determinant of
[
u t
ft u

]
is positive, hence, for k >

0, there is a given matrix with determinant k = δu,t.
We now consider the H-planes. So, assume that H is a multiplica-

tive homomorphism on R− {0}. Then

G =




1 0 0 0
0 H(δu,t)

−1 0 0
0 0 u t
0 0 ft u

 ;u, t ∈ R− {0}


is a group isomorphic to R+ − {0}. Moreover, the matrix[

1 0
0 H(δu,t)

] [
u t
ft u

]
=

[
u t

H(δu,t)ft H(δu,t)u

]
,

has determinant δu,tH(δu,t) = kH(k2). Now let kv = u and ks = t,
and h(k) = kH(k2). This means that

f(k2) = fk2H(h2)2,

or rather that

f(v) = fvH(v)2, v > 0.

In other words, if H is a multiplicative endomorphism defined on
the positive real numbers, then there is an associated collineation group
G isomorphic to R − {0}, which fixes two components x = 0, y =
0 and acts transitively on the remaining components of the spread.
Conversely, let h be an multiplicative endomorphism on the positive
real numbers such that h(u) > 0, where u > 0.
Now to connect to the notation:

x = 0, y = 0, y = x

[
u 0

0
√
f(u2)/f

]
T, u ≥ 0,

we would require that

f(v) = fvH(v)2, v > 0.
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is continuous on the positive reals, is non-decreasing and has range the
set of all positive reals. If H is a function differentiable on the positive
reals, then H(v) = vj, for some real number. In this case, we consider

f(v) = fv2j+1 for v > 0.

To be non-decreasing, we would require that f(2j+ 1) > 0 and to have
that range, the set of all positive reals requires that f > 0 and so

2j + 1 > 0.

As this function may be extended to a continuous function with
the property required, we obtained an associated hyperbolic fibration
plane.

Theorem 117. Let h be an endomorphism on the positive real num-
bers such that f · h(

√
v)2, for v > 0 is continuous, strictly increasing

and surjective on the positive real numbers. Then, there is an asso-
ciated flock and partial flock and therefore a corresponding hyperbolic
fibration.

We have seen that the finite j-planes of even order are completely
classified, but there might be no hope of obtaining anything close to a
classification for odd order j-planes. Furthermore, we have seen that
there are many H-planes and j-planes over the field of real numbers,
and it might be that there again is little hope for a classification. How-
ever, in the next chapter, we actually are able to classify the real j-
planes.

2. Classification of the Real j-Planes

In this section, we completely classify the real j-planes as follows:
(We continue with the notation established in the previous section).

Theorem 118. A translation plane π is a real j-plane if and only
if j is a real number and j > −1/2. In all cases, there is a partial
monomial flock over the non-negative real numbers. The partial mono-
mial flock may be extended to a monomial flock over the field of real
numbers if and only if (−1)j is defined when g is not zero and if and
only if (−1)2j+1 is defined when g = 0.

Proof. We know that a real j-plane produces a detK+ partial
monomial flock with the following functions:

f(t) = ft2j+1, g(t) = gtj+1,

where t ∈ detK+. Furthermore, we note that[
u t
ft u+ gt

]
;u, t ∈ K,
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forces
u2 + ugt− ft2 = 0

if and only if u = t = 0. When t = 0, andK is the field of real numbers,
detK+ contains the non-negative reals. And since g2 + 4f < 0 (the
discriminant must be negative), it follows that detK+ is the set of all
non-negative reals. Thus, consider the functions:

φs : φs(t) = s2t+ g(t)s− f(t).

For each s ∈ K, φs must be injective restricted to t > 0, and f(0) = 0,
g(0) = 0 (which we require if the original functions are defined only for
t > 0) and surjective on detK+.
Therefore, we consider

φs(t) = s2t+ gtj+1s− ft2j+1.

We note that

φs(t) = t((s+ gtj/2)2 − (g2 + 2f)t2j/4) > 0, for t > 0.

The given function is differentiable on t > 0, regardless of j, hence, the
derivative is

s2 + (j + 1)gtjs− (2j + 1)ft2j.

We claim that for each s, the derivative is ≥ 0. Furthermore, when
s = 0, −ft2j+1 is clearly injective for t > 0. For s non-zero, the
derivative at 0 is s2 > 0. Since the derivative function is continuous
for t > 0, assume that for some positive value of t, the derivative is
negative. Then there is a root of

s2 + (j + 1)gtjs− (2j + 1)ft2j.

But note considering the functions as polynomials in s, we assert that
the discriminant is negative. To see this simply note that

((j + 1)g)2 + 4(2j + 1)f

= (j + 1)2(g + 4f)− 4j2 < 0

since (g + 4f) < 0. Hence, the derivative is ≥ 0, which implies that
φs is injective. In order that the function be surjective on detK+, we
see that we must have

lim
t→∞

φs(t) =∞ and lim
t→0+

φs(t) = 0.

We consider the cases: j > 0 and j < 0 (j = 0 produces a Pappian
affi ne plane). First, assume that j > 0. Then the two required limits
are clearly valid, since

φs(t) = t((s+ gtj/2)2 − (g2 + 2f)t2j/4) > 0, for t > 0.
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Now assume that j < 0 then limt→∞ φs(t) =∞. Consider

φs(t) = s2t+ tj(gt− ftj+1).

Then we require
lim
t→0+

tj(gt− ftj+1) = 0.

Note that when s = 0, we require that limt→0+(−f(t) = −ft2j+1) = 0.
Therefore, 2j+ 1 > 0. Thus, we must also have limt→0+ gtj+1 = 0, but
if 2j + 1 > 0, then j > −1/2 so that j + 1 > 1/2. This completes the
proof that a j-plane is obtained if and only if j > −1/2. The question
remains if we may extend the partial monomial flock to a monomial
flock. If so, then the same functions must be used and must be de-
fined on the negative real numbers. Hence, the question is whether
(−1)j+1 and (−1)2j+1 are defined, for g non-zero and whether (−1)2j+1

is defined for g = 0. In the former case, the necessary and suffi cient
condition is whether (−1)j is defined. If g is non-zero and (−1)j is
defined then (−t)j = (−1)jtj, for t > 0, implies that (−t)j is defined.
It now follows analogously as in the previous argument that the func-
tions φs are defined for all real elements t and that these functions are
bijective on K, implying that there is an associated monomial flock of
a quadratic cone. �

Now assume that we have a real H-plane, so that H is an endomor-
phism of the multiplicative group of non-negative real numbers, which
we are assuming is Lebesque integrable. In this setting, we know that
H(t) = tj, for j a real number. Hence, we have the following corollary.

Corollary 30. The H-planes over the field of real numbers are
completely determined as j planes for j > −1/2, provided H is Lebesque
integrable.

2.1. Extension of Partial detK+-Partial Flocks. We have noted
that a partial monomial flock may not always be extended to a mono-
mial flock at least whenK is the field of real numbers. However, we will
see that there is always an extension to some flock and the wonderful
thing is that there are non-countably many ways to do this!

Theorem 119. Assume that K is the field of real numbers. Every
partial detK+-partial flock may be extended to a flock in non-countably
infinitely many ways.

Proof. A detK+-partial exists if and only if the functions φs(t) =
s2t+g(t)s−f(t) are injective and surjective onto the non-negative real
numbers, where t ≥ 0. Take any function f1(t), which is defined on
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(−∞, 0] such that f1(0) = 0 and f1 is continuous and non-decreasing
and limt→−∞ f1(t) = −∞. Then define

g2(t) = 0 if t ≤ 0 and g1(t) = g(t) for t > 0,

f2(t) = f1(t) for t ≤ 0 and f2(t) = f(t), for t > 0.

Then, clearly,
φs(t) = s2t+ g2(t)s− f2(t)

is bijective on the set of real numbers. �
So, the staggering result (at least to this writer) of this is summed

up using net replacement.

Theorem 120. Any conical flock plane defined on the real num-
bers, let P and N denote the components with positive and negative
slopes. Then there are non-countably infinitely many replacements of
N producing conical flock planes.



Part 5

Derivable Geometries



In this part, we consider first a generalization of flocks of quadratic
cones, called α-flocks. We also consider parallelisms of α-cones and
parallelisms of generalizations of hyperbolic flocks, as well as general
consideration of extensions of derivable nets from the standpoint of
their embedding into 3-dimensional projective space.
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CHAPTER 20

Flocks of α-Cones

If one is considering a point-line geometry, then a ‘spread’is defined
as a set of lines that covers each point exactly once and a ‘parallelism’
is then a set of spreads that covers each line exactly once. Of course, a
refinement of these definitions then might be required to accommodate
various geometries.
We have been discussing flocks of quadratic cones, flocks of hyper-

bolic quadrics, and flocks of elliptic quadrics. Considered as point-line
geometries, we could also consider flocks of their circle plane gener-
alizations: Laguerre planes, Minkowski planes, and Inversive planes,
respectively. Also, we have previously discussed focal-spreads, where
certain of these give rise to 2-designs that admit ‘resolutions,’where
our terminology of ‘spreads’and ‘parallelisms’could be utilized.
For example, if we identify the terms ‘flock’and ‘spread,’ then a

parallelism of a quadratic cone is a partition of the circles (conics) not
incident with vertex v0 by flocks (‘spreads’). A parallelism of a hyper-
bolic quadric is a partition of the conics by flocks. For elliptic quadrics,
the situation is more problematic since it is possible to partition cer-
tain infinite elliptic quadrics by conics with two points, one point, or no
points omitted. Perhaps, we should call associated flocks, ‘2-point el-
liptic flocks,’‘1-point elliptic flocks,’and ‘0-point elliptic flocks’; i-point
elliptic flocks, where i = 2, 1, 0, is the number of points not covered by
the set of conics. Let N and S be two points of an elliptic quadric Q
in PG(3, K), where K is a field.

Definition 79. A partition of the conics not containing N or S by
i-point elliptic flocks shall be called a ‘N−S i-point elliptic parallelism,’
for i = 2, 1, 0.

Definition 80. A partition of the conics by i-point elliptic flocks
shall be a called a ‘i-point elliptic parallelism.’

Remark 38. In our constructions of infinite regular parallelisms
in PG(3, K), we show that there are 2-point elliptic parallelisms for
essentially any infinite field K.
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Remark 39. In the finite case, as there are q2 + 1 points on an
elliptic quadric in PG(3, q), and q + 1 points on a conic, it is combi-
natorially only possible to have 2-point elliptic parallelisms.

The Johnson, Payne-Thas Theorem 108 connects translation planes
with spreads in PG(3, q) admitting Baer groups of order q with flocks
of quadratic cones, but more precisely, with partial flocks of deficiency
one. Similarly, translation planes with spreads in PG(3, q) admitting
Baer groups of order q−1 are equivalent to partial flocks of hyperbolic
quadrics of deficiency one. In this chapter, we generalize some of these
connections.
In this chapter, we adopt a slightly different representation method

for α-flocks and their associated translation planes, hereafter called
‘flokki planes,’the name being coined by Tim Penttila, celebrating his
heritage (Finnish).
We then are interested in extending the ideas of deficiency one flocks

of quadratic cones in PG(3, q) and the associated Baer group theory
of translation planes with spreads in PG(3, q) to their generalizations
flocks of α-cones and the corresponding ‘flokki’planes.

As we have pointed out previously, the Payne-Thas theorem in the
odd order case involves the idea of derivation of a conical flock, whereas
the proof in the even order case used ideas from extensions of k-arcs.
However, a proof attributed to Peter Sziklai of the Payne-Thas proof
is independent of order. Here, it is realized that this proof may be
adapted to prove the same theorem for α-flocks. The Baer group
theory that applies is then an extension of the work of Johnson [124].
We also consider q-cones in PG(3, q2) and algebraically lifting of

spreads in PG(3, q). Such lifted spreads automatically give rise to
q-flocks of q-cones, and hence are a-flokki (also see Kantor and Pent-
tila [158]). A ‘bilinear’flock of an α-cone is a flock whose associated
planes of intersections are incident with two lines. A result of Thas
[180] shows that flocks of quadratic cones whose planes share a point
must be linear and hence bilinear flocks of quadratic cones do not exist,
at least in the finite case. However, Biliotti and Johnson [23], show
that bilinear flocks can exist in PG(3, K), where K is a infinite field.
In fact, the situation is much more complex for infinite flocks; for ex-
ample, there are n-linear flocks for any positive integer n (the planes
share exactly n lines). Recently, Cherowitzo [34] found an extremely
interesting bilinear q-flock using ideas from blocking sets. It might
be suspected that the Cherowitzo q-flokki might be algebraically lifted
from a translation plane, and indeed, this is the case. Since all of the
results are direct generalizations of the analogous situations for conical
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flocks, we give only sketches of the proofs or omit the proofs entirely
and direct the reader to the articles by Cherowitzo and Johnson [33],
[30],[31], [32].

0.2. Elation Groups and Flokki Planes. Let π denote a trans-
lation plane of order q2 with spread in PG(3, q) that admits an elation
group E such that some orbit Γ union the axis is a derivable partial
spread. We know from Johnson [132] that the derivable net may be
represented in the form{

x = 0, y = x

[
u 0
0 uα

]
;u ∈ GF (q)

}
,

where α is an automorphism of GF (q), when we choose the axis of E
to be x = 0, and Γ to contain y = 0 and y = x, where x = (x1, x2), y =
(y1, y2), for xi, yi ∈ GF (q), i = 1, 2 and vectors in the 4-dimensional
vector space over GF (q) are (x1, x2, y1, y2). Since Γ is an orbit, this
means that E has the form

〈
1 0 u 0
0 1 0 uα

0 0 1 0
0 0 0 1

 ;u ∈ GF (q)

〉
.

Let y = x

[
g(t) f(t)
t 0

]
be a typical component for t ∈ GF (q), with

the (2, 2)-entry zero, where g and f are functions on GF (q), where
g(0) = f(0) = 0. This is always possible by a basis change allowing that
y = 0 and y = x represent components of the translation plane. Hence,

the group action of E on y = x

[
g(t) f(t)
t 0

]
produces components

y = x

[
u+ g(t) f(t)

t uα

]
; t, u ∈ GF (q).

Now assume that π is a translation plane with spread in PG(3, K),
where K is an infinite field, and π admits an elation group such that
the axis and some orbit Γ is a derivable partial spread. We have seen
in the material on Baer groups and derivable nets that a derivable net
has the form {

x = 0, y = x

[
u A(u)
0 uα

]
;u ∈ GF (q)

}
,
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where α is an automorphism ofK and such that
{[

u A(u)
0 uα

]
;u ∈ K

}
is a field. If there are at least two Baer subplanes incident with the
zero vector that are K—subspaces, then A ≡ 0.

Definition 81. A translation plane π with spread in PG(3, K),
where K is a field is said to be an ‘α-flokki plane’if and only if there
are functions g and f on K so that

(∗) : y = x

[
u+ g(t) f(t)

t uα

]
; t, u ∈ K

is the spread for π, and α is an automorphism of K.
If there is a representation (∗) of a partial spread in PG(3, K), then

this partial spread is a maximal partial spread. In this case, the maximal
partial spread is said to be an ‘injective but not bijective’partial spread.

It is left to the reader to ascertain why the partial spread is actually
maximal.
Thus, we have immediately

Theorem 121. A translation plane π with spread in PG(3, K), for
K a field, is an α-flokki plane if and only if there is an elation group E
of one of whose orbits is a derivable partial spread containing at least
two Baer subplanes that are K—subspaces.

1. Maximal Partial Flokki and α-Flocks

In this section, we connect α-flokki translation planes and α-flokki
maximal partial spreads (which are injective but not bijective) with
α-flocks. The ideas presented here originate from Cherowitzo [34], and
Kantor-Penttila [158], in the finite case.

Definition 82. Let K be any field and let α be an automorphism of
K. Considering homogeneous coordinates (x0, x1, x2, x3) of PG(3, K),
we define the ‘α-cone’ as xα0x1 = xα+1

2 , with vertex v0 = (0, 0, 0, 1).
An ‘α-flock’is a covering of non-vertex points of the α-cone by plane
sections. The intersections are called ‘α-conics.’

Now we show that there are maximal partial spreads in PG(3, K),
associated with an α-flock, which are ‘α-flokki partial spreads’or simply
‘flokki’partial spreads, if the context is clear. When K is finite, these
partial spreads are the α-flokki spreads. The proof is omitted again,
but it might be noted that when α = 1, that is, in the conical flock
situation, it can be shown that dual spreads are always maximal using
the Thas-Walker construction utilizing the Klein quadric (see Chapter
42).
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Theorem 122. (1)(a) The set of injective α-flokki maximal partial
spreads

x = 0, y = x

[
u+ g(t) f(t)

t uα

]
;u, t ∈ K,

for g and f functions from K to K, is equivalent to injectivity of each
of the corresponding sets of functions

φu : t→ t− uα+1f(t)α + ug(t)α,

for all u ∈ K.
(1)(b)

x = 0, y = x

[
u+ g(t) f(t)

t uα

]
;u, t ∈ K,

is injective if and only if

x = 0, y = x

[
u+ g(t) t
f(t) uα

]
;u, t ∈ K,

is injective.
(2)(a) The injectivity of each function φu is equivalent to a partial

α-flock with defining equations for the planes as follows:

ρt : x0t− x1f(t)α + x2g(t)α + x3 = 0 for all t ∈ K,
when representing the α-cone as xα0x1 = xα+1

2 , with vertex v0 = (0, 0, 0, 1).
(2)(b) The two sets of functions

F = {φu : φu : t→ t− uα+1f(t)α + ug(t)α, for all u ∈ K}
F⊥ = {φ⊥u : φ⊥u : t→ f(t)− uα+1tα + ug(t)α, for all u ∈ K}

both consist of injective functions if and only if one set consists of
injective functions.
(3) An α-flock is obtained if and only if φu is bijective for all u ∈ K.
(4) When K is finite, the set of α-flokki translation planes is equiv-

alent to the set of flocks of the α-cone.
(5) If α2 = 1 and g(t) = 0, and φu is bijective, then for K finite or

infinite, this subset of α-flokki planes is equivalent to the corresponding
set of flocks of the α-cone.

The following corollary is essentially immediate.

Corollary 31. Injective partial α-flocks are equivalent to injective
maximal partial α-flokki.

By the previous theorem, an α-flock will produce a maximal partial
α-flokki but to ensure that α-flocks and α-flokki are equivalent we need
the concept of a dual spread, which we have previously given when
discussing semifield spreads but shall be repeated somewhat here for
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convenience of the reader. Given a spread S in PG(3, K), for K a field,
applying a polarity ⊥ to PG(3, K) transforms S to a set of lines S⊥,
with the property that each plane of PG(3, K) contains exactly one
line of S⊥, which is the definition of a ‘dual spread.’ In the finite case,
dual spreads are also spreads, which may be seen by an easy counting
argument. However, when K is infinite, there are spreads that are not
dual spreads and dual spreads that are not spreads.

Definition 83. Let K be a field and α an automorphism of K.
Choose functions f and g on K and consider the set of functions

F = {φu : φu : t→ t− uα+1f(t)α + ug(t)α, for all u ∈ K}.
Then we define the ‘dual of F ,’F⊥ as follows:

F⊥ = {φ⊥u : φ⊥u : t→ f(t)− uα+1tα + ug(t)α, for all u ∈ K}.
Assume that both F and F⊥ consist of bijective functions then there
are corresponding α-flocks by Theorem 122. In this case, we shall also
say that F and F⊥are flocks, and furthermore use the terminology that
the‘dual α-flock is an α-flock’in this context.

Remark 40.

{φu : φu : t→ t− uα+1f(t)α + ug(t)α, for all u ∈ K}
is a set of bijective functions if and only if

{Γu : Γu : t→ tuα+1 − f(t)α + uαg(t)α, for all u ∈ K}
is a set of bijective functions. Similarly,

{φ⊥u : φ⊥u : t→ f(t)− uα+1tα + ug(t)α, for all u ∈ K}
is a set of bijective functions if and only if

{φ⊥u : Γ⊥u : t→ f(t)uα+1 − tα + uαg(t)α, for all u ∈ K}
is a set of bijective functions.

Proof. Simply note that uα+1Γu−1 = φu. �
The idea of applying a polarity to a spread in PG(3, K) will produce

a dual spread, which in the α-flokki case, may not be a spread. It
turns out that the dual spread may be coordinatized by the transpose
of matrices defining the spread. In other words, if

π =

{
x = 0, y = x

[
u+ g(t) f(t)

t uα

]
;u, t ∈ K

}
is an α-flokki spread then the dual spread π⊥ is (isomorphic to)

π⊥ =

{
x = 0,

[
u+ g(t) t
f(t) uα

]
;u, t ∈ K

}
.
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We call π⊥ the ‘transposed spread’of π to avoid confusion with the
dual of a projective plane. The connections are as follows:

Theorem 123. Let K be a field and let F be an injective partial
α-flock, denoting the maximal partial α-flokki by πF .
Then F is bijective and the dual flock is bijective if and only if πF

is a spread and the transposed spread π⊥F is a spread.

Again, we omit the argument and ask that the reader attempt the
proof.

Remark 41. Every α-flokki plane is isomorphic to an α−1-flokki
plane. In particular,[

u+ g(t) f(t)
t uα

]
and

[
u+ g(t)α t

f(t) uα
−1

]
give isomorphic flokki planes.
The transpose of this α−1-flokki plane is determined by[

u+ g(t)α f(t)

t uα
−1

]
.

2. Deficiency One and Baer Groups

Any finite α-flock consists of q planes of intersection. A partial α-
flock with q − 1 planes of intersection is said to be of ‘deficiency one.’
When α = 1, the Payne-Thas theorem shows that there is a unique
intersection. We extend this theorem to α-flocks, simply noting that
the proof of Peter Sziklai is valid also in the situation, and the reader is
invited to re-read the proof of Payne-Thas theorem in this more general
setting.

Theorem 124. A finite deficiency one α-flock may be extended to
a unique α-flock.

2.1. Baer Groups on α-Partial Flokki. Now the Baer group
theory for translation planes with spreads in PG(3, q) shows that Baer
groups of order q produce partial flocks of quadratic cones of deficiency
one. Given any conical flock plane, there is an elation group E, whose
orbits union the axis form reguli in PG(3, q). Derivation of one of
these regulus nets produces a translation plane with spread in PG(3, q)
admitting a Baer group of order q. Now consider any given α-flock
and corresponding α-flokki plane. Again, there is an elation group E,
whose orbits union the axis form derivable partial spreads. However,
derivation of one of the derivable nets produces a translation plane
admitting a Baer group of order q, but the spread for this plane π∗ is
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no longer in PG(3, q), for α 6= 1. The components not in the derivable
net are still subspaces in PG(3, q), as are the Baer subplanes of the
derivable net of π∗. Therefore, we would expect that Baer groups of
order q in such translation planes might also produce deficiency one
partial α-flocks.

Theorem 125. Let π be a translation plane of order q2 that admits
a Baer group B of order q. Assume that the components of π and the
Baer axis of B are lines of PG(3, q).
(1) Then π corresponds to a partial α-flock of deficiency one.
(2) Therefore, the Baer partial spread defined by the Baer group is

derivable and the Baer subplanes incident with the zero vector are also
lines in PG(3, q). The derived plane is the unique α-flokki translation
plane associated with the extended α-flock.

The reader is directed to Cherowitzo and Johnson [31], noting that
the argument parallels that of the original proof for Baer groups in
spreads in P (3, K).

3. K-Flokki and Algebraic Lifting

We have that a q-flock in PG(3, q2) has an associated flokki plane
with spread

x = 0, y = x

[
u+ g(t) f(t)

t uq

]
; t, u ∈ GF (q2).

More generally we define K-flocks.

Definition 84. Let F be a quadratic extension field of the field K,
and let σ denote the unique involution in GalKF . We call any maximal
partial spread of the form

x = 0, y = x

[
u+ g(t) f(t)

t uσ

]
; t, u ∈ F ,

a K-flokki partial spread and a K-flokki spread if the maximal partial
spread is, indeed, a spread.

Now we ask when a α-flokki plane is an algebraic lifted plane of
a plane with spread in PG(3, q). We know (see, e.g., Johnson, Jha
and Biliotti [138], Theorem 35.18 for the finite case) that a translation
plane with spread in PG(3, q2) is an algebraically lifted plane if and
only if the plane has an elation group E of order q2, one of whose orbits
together with the elation axis is a derivable partial spread and a Baer
group B of order > 2, such that E and B do not centralize each other
and B normalizes E.



Combinatorics of Spreads and Parallelisms 295

It turns out that existence of such a Baer group implies that the
order is divisible by q + 1. By appropriate coordinate change, we may
assume that 〈

1 0 0 0
0 e 0 0
0 0 e 0
0 0 0 1

 ; eq+1 = 1

〉

is B. Any elation group E may be coordinatized then in the following
form:

E =

〈[
I2 M
02 I2

]
;M ∈ A

〉
,

where A is an additive group of 2× 2 matrices, and the non-zero ma-

trices are non-singular. For M =

[
a b
c d

]
then[

1 0
0 e−1

] [
a b
c d

] [
e 0
0 1

]
=

[
ae b
c de−1

]
=

[
ae b
c deq

]
.

Since the α-flokki planes admit an elation group of order q of the correct
type, it follows that from the α-flokki plane is an algebraically lifted
plane if and only if G(s) = 0, α = q, where the from for spread must
then be, by an appropriate change, G(r) = 0.

x = 0, y = x

[
u+G(r) F (r)

r uq

]
; r, u ∈ GF (q2).

Hence, we obtain (see Handbook, 35.18, p. 268):

Theorem 126. A translation plane with spread

x = 0, y = x

[
u+G(s) F (s)

s uα

]
; s, u ∈ GF (q2),

is algebraically lifted if and only if there is a coordinate change so that
G(s) = 0, α = q, for all r in GF (q) and for all e of order dividing
q + 1.

4. Net Replacement in the Hughes-Kleinfeld Planes

First, we consider the q-Flokki of Cherowitzo (see Cherowitzo [34]).
We have a flokki plane with spread

x = 0, y = x

[
u γ(sq)(q2+1)/2

s uq

]
; s, u ∈ GF (q2),

where q is odd and γ is a non-square such that γ2 is a non-square in
GF (q). Therefore, this is a lifted plane. The corresponding flock of
the q-cone turns out to be bilinear. Actually, the following may be
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proved using the Thas, Bader-Lunardon Theorem (see Chapter 16 for
the statement of this theorem).

Theorem 127. The flokki planes of Cherowitzo of order q4 may be
lifted from regular nearfield planes of order q2.

Now realizing the regular nearfield planes are André planes, we may
also realize other bilinear flocks in q-cones, in both odd and even order
as follows: Consider an André plane of odd order. Recalling that we
have a Desargesian affi ne plane of order q2 with spread

x = 0, y = xm;m ∈ GF (q2).

The André partial spreads Aβ are{
y = xm;mq+1 = β

}
,

which have replacement partial spreads (the derived partial spreads)

Aqβ =
{
y = xqm;mq+1 = β

}
.

Now choose any subset of GF (q)∗, λ and construct an André plane
with spread as follows:

x = 0, y = xqm;mq+1 ∈ GF (q)− λ,
y = xn;nq+1 ∈ λ.

Let {1, θ} be a GF (q)-basis for GF (q2), where θ2 = θα + β. Let the
matrix spread set representing the Desarguesian affi ne plane be

x = 0, y = x

[
u+ αt βt
t u

]
;u, t ∈ GF (q).

Represent x = x1θ + x2, for xi ∈ GF (q), i = 1, 2 and note that xq =

−x1θ + x2 = (x1, x2)

[
−1 α
0 1

]
. Also, recall that if m =

[
u βt
t u

]
,

thenmq+1 = u2+αut−βt2. Note that y = xqm = x

[
−u −βt+ αt
t u

]
.

Hence, the André spread is

x = 0, y = x

[
u+ αt βt
t u

]
;u, t ∈ GF (q),

when for u2 + αut− βt ∈ λ and

x = 0, y = x

[
−u −βt+ αu
t u

]
;u, t ∈ GF (q),

for u2 − βt /∈ λ. Now assume that q − 2 > |λ| > 1.
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Now algebraically lift to the plane of order q4 with spread:

x = 0, y = x

[
w (θ(u+ αt) + βt)q

θt+ u wq

]
;

u, t ∈ GF (q), w ∈ GF (q2),

for u2 + αut− βt ∈ λ and

y = x

[
w (θ(−u)− βt+ αu)q

θt+ u wq

]
for u2 + αut− βt /∈ λ.

Now note that θ(u + αt) + βt) = θ(θt + u) and θ(−u) − βt + αu =
(−θ+α)(θt+u). The corresponding flock of the q-cone is given by the
planes:

π(θt+u) : x0(θt+ u)− θ(θt+ u)x1 + x3;u2 + αut− βt ∈ λ
ρ(θt+u) : x0(θt+ u)− (−θ + α)(θt+ u)x1 + x3;u2 + αut− βt /∈ λ.
In general, the sets of planes π(θt+u) for all t, u in GF (q) and ρ(θt+u) are
linear flocks; it follows that the q-flokki plane is a bilinear flock plane.

Theorem 128. Any André plane order q2 that is constructed by the
multiple derivation of λ André nets, when q− 2 > |λ| > 1 algebraically
lifts to a q-flokki plane of order q4 whose corresponding flock in the
q-cone is bilinear.

Remark 42. For the Cherowitzo q-flokki, take θ = γ, α = 0, and
β = γ2, a non-square in GF (q).

The truly wild thing is that from the Hughes-Kleinfeld semifield
planes there is a very interesting net replacement that actually con-
structs the entire set of André planes.
We note that

x = 0, y = x

[
w θq(θt+ u)q

θt+ u wq

]
;

u, t ∈ GF (q), w ∈ GF (q2)

and

x = 0, y = x

[
w (−θ + α)q(θt+ u)q

θt+ u wq

]
;

u, t ∈ GF (q), w ∈ GF (q2)

are both Hughes-Kleinfeld semifield spreads. Therefore, we see that
we obtain a net replacement in one of these by the partial spread in
the other (either corresponding to λ or GF (q)− λ). What this means



298 Flocks of α-Cones

is that there are net replacements in certain Hughes-Kleinfeld planes
that are lifted planes that retract to André planes.
To see exactly what is going on, suppose we see what happens when

exactly one André netAδ is derived toA
q
δ. Then we obtain the following

q-flokki spread, noting that θq = −θ + α,

x = 0, y = x

[
w θq(θt+ u)q

θt+ u wq

]
;

u, t ∈ GF (q), w ∈ GF (q2), for u2 + αut− βt 6= δ and

y = x

[
w θ(θt+ u)q

θt+ u wq

]
for u2 + αut− βt = δ.

But in the original Hughes-Kleinfeld semifield plane there are ex-
actly q2(q+1) components left, which then must be covered by one par-
tial spread of the same degree q2(q + 1 of the second Hughes-Kleinfeld
semifield plane. This gives the following result. However, the reader
is directed to the article by Cherowitzo and Johnson [33] for the un-
believably simple net replacement of the Hughes-Kleinfield semifield
planes that produces the entire set of André planes of dimension two.

Theorem 129. (1) For any δ ∈ GF (q), the partial spread of degree
q2(q + 1) given by

Hδ : y = x

[
w θq(θt+ u)q

θt+ u wq

]
for (θt+ u)q+1 = δ

has a replacement partial spread of degree q2(q + 1) given by

H∗δ : y = x

[
w θ(θt+ u)q

θt+ u wq

]
for (θt+ u)q+1 = δ.

(2) Given the Hughes-Kleinfeld semifield plane with spread π

x = 0, y = 0, y = x

[
w θq(θt+ u)q

θt+ u wq

]
;

u, t ∈ GF (q), w ∈ GF (q2),

u, t, w not all zero,then

π = {x = 0, y = 0} ∪δ∈GF (q) Hδ,

and each Hδ may be replaced by H∗δ or not replaced to create a set of
2(q−1) q-flokki planes, of which exactly two are Hughes-Kleinfeld semi-
field planes. The remaining 2q−1 − 2 q-flokki planes produce bilinear
flocks of the cone Cq.

(3) Each of these planes may be retracted to construct an André
plane with spread in PG(3, q) and each André plane may be constructed
in this manner.
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There is even an infinite version of this theorem and the reader is di-
rected to the article by Cherowitzo and Johnson [31] for the statement
and more details.

4.1. The Group Permuting the α-Derivable Nets. Consider
a q-flokki plane with spread

x = 0, y = x

[
u+ bqtq aqtq

t uq

]
, u, t ∈ GF (q).

Then the corresponding flock of the α-cone is linear; that is, the planes
of the flock share a line.
When we have a finite α-flokki plane

x = 0, y = x

[
u+ g(t) f(t)

t uα

]
;u, t ∈ GF (q),

the question is when is the elation group

E =

〈 I

[
u 0
0 uα

]
0 I

 ;u ∈ GF (q)

〉
normalized by the full group. This is always the case for q > 5, un-
less the conical flock plane is Desarguesian. Since Desarguesian planes
correspond to linear flocks, we would guess that the Hughes-Kleinfeld
planes would take the plane of Desarguesian in this setting. And, in
fact, this is what occurs. Again, the reader is directed to the arti-
cle [31] by Cherowitzo and the author. The reader is also directed
to the Handbook [138] (91.22)) for discussion of the Hughes-Kleinfeld
semifield planes.

The following are the main results established in the article by
Cherowitzo and the author.

Theorem 130. Let π be an α-flokki plane of order q2, where q > 5.
Then one of the following occurs:
(1) the full collineation group permutes the q α-derivable nets,
(2) α = 1 and the plane is Desarguesian or
(3) α 6= 1 and the α-flokki plane is a Hughes-Kleinfeld semifield

plane that corresponds to a linear flock.

Using these ideas, isomorphisms between α and δ-flokki can be
obtained.

Theorem 131. Let π1 and π2 be α-flokki and δ-flokki planes, re-
spectively, of order q2.
If π1 and π2 are isomorphic, then δ = α±1.
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Much more can be said of α-flokki and flocks of α-cones and again
the interested reader is directed to the work of Cherowitzo and the
author for many other ideas and directions for research.



CHAPTER 21

Parallelisms of Quadric Sets

In this chapter, we consider the possibility of covering the conics of a
quadric set. This material is loosely based on the article by Cherowitzo
and the author [32] and modified for this text.
Normally, we would consider a quadric set in PG(3, K), for K a

field, as either an elliptic quadric, a hyperbolic quadric, or a quadratic
cone. In this chapter, we consider also α-cones as well and could further
consider oval-cones or ovoids and ask in what sense one could consider
a parallelism of such geometric objects.
Naturally, there are some problems when trying to consider a gen-

eral definition of a parallelism. If G is an elliptic quadric, hyperbolic
quadric, or quadratic cone, we would require the plane intersections
to be conics. But, if G is an ovoid, which is not an elliptic quadric,
the plane intersections would only be required to be ovals. If G is an
oval-cone, the plane intersections would be also be ovals, but if G is
an α-cone, we would merely require the plane intersections not to con-
tain a generating line (this would also work as a requirement for an
oval-cone).
There are some additional complications in the infinite case for

ovoids, since a flock could conceivably miss either 0, 1, or 2 points of
G. If a parallelism is a set of flocks, should we distinguish between
flocks that miss 0 points and those that miss 2 points within the set of
flocks of a parallelism? Initially, at least, we shall choose to ignore this
potential problem. Also, we might wish to consider ‘maximal partial
parallelisms’, and again we delay such discussions. We shall also be
considering flocks of Minkowski planes in a later chapter.

Definition 85. The type of planes of PG(3, K) discussed above
shall be called the ‘planes of intersection’.

Definition 86. Let G be either an ovoid, hyperbolic quadric, or
oval-cone or α-cone in PG(3, K), where K is a field. In all of these
structures G, a ‘flock’ is a set of planes of intersection of PG(3, K),
which are mutually disjoint and cover the points of G.

301
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Consider first the finite case and K isomorphic to GF (q). The
number of planes in PG(3, q) is 1 + q + q2 + q3. We know that an
elliptic quadric or ovoid has q2 + 1 points and a non-tangent plane
intersection has q + 1 points, therefore a flock would consist of q − 1
planes. Now in order that a parallelism exist we would require that
q− 1 must divide the number of planes of intersection, which is q+ q3,
but (q−1, q+q3) = (q−1, 2), so that the only possibility is when q = 3,
so we are considering flocks and parallelisms of an elliptic quadric in
PG(3, 3). We actually know by the Thas-Walker Theorem (see Chapter
42) that have associated translation planes of order 9, which, in fact,
must be Desarguesian for a flock to exist. In this setting, each of the
flocks of the elliptic quadric will turn out to share a line of PG(3, 3),
and such flocks are said to be ‘linear’. We would thus require 15 flocks
to obtain a parallelism. We leave it to the reader to figure out why this
can’t work.
Therefore, parallelisms of finite ovoids cannot occur. However, we

show later that there are really a vast number of infinite parallelisms
of elliptic quadrics in PG(3, K), where K is an infinite field.

Now consider a finite hyperbolic quadric in PG(3, q), consisting
of (q + 1)2 points. Since a plane of intersection will now be a conic
of q + 1 points, we see that we would require q + 1 flocks that are
mutually disjoint on planes of intersection to obtain a parallelism. This
might be a good time to mention the beautiful theorem of Thas, Bader-
Lunardon, which classifies all flocks of finite hyperbolic quadrics. By
the Thas-Walker construction (see Chapter 42), there are associated
translation planes, for which the classification theorem actually proves
are always nearfield planes with spreads in PG(3, q). We also know
that these planes all admit regulus-inducing homology groups of order
q−1. It turns out that there are three irregular nearfield planes of orders
112, 232, and 592 that admit regulus-inducing homology groups of order
q − 1, we know from the material on flocks of hyperbolic quadrics is
equivalent to having a flock of a hyperbolic quadric. The results on
the irregular nearfields were independently discovered by Bader [5],
Johnson [128], and for order 112 and 232 by Baker and Ebert [4].

1. The Thas, Bader-Lunardon Theorem

Theorem 132. A flock of a hyperbolic quadric in PG(3, q) is either
(1) linear, corresponding to the Desarguesian affi ne plane,
(2) a Thas flock, corresponding to the regular nearfield planes, or
(3) a Bader-Baker-Ebert-Johnson flock of order p2, corresponding

to the irregular nearfield planes of orders 112, 232, and 592.
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As noted by Bonisoli [25], using the Thas, Bader-Lunardon Theo-
rem, it is possible to see that every flock of a hyperbolic quadric lies in
a transitive parallelism, as every sharply 1-transitive set constructing
an associated nearfield translation plane is a group. So, all finite flocks
of hyperbolic quadrics lie in a transitive parallelism. But, suppose we
were trying to consider parallelisms in general or we were not aware of
the Thas, Bader-Lunardon Theorem, is there a ‘geometric’way to see
that there are parallelisms of the hyperbolic quadric in PG(3, K)?

2. Parallelisms of Hyperbolic Quadrics

Now just as in the finite case, we try to find what might be called a
‘transitive parallelism’of a hyperbolic quadric in PG(3, K), regardless
of the field K. Note again in the finite case that we will need q(q − 1)
flocks, so we shall be looking for a group analogous to a group of order
q(q − 1). However, we will consider this generally over any field, but
this will tip off the reader on what our group might look like.

Let F be a flock of the hyperbolic quadric x1x4 = x2x3 in PG(3, K),
whose points are represented by homogeneous coordinates (x1, x2, x3, x4)
where K is a field. Then the set of planes that contain the conics in F
may be represented as follows:

ρ : x2 = x3,

πt : x1 − tx2 + f(t)x3 − g(t)x4 = 0

for all t inK, where f and g are functions of K such that f is bijective.
We first point out that there is a natural collineation group of the
hyperbolic quadric

G =

〈
τa,b =


1 b 0 0
0 a 0 0
0 0 1 b
0 0 0 a

 ; a 6= 0, b ∈ K
〉
.

Note that in the finite case, this is a group of order q(q − 1). To see
that the group leaves invariant the hyperbolic quadric, we note that a
point (x1, x2, x3, x4) maps to (x1, x2a+x1b, x3, x4a+x3b) so if the point
is on the hyperbolic quadric then x1x4 = x2x3, and the image point is
on the hyperbolic quadric if and only if x1(x4a+ x3b) = (x2a+ x1b)x3,
which is clearly valid. Now consider the hyperbolic quadric as a regulus
net. This insight will mean that the group G will end up fixing a Baer
subplane of this regulus net pointwise. We can now give the proof of
the following remarkable result.
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Theorem 133. Let F be any flock of a hyperbolic quadric in PG(3, K),
for K a field. Then there is a transitive parallelism containing F :

P F = {Fτa,b; τa,b ∈ G} .
Proof. So, τa,b will map the flock F onto another flock Fτa,b and

P F is a parallelism of the hyperbolic quadric if and only if F and Fτa,b
share no plane.
Now the Baer subplane Σ0 fixed pointwise by G is a ruling line of

the hyperbolic quadric and hence each plane of the flock intersects Σ0

in exactly one point. Now consider any plane η of F and assume that η
contains the point P of Σ0, then the image of η also contains the point
P .
This will mean that ητa,b cannot belong to F , unless ητa,b = η.

Indeed, ρτa,b is the plane

〈(1, b, 0, 0), (0, a, 1, a), (0, 0, 0, 1)〉 ,
which is clearly not πt, for any t and is ρ is and only if a = 1 and b = 0,
so that τ 1,0 is the identity mapping.

A basis for πt is

{(−f(t), 0, 1, 0), (t, 1, 0, 0), (g(t), 0, 0, 1)} ,
which maps under τa,b to

{(−f(t),−f(t)b, 1, b), (t, tb+ a, 0, 0), (g(t), g(t)b, 0, a)} .
If πtτa,b is ρ, then b cannot be 0, which implies that g(t) = 0. Now
consider the associated spread

y = x

[
f(t)u g(t)u
u tu

]
, y = x

[
v 0
0 v

]
,

x = 0, for all t, v, u 6= 0 ∈ K.
If g(t) = 0, then subtracting the matrices[

f(t) 0
1 t

]
−
[
t 0
0 t

]
=

[
f(t)− t 0

1 0

]
,

which cannot be the case. So, finally, assume that πtτa,b is πs and by
the above note, we may assume that s = t. Therefore, we obtain the
following requirements:

−f(t)− sf(t)b+ f(s)− g(s)b = 0,

t− s(tb+ a) = 0,

g(t)− sg(t)b− g(s)a = 0.

If tb + a = 0, then t = 0 but then (t, tb + a, 0, 0) is the zero vector.
Hence, s = t/(tb + a) = t, so that tb + a = 1. Therefore, f(t)(tb) =
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g(t)b. If b 6= 0 then f(t)t − g(t) = 0, a contradiction to the fact that[
f(t) g(t)

1 t

]
is non-singular. Hence, P F is a partial parallelism.

But, given a ruling line ` that is left invariant by G, the group G acts
doubly transitively on the non-fixed points of `.
It now follows that each point of each ruling line of the hyperbolic

quadric is covered by P F .
Choose two conics C1 and C2 and assume that C1 is the conic of

intersection of a plane of F and assume without loss of generality that
C1 and C2 share point P1 on Σ0. Let Q1 and R1 be points on ruling
lines `1 and `2 of C1 and let Q2 and R2 be points on lines `1 and `2

of C2, where P1, Q1, R1 uniquely defines C1 and P1, Q2, R2 uniquely
defines C2. Let τ ∈ G map Q1 to Q2 (even if Q1 = Q2). If R1τ = R2,
then τ maps C1 to C2. We note that R1τ and Q2 cannot be in the
same Baer subplane, since P1, R1τ and Q2 lie on a conic. Similarly,
C2 is a conic, then R2 is not incident with P1Q2. Therefore, there is
a collineation subgroup of G that fixes Σ0 and fixes the point Q2 and
acts transitively on the points on `1 − {Q2, `1 ∩ Σ0}. This means that
τ ′ may be considered a Baer collineation that fixes the 1-dimensional
subspace generated by P1, fixes Q2 and maps R1τ to R2. Then ττ ′

will map C1 to C2. Hence, given any conic C2, there is a conic C1 of
F (of the conics of intersection), and a group element g of G so that
C1g = C2. Hence, we obtain a parallelism in PG(3, K), for any field
K. �

3. Bol Planes

In the infinite case, we wondered if there are non-nearfield planes
corresponding to flocks of hyperbolic quadrics, and this led to consider-
ing the theorem on hyperbolic quadrics in a much more different light.
So, we ask again how the theorem was proven in the finite case?
The amazing insight of Jef Thas is the key element here, where

Thas showed that given a finite hyperbolic flock F in PG(3, q), given
any conic C of F , there is an involution that fixes the conic pointwise.
Sound familiar? Probably not! However, if we try to understand
what this means in the associated translation plane, we see that there
is an affi ne involutory homology that interchanges the two common
components of the regulus nets in question, and which fixes a compo-
nent pointwise of the regulus net corresponding to C. In the language
of translation planes, this means that the translation plane is a Bol
plane – this was how Bader and Lunardon realized that the theorem
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on hyperbolic flocks would hinge on proving that Bol planes are always
nearfield planes.
The Bol planes are a class of planes investigated by Burn [28] in

the general case. In the finite case, Bol planes of order q2 were reason-
ably well known during the time that Thas was working on this theory,
and all planes with spreads not in PG(3, q), with a couple of excep-
tions, were known or proved to be nearfield planes. We now actually
know that the theory has now been completed and ‘finite Bol planes
are nearfield planes’ (e.g., see Johnson [102] and Draayer, Johnson,
Pomareda [49]). But, back to the situation at hand: we are interested
in Bol planes with spreads in PG(3, q), where Bader and Lunardon [6],
were able to complete this theory in PG(3, q).

All Bol planes (defined using involutory homologies) satisfy the Bol
axiom: a(b · ac) = (a · ba)c, for all a, b, c in an associated quasifield
coordinatizing the plane. Of course, any nearfield satisfies this axiom,
as nearfields have associative multiplication, as they are, of course,
multiplicative groups.
However, when K is an infinite field, there are a great variety of

interesting hyperbolic flocks and, consequently, transitive hyperbolic
parallelisms. The most basic question that can be raised in general,
is: Are the translation planes corresponding to flocks of an infinite
hyperbolic quadric always Bol planes, or nearfield planes? Since all
but three of the finite nearfield planes that are Bol planes are also
André planes, it might be possible to find André planes that admit
regulus-inducing homology groups that are not nearfield but are Bol,
and/or to find such planes that Bol and not nearfield. Indeed, there
are ruled planes corresponding to hyperbolic flocks that are not Bol.
Let K be a field that contains non-squares, let γ be a non-square

and let F = K[
√
γ]. We consider the Pappian spread given by x =

0, y = xm;m ∈ F and define an André partial spread Aδ as follows:
Aδ =

{
y = xm;m1+σ = δ ∈ K−

}
,

where K− = F 1+σ and where σ is the involution in GalKF . Aδ is a
regulus and has opposite regulus

ADδ =
{
y = xσm;m1+σ = δ ∈ K−

}
.

In this setting, for spreads in PG(3, K), an André translation plane is
any plane that is obtain by derivation or multiple derivation of André
partial spreads (is sub-regular). Hence, we have the following multipli-
cation of an André plane:

x ∗m = xσ
(m1+σg)

m;
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where g is any mapping from K− into Z2, where K− = F ∗(1+σ) and
m ∈ F , such that 1g = 0 (so that y = x is a component of each André
net.
In order to describe the set of André planes that produce flocks of

hyperbolic quadrics, we need to find those that are invariant under a
regulus-inducing affi ne homology group H : 〈(x, y)→ (x, yu);u ∈ K∗〉.
Since Aδ under H is mapped to Aδu2, as (m1+σu) = m1+σu2), then
if m1+σg = 1, Aδ is replaced by ADδ , which implies that we must also
replace Aδu2, for all u ∈ K∗ in order to preserve the action of the group.
Assume that {1, e} is a K-basis for F so that for m = eα + β, for

α, β ∈ K, we see that m1+σ = β2 + γα2. For example, when K is the
field of real numbers, K− is the set of all positive elements and hence,
H acts transitively on the set of all André nets, so that we would not
obtain a hyperbolic flock in this case.
Let S denote the set of squares of K− and note that K− is a mul-

tiplicative group. We consider the quotient group K−/S. Noting any
k ∈ K−, m1+σ = β2 + γα2 = k, then k2 = m2(1+σ) ∈ S. Therefore,
K−/S is an elementary Abelian 2-group, which we may then consider
as a GF (2)-vector space. A nearfield André multiplication is given if
and only if (x ∗m) ∗ n = (x ∗ (m ∗ n)), if and only if

(x ∗m) ∗ n = xσ
(m1+σg)

m ∗ n = (xσ
(m1+σg)

)σ
(n1+σg)

mσ(n1+σg)

n

and

(x ∗ (m ∗ n)) = x ∗ (mσ(n1+σg)

n) = xσ
((mσ

(n1+σg)
n))1+σg)

mσ(n1+σg)

n.

Now we require that

(xσ
(m1+σg)

)σ
(n1+σg)

= xσ
((mσ

(n1+σg)
n))1+σg)

.

Note that (mσ(n1+σg)
)1+σ = m1+σ, since σ = 1. Hence, we have

σ(m1+σg)σ(n1+σg) = σ(mn)1+σg,

which implies that

(m1+σg) + (n1+σg) = (m1+σnσ+1)g.

This means that g is a homomorphism from K−/S into GF (2).

Theorem 134. Let F = K[
√
γ], where γ is a non-square in a field

K. Let K− = F ∗(1+σ), where σ is the involution in GalKF and let
S denote the non-squares in K−. Consider K−/S as a GF (2)-vector
space.
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(1) The set of André translation planes that correspond to flocks of
a hyperbolic quadric in PG(3, K) is in 1 − 1 correspondence with the
set of functions g from K−/S into GF (2), such that 1g = 0.
(2) The set of André nearfield translation planes that correspond to

flocks of a hyperbolic quadric in PG(3, K) is the set of linear functionals
from K−/S into GF (2).

Corollary 32. The dimension ofK−/S over GF (2) is log2(K−/S).
The number of non-nearfield hyperbolic flock planes constructed as in
the previous theorem is 2|K−/S|−1 − 2log2(K−/S).
Hence, if the dimension of K−/S is at least 2, there are non-

nearfield André planes that produce hyperbolic flocks in PG(3, K).

Remark 43. The reader may also verify that all André quasifields
presented here are also Bol quasifields. It is also true that the original
Bol planes of Burn are André planes (for additional details, the reader
is directed to Johnson [117]).

Now the question of whether there exist translation planes that
produce hyperbolic quadrics but which are not Bol planes is answered
by some examples of Riesinger [177].

3.1. The Hyperbolic Flocks of Riesinger. Consider the hyper-
bolic quadric x1x4 = x2x3 in PG(3, K), whose points are represented
by homogeneous coordinates (x1, x2, x3, x4), where K is the field of real
numbers. Then the set of planes that contain the conics in F may be
represented as follows:

ρ : x2 = x3,

πt : x1 − tx2 + f(t)x3 − g(t)x4 = 0,

where

f(t) = t(t2 + αt+ 1)/(t2 + α + 1) and g(t) = −f(t)/t,

where α is a real number of absolute value less that 0.08 (see Johnson
[117], section 6). To see that the associated translation plane is not a
Bol plane, we note that this basically is a coordinate problem in that
a Bol quasifield may not be the quasifield that it used in the definition
of the translation plane. However, it is possible to show that in the
translation plane with spread

y = x

[
f(t)u g(t)u
u tu

]
, y = x

[
v 0
0 v

]
,

x = 0, for all t, v, u 6= 0 ∈ K,
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the components x = 0 and y = 0 are either fixed or interchanged by the
full collineation group, which means that if a coordinate quasifield is a
Bol quasifield then it is a Bol quasifield with respect to x = 0 and y = 0;
every component is the axis of an affi ne involution interchanging x = 0
and y = 0. But it is not diffi cult to show that the latter cannot occur.
Hence, the flocks of Riesinger do not correspond to a Bol translation
plane.
We finally consider parallelisms of α-cones. The reader is directed

to the open problem chapter for an open question on oval-cones.

4. Parallelisms of α-Cones

In this section, we turn to the consideration of parallelisms of conical
flocks. We will generally follow the article by Cherowitzo and the
author [32] with suitable changes for this text.
We have previously shown that given any flock of a hyperbolic

quadric in PG(3, K), for K any field, there is always a transitive par-
allelism that contains the given flock. Here we are also cognizant of
the idea of a transitive parallelism, and there is a group, but this time
the group will not leave the cone invariant.
Given any flock of an α-cone, by Theorem 122, there is a corre-

sponding flokki translation plane. Therefore, it follows that a paral-
lelism of an α-flock can be determined by a set of flokki spreads of the
form

x = 0, y = x

[
u+ g(t) f(t)

t uα

]
;u, t ∈ K,

if and only if the α-flock is

x0t− x1f(t)α + x2g(t)α + x3 = 0 for all t ∈ K,
when representing the α-cone as xα0x1 = xα+1

2 , with vertex (0, 0, 0, 1).
On the other hand, this will not be an essential point of our proof.

What matters mostly is that although it certainly is possible to initially
assume or choose the functions f and g so that f(0) or g(0) is 0, this
is clearly not required for the existence of a flock. Normally, we would
allow that y = 0 is a component, which ensures that the matrices
associated with the components are non-singular. However, this is not
required for the connections. What is intended is there is a group that
acts transitively on the set of functions that describe either the flock or
the α-flokki translation plane. So, when we say we obtain a transitive
parallelism, the understanding will be that the group acts on the sets
of pairs of associated functions. In the finite case, there are a total of
1 + q+ q2 +q3 planes in PG(3, q) and the number of planes that share
the vertex is 1 + q+ q2, so we would need q2 flocks of q planes to form
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a parallelism, so we will be looking for a general analogue of a group
of order q2.
Now, in particular, for points (z1+α

2 , 1, z2, δ), (1, 0, 0, τ), for δ, τ ∈ K,
we see that

tz1+α
2 − f(t)α + z2g(t)α

is required to be bijective for all z2 in K and this is necessary and
suffi cient for the existence of an α-flock. We note that

φu : t→ tu1+α − f(t)α + ug(t)α

is bijective if and only if

φu : t→ tu1+α − (f(t) + a)α + u(g(t) + b)α

is bijective, for all a, b ∈ K.
The group G that we are looking for has the following elements:

τa,b =

 I

[
a b
0 0

]
0 I


(note the order of the group containing these elements has order q2 in
the finite case). We consider the action on the set of functions (f, g).
The group G will map

x = 0, y = x

[
u+ g(t) f(t)

t uα

]
;u, t ∈ K,

to

x = 0, y = x

[
u+ g(t) + a f(t) + b

t uα

]
;u, t ∈ K,

so the functions (f(t), g(t)) defining the α-flock become (f(t)α+aα, g(t)α+
bα). We note translation planes map to translation planes under τa,b,
which means that α-flocks map to α-flocks under τa,b. We represent
the planes πa,b,c, for a, b, c ∈ K, that do not contain the vertex in the
form

x0c+ x1b+ x2a+ x3 = 0.

An α-flock is then represented in the form

x0t− x1f(t) + x2g(t) + x3 = 0,

for all t ∈ K. We also have an associated flokki translation plane π
with spread

x = 0, y = x

[
u+ g(t) f(t)

t uα

]
;u, t ∈ K.
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Now consider the group

G =

〈
τa,b =

 I

[
a b
0 0

]
0 I

 ; a, b ∈ K
〉
.

We note that πτa,b is a flokki plane isomorphic to π. Therefore, there
is a corresponding α-flock. Note that πτa,b has the following spread

x = 0, y = x

[
u+ g(t) + a f(t) + b

t uα

]
;u, t ∈ K.

Clearly, none of the associated derivable nets in πτa,b can be equal to
the derivable nets of π. Therefore, none of the planes

x0t− x1(f(t)α + bα) + x2(g(t)α + aα) + x3 = 0,

are equal to any of the planes of the α-flock, and also the associated
image is also an α-flock. Since all planes that do not contain the vertex
have the form

x0c+ x1b+ x2a+ x3 = 0,

we see that we have partitioned the α-conics by the α-flocks associated
with πG. Hence, each α-flock belongs to a transitive parallelism– a
remarkable fact!
Our main theorem on parallelisms of flocks of quadratic cones or of

α-cones is the following:

Theorem 135. Every α-flock in PG(3, K), for K a field, is in a
transitive parallelism.

Remark 44. The reader interested in ‘maximal partial parallelisms’
of α-cones is directed to the article by Cherowitzo and the author [32].



CHAPTER 22

Sharply k-Transitive Sets

The set of points, conics of intersection, and ruling lines of a hy-
perbolic quadric in PG(3, K) as a geometry may be generalized to a
‘Minkowski plane,’where flocks and parallelisms may be revisited in a
more general context.

Definition 87. A Minkowski plane is a set of ‘points’P and sub-
sets of the power set of P called ‘circles,’+ generators and −generators
with the following properties: (Two distinct points P and Q are + par-
allel or − parallel if and only if they are incident with a + generator
or a − generator, respectively.)
1. Given a point P , there is a unique + generator and a unique −

generator incident with P .
2. Every generator (+ or −) intersects every circle in exactly one

point, and every + generator and every − generator uniquely intersect
in a point.
3. Every three distinct, mutually non-parallel points are incident

with a unique circle.
4. Let c be a circle and let P and Q be points incident with c and

not incident with c, respectively. Then there exists a unique circle t
incident with both P and Q such that t ∩ c = {P}.
5. There is a circle c containing at least three points and not all

points are incident with c.

In the hyperbolic quadric, of course, the circles are the conics of
plane intersection.
In the finite case, a Minkowski plane may be identified with a

sharply 3-transitive set C of mappings on a set P. Where the cir-
cles are the sets {(x, xτ); τ ∈ C}. Of course, every finite affi ne plane
is equivalent to a sharply 2-transitive set of mappings. In particular,
consider a finite translation plane π of order qr, with a spread set

x = 0, y = 0, y = xM ;M ∈M,

whereM is a set of qr−1 nonsingular matrices over GF (q), and where
the difference of each distinct pair of elements is also nonsingular. Con-
sidering each matrix M as a mapping from the x-axis to the y-axis
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and furthermore identifying these sets of points, we have that M is
a sharply 1-transitive set of mappings on a set P. Then if T is the
translation group, MT is a sharply 2-transitive set of mappings that
becomes the set of lines. So, if we have a sharply 2-transitive set of
mappings, on a set of qr = n elements, we may define a ‘flock’as a
sharply 1-transitive set, as this corresponds to a set of lines that cover
the points other than a ‘zero’point. Then a ‘parallelism’is a set of
mutually disjoint flocks that cover the line set. In the case of an affi ne
plane, the set of flocks is the set of lines incident with a particular point
P , and this parallelism has basically nothing to do with the natural set
of parallel classes of lines.

More generally, we define flocks and parallelisms of sharply k-transitive
sets as follows.

Definition 88. Let X be a set and let Sk denote a sharply k-
transitive set of mappings of X, for k ≥ 2. A ‘flock’ is a sharply
1-transitive subset of Sk and a ‘parallelism’ is a set of disjoint flocks
whose union is Sk.
We define the ‘point set’as X ×X, and the ‘block set’as the sets

{(x, xτ); τ ∈ Sk}.

Definition 89. When k = 3, we may define a +-parallelism as
follows: (x, y) and (x′, y′) are + parallel if and only if x = x′, and
similarly the points are − parallel if and only if y = y′.

ForMinkowski planes obtained using sharply 3-transitive sets, finite-
ness is required to ensure axiom (4) of Definition 87 is satisfied, so this
axiom must be added in the infinite case. Also, the reader should not
confuse the use of the term ‘parallelism’with + or − parallelism. The
term ‘resolution’is often used in place of our term parallelism.

1. Subsets of PΓL(n,K)

Ultimately, the Minkowski planes that we wish to consider shall be
based on sharply 3-transitive subsets G of PΓL(2, pm), and we shall
be considering a ‘flock’as a sharply 1-transitive subset of G. So, be-
fore we consider parallelisms of finite Minkowski planes, we ask what
other geometries can be associated with sharply transitive subsets of
PΓL(2, q). There are q(q2 − 1) conics of intersection and PGL(2, q) is
sharply 3-transitive on the conics and a sharply 1-transitive set corre-
sponds to a flock of a hyperbolic quadric, which in turn corresponds to
a translation plane whose spread in PG(3, q) is a union of q + 1 reguli
that share two components, and which corresponds to a nearfield plane
by the Theorem of Thas/Baer-Lunardon.
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In [163], Knarr considered more generally if there are geometries as-
sociated with sharply 1-transitive subsets of PΓL(2, q), and, of course,
one could consider this more generally for sharply 1-transitive subsets
of PΓL(n, q), for n ≥ 2. For this subject, the reader is also directed
to the author’s articles [120] and [119]. Our treatment in this text is
more general, considering partially sharp subsets of PΓL(n,K), where
K is a skewfield and n is a positive integer ≥ 2. When applying these
results for infinite skewfields K and n = 3, the tangency axiom must
be added.
We begin with the fundamental connection.

Theorem 136. Let K be any skewfield and let V be a left n-
dimensional vector space over K. Assume that Λ is a partially sharp
subset of PΓL(n,K) acting on the left 1-dimensional K—subspaces.

(1) Then there is a partially sharp subset of ΓL(n,K), which defines
a translation net NΛ over K ⊕K ⊕ ...⊕K, (2n summands). The net
NΛ is a union of translation nets Ni, i ∈ λ that mutually share two
components L and M .

(2) Each net Ni is a subplane covered translation net and corre-
sponds to a pseudo-regulus in some projective space PG(2n − 1, Ki),
where Ki ' K.

(3) The net NΛ admits a collineation group HL that fixes the com-
ponents L and M and fixes one of them pointwise (say L) and which
acts sharply transitive on the set of components not equal to L and M
of each net. If K is a field, there is also a related collineation group
HM that fixes the components L and M and fixes M pointwise.

Proof. Let g ∈ Λ and choose a preimage g+ in ΓL(n,K) and
represent g+ as follows:

(x1, x2, .., xn)→ (xσT1 , xσT2 , .., xσTn )T ,

where T is in GL(n,K), and σT is an automorphism of K, and xi ∈ K.
Now form

(x1, x2, .., xn)→ uIn(xσT1 , xσT2 , .., xσTn )T , u ∈ K − {0}.
Note that the mapping

(x1, x2, .., xn)→ uIn(x1, .., xn), u ∈ K − {0}
is not necessarily linear but does fix all 1-dimensional left K—subspaces
so the image is the identity in PΓL(n,K). We easily see that〈

g+, τu; g ∈ Λ, u ∈ K − {0}
〉
,

where g+ is any preimage of g in ΓL(n,K), is a partially sharp set
acting on the non-zero vectors of V.
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Form the translation net on V ⊕ V , with vectors
(x = x1, .., xn, y = y1, y2, .., yn)

x = 0, y = uInx
σTT ;u ∈ K,

where we are adjoining x = 0 and y = 0. Now change bases and
represent this net, say, NT as

x = 0, y = ux;u ∈ K.
The reader may easily verify that this is a subplane covered net and
hence a pseudo-regulus net over the skewfieldK. If we let L be denoted
by x = 0, and M be denoted by y = 0, and

HL = τu : (x1, x2, .., xny1, y2, .., yn)

→ (ux1, ux2, .., uxn, y1, .., yn),

for u ∈ K − {0}, then HL will fix x = 0 pointwise.
Finally, assume that K is a field. Then we do not need to dis-

tinguish between left and right in K, which means that a component
y = (xσT1 , .., xσTn )T is a left and right K—subspace. This means that
there are also collineations ρu : (x, y)→ (x, yu), for u ∈ K −{0}. This
proves that there are two homology groups when K is a field. �

Corollary 33. If Λ is a sharply 1-transitive subset of PΓL(n,K),
acting on the left 1-dimensional subspaces of an n-dimensional vector
space V over a skewfield K, then there is a sharply 1-transitive subset
of ΓL(n,K), acting on the non-zero vectors of V and a corresponding
translation plane πΛ, whose ambient vector space is V ⊕ V , as a left
space over K and whose spread is a union of subplane covered nets
(pseudo-reguli) sharing two components.
When the dimension n = 2, the spread is a union of derivable nets.
When the dimension n = 2 and Λ is in PGL(2, K), then the spread

is a union of reguli that share two components and hence corresponds
to a flock of a hyperbolic quadric.

Proof. Form the translation net πΛ

x = 0, y = 0, y = uInx
σTT ;u ∈ K − {0}, g+ : x→ xσTT ; g ∈ Λ.

If we identify x = 0 and y = 0 as the set of 1-spaces being permuted
by Λ, then given any left 1-space of y = 0, 〈y0〉 and any left 1-space of
x = 0, 〈x0〉, there is a unique element h of Λ that maps 〈x0〉 to 〈y0〉.
This means that given any vector (x0, y0), both x0 and y0 non-zero
n-vectors, then y0 = u0Inx

σT0
0 T0, for some unique non-zero u0 and T0

in the notation above. This implies immediately that the translation



Combinatorics of Spreads and Parallelisms 317

net is a translation plane. Now assume that n = 2, and choose any two
pseudo-reguli

D1 : x = 0, y = 0, y = uI2x
σT1T1;u ∈ K − {0} and

D2 : x = 0, y = 0, y = uI2x
σT2T2;u ∈ K − {0}.

If the reader rereads the definition of normalizing pseudo-reguli Defini-
tion 65, it becomes clear that we have a ruled translation plane in this
case. �

2. Subsets in PΓL(n, q) of Deficiency 1

Now all of this theory can be generalized as follows: Instead of a
sharply 1-transitive set of q+ 1 elements of PΓL(2, q), take a partially
sharp subset of q elements of PΓL(2, q). If the partially sharp set lies
in PGL(2, q), then we will end up with a partial flock of a hyperbolic
quadric of deficiency one. The way this works is through the use of the
group HL, which now still acts on the associated translation net, but
the net shall be interpreted so that the group acts as a Baer group.
There are partial flocks of deficiency one that cannot be extended to
flocks so that theorem of Thas/Bader-Lunardon does not apply in the
sense that there are associated translation planes admitting a Baer
group that are not derived from finite ruled translation planes. In this
section, we develop the theory of deficiency 1 only in the finite case.
We leave open the problem of considering this theory generally over
skewfields and the reader is directed to the Open Problems Chapter in
the Appendix for a hint on how to define deficiency 1 in the general
case.
It turns out that for n > 2, partially sharp subsets of (qn− 1)/(q−

1) − 1 elements of PΓL(n, q) can always be extended (Johnson[119])
so that Corollary 33 applies for the connection to translation planes.
Hence, we consider here the case n = 2 and let Λ denote a partial sharp
subset of q elements of PΓL(2, q) acting on PG(1, q). From Theorem
136, there is a corresponding translation net of degree q(q − 1) + 2
consisting of derivable nets sharing two components, which we shall
denote by x = 0, y = 0 and such that the translation net admits two
cyclic groups of order q−1, Hx=0, andHy=0, both of which fix x = 0 and
y = 0, where Hx=0 fixes x = 0 pointwise and Hy=0 fixes y = 0 pointwise
(since GF (q) is commutative, the vector space is both a right and left
GF (q)-space with the standard scalar multiplication). Now consider
one of the derivable nets

NT : x = 0, y = 0, y = uI2x
σTT ; u ∈ K − {0}.
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This is a regulus net in

PG(3,

〈
u 0 0 0
0 u 0 0
0 0 uσT 0
0 0 0 uσT

 ;u ∈ K
〉

= KσT ),

and if xσTT = xM , where M is a non-singular matrix, change bases
by (x, y) → (x, yM−1) to represent NT as a regulus over K. The
Baer subplanes incident with the zero vector are thus 2-dimensional
K—subspaces of the form

πa,b = {(aα, bα, aβ, bβ);α, β ∈ K} ,
where not both a and b are zero. Now change bases back to obtain the
Baer subplanes of NT in the form

π∗a,b = {(aα, bα, (aσTβσT , bσTβσT )T );α, β ∈ K} ,
and notice that π∗a,b is also a 2-dimensional K—subspace. Hence, we
have a translation net of degree q(q−1)+2 consisting of q derivable nets
that are 2-dimensional KσT -subspaces, where the Baer subplanes of the
derivable nets are 2-dimensional K—subspaces, as well as 2-dimensional
KσT -subspaces, under different scalar product definitions.
Now there are q + 1 1-dimensional K—subspaces on each of x = 0

and y = 0, and each pair generates a 2-dimensional K—subspace, of
which there are q(q+ 1) of these that define Baer subplanes within the
various q derivable nets NT . This leaves q + 1 of these 2-dimensional
K—subspaces and it is easily verified (the reader should try this) that
the union of these K—subspaces contains both x = 0 and y = 0 (covers
the 1-dimensional K—subspaces on each of these two components). We
claim that these new 2-dimensional subspaces are mutually disjoint
from the translation net of degree q(q − 1)

NT : x = 0, y = 0, y = uI2x
σTT ;u ∈ K − {0}, g in Λ,

using the previous notation. Let N denote this new set of q + 1 2-
dimensional K—subspaces.
To prove our assertion, suppose not. Let X1 and Y1 be the 1-

dimensional K—subspaces on x = 0, y = 0, respectively. Then there is
a 1-dimensional K—subspaceW that lies in 〈X1, Y1〉 and in one of the q
derivable nets. Take the unique Baer subplane of this net that contains
W . We may assume that this Baer subplane is 〈X2, Y2〉, where X2 and
Y2 are the 1-dimensional K—subspaces of intersection on x = 0, y = 0,
respectively. Hence, we have that W = αX1 + βY1 = α∗X2 + β∗Y2,
for α, β, α∗, β∗ ∈ K. Since αX1 − α∗X2 = β∗Y2 − βY1 and the left-
hand side is in x = 0, and the right-hand side is in y = 0, this implies
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that X1 = X2 and Y1 = Y2, since all are 1-dimensional K—subspaces.
However, this is not the pairing of 1-dimensional K—subspaces in N .
Hence, N forms a partial spread of 2-dimensional K—subspaces that
cover x = 0, y = 0. What this means is that we have constructed a
translation plane of order q2 that admits two Baer groups B1 and B2,
which have the same component orbits and such that the non-trivial
orbits of length q−1 together with FixBi, i = 1, 2 form derivable nets.
Hence, we have part of the following theorem.

Theorem 137. Let Λ be a partially sharp subset of PΓL(2, q) of q
elements acting on PG(1, q).

(1) Then there is a corresponding translation plane of order q2 ad-
mitting two Baer groups of order q − 1, whose component orbits are
identical and such that the non-trivial orbits union FixBi, i = 1, 2
define a set of q derivable nets.
(2) The set Λ may be extended to a sharply 1-transitive subset of

PΓL(2, q) if and only if the net NB of degree q + 1 that contains the
Baer subplanes fixed by the Baer groups is a derivable net.

Proof. It remains to prove part (2). First, assume that the net
is derivable. We have noted that the components of this net are 2-
dimensional K—subspaces. Hence, if we coordinatize so that we have
x = 0, y = 0, y = x as components of the net NB, then the partial
spread for the net has the following form

x = 0, y = x

[
u 0
0 uσ

]
;u ∈ K.

The reader might like to try to prove this result as an exercise (or look
in Johnson [132]). Now derive this net to obtain the derived net in the
following form:

x = 0, y = xσu;u ∈ K.
If we map back by a 2× 2 matrix S with elements in K, then we have
the following spread:

x = 0, y = 0, y = xσSSuI2,

y = uInx
σTT ;u ∈ K − {0}, g+ : x→ xσTT ; g ∈ Λ.

It is now clear that we have extended Λ to a sharply 1-transitive subset
of PΓL(2, q).
Conversely, if Λ can be extended, there is a new derivable net and

again we arrive at the spread in the form directly above. This completes
the proof of the theorem. �
The converse is also valid.
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Theorem 138. Let π be a translation plane of order q2 that admits
two cyclic Baer groups B1 and B2 of order q − 1 that have identical
component orbits. Then there is a field K isomorphic to GF (q) and a
partially sharp subset of q elements of PΓL(2, q) such that π may be
reconstructed using the previous theorem.

Proof. We shall give a sketch of the proof with enough of the
ideas so that the reader should be able to work through the proof. The
reader is directed to Johnson [119] for additional details.

Since the Baer groups have the same component orbits, they lie in
the same net N of degree q + 1. The reader is directed to the chapter
on Baer groups, particularly when there are two Baer groups defining
two Baer subplanes that lie in the same net. The pertinent theorem is
Theorem 72. The analogous coordinate set up follows and the reader
is encouraged to work through the details. We know under these con-
ditions that both Baer subplanes are Desarguesian. Furthermore, if
there are three Desarguesian Baer subplanes on the same net then the
net is derivable, as the Baer group of order q− 1 will map at least one
of the other two Baer subplanes onto a set of q − 1 Baer subplanes.
Hence, we may assume that the two Baer subplanes are left invariant
by both Baer groups. Let q = pr, for p a prime. Therefore, we have
the following representation for the net

N = {(x1, x2, y1, y2);xi, yi are r − vectors over GF (p),

for i = 1, 2 }.

Then

(i)FixB1 = {(0, x2, 0, y2);x2, y2 are r − vectors over GF (p)}
= coF ixB2,

F ixB2 = {(x1, 0, y1, 0);x1, y1 are r − vectors over GF (p)}
= coF ixB1.

(ii) The components of N have the following form:

x = 0, y = x

[
A1 0
0 A4

]
,

where A1 and A4 are 2r× 2r matrices over GF (p). The sets {A1} and
{A4} corresponding to the components of N are both irreducible and
the respective centralizers K1 and K4 are fields of matrices isomorphic
to GF (q). It follows that K1 is the kernel of FixB1 and K4 is the
kernel of FixB2. Let T be a matrix so that T−1K1T = K4. Rechoose
a basis so that FixB1 = (x = 0), FixB2 is (y = 0).
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Initially, we had the following representation for the Baer groups:

B1 =

〈
I 0 0 0
0 C 0 0
0 0 I 0
0 0 0 C

 ;C ∈ K∗4

〉
,

B2 =

〈
D 0 0 0
0 I 0 0
0 0 D 0
0 0 0 I

 ;D ∈ K∗1

〉
.

After the basis change, we have B1 fixing x = 0 pointwise, and B2

fixing y = 0 pointwise, and the vectors have the form (x1, x2, y1, y2);
xi ∈ K4 and yi ∈ K1. If σ is an isomorphism from K1 to K4, then
we may define a scalar multiplication as follows (x1, x2, y1, y2)D =
(x1D

σ, x2D
σ, y1D, y2D), for D ∈ K1. If we change bases again by

(x, y)→ (x, yT ), we have essentially identified K1 and K4 as K.
We now have a translation net of degree q(q − 1) + 2 and of order

q2 of the following form:

x = 0, y = 0, y = xuIM ,

where {M} is a set of (q− 1) non-singular matrices over GF (p), whose
distinct differences are also non-singular. We claim that this set deter-
mines a partially sharp subset of PΓL(2, K), where K is isomorphic
to GF (q). We also have two Baer groups that have identical orbits.
What this means is that each matrix y = xM is fixed by a group of
order q − 1, of the form〈

D 0 0 0
0 D 0 0
0 0 C 0
0 0 0 C

 ;D,C ∈ K − {0}
〉
,

where C is a function of D. In fact, we have[
D−1 0

0 D−1

]
M

[
C 0
0 C

]
= M

so that

M

[
C 0
0 C

]
M−1 =

[
D−1 0

0 D−1

]
.

It follows easily that there is an associated automorphism σM of K
associated with M so that

M

[
C 0
0 C

]
M−1 =

[
CσM 0

0 CσM

]
.
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Now define h(x) = xM . We claim that h is a semi-linear mapping,

i.e., in ΓL(2, K). First, h(xD) = x

[
D 0
0 D

]
M = xM

[
Dσ 0
0 Dσ

]
=

xMDσ, and since the mapping is clearly additive and non-singular, we
have that h is in ΓL(2, K). If we realize M semilinearly over K, then
y = xM is y = xσTT , where T is a 2×2 matrix with elements inK. We
then obtain a set of q−1 elements of PΓL(2, K), and it is immediately
that this set is a partially sharp subset. �

Remark 45. There are partially sharp subsets of q elements PGL(2, q)
that cannot be extended to sharply 1-transitive subsets of PGL(3, q).
These are the deficiency one hyperbolic flocks. Some of the examples
actually can be extended to a sharply 1-transitive subset of PΓL(2, q).
The reason for the extension is that in the corresponding translation
plane of order q2 admitting two Baer groups of order q − 1, the Baer
net is actually derivable but the net is not a regulus net.

With our work connecting translation planes with sharply 1-transitive
subsets of PΓL(2, q), we now turn to the parallelisms of Bonisoli.

3. The Parallelisms of Bonisoli

LetG(pm, σ) for p an odd prime, and σ an automorphism ofGF (pm),
denote the subset of elements of PΓL(2, pm) acting on PG(1, q), which
are defined by the following mappings:

x→ xσ
i
a+ b

xσic+ d
; a, b, c, d ∈ GF (pm);

where i = 0 or 1 exactly when ad − bc is a square or non-square in
GF (pm). G(pm, σ) is a sharply 3-transitive set of mappings and thus a
Minkowski planeM(pm, σ) is determined. Hence, there are q(q2 − 1)
circles and a flock, is a 1-transitive set on q+1 elements so a parallelism
is a set of q(q − 1) mutually disjoint flocks.
Consider now that preimage group in ΓL(2, pm) acting an a 2-

dimensional GF (q)-subspace X and form X ⊕ X, the 4-dimensional
GF (q)-vector space. Every element ofG(pm, σ) is an element ofGL(4, q).
We see that for every flock of a Minkowski plane G(pm, σ), there is an
associated translation plane of order q2 that is covered by a set of q+ 1
derivable nets sharing two components x = 0, y = 0, such that the
translation plane admits two affi ne homologies of order q − 1 whose
orbits define the derivable nets. If m > 1 and pm ≡ −1 mod 4, then it
turns out that PSL(2, q) admits a sharply 1-transitive subgroup (Bon-
isoli [25]).
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Remark 46. If Λ is a sharply 1-transitive group, then the associated
translation plane is a nearfield plane.

To obtain a sharply 1-transitive subset of PΓL(2, q), which is not
a group, we require that σ is not of order 2. The idea is to take a
subgroup E of order (q + 1)/2 of PSL(2, q), then find an element g
of PΓL(2, q) normalizing E so that E ∪ Eg is a sharply 1-transitive
subset.

Theorem 139. Let E be a semi-regular subgroup of PSL(2, q) of
order (q + 1)/2, g an element of PΓL(2, q) in G(pm, σ) − PSL(2, q)
that normalizes E such that E ∪ Eg is a sharply 1-transitive subset of
PΓL(2, q), then there is a transitive parallelism of G(pm, σ) containing
E ∪ Eg.

Proof. The main idea of the proof is that the image set of E∪Eg
under PSL(2, q) has precisely q(q − 1) images, which are mutually
disjoint. Each set defines a flock so that there are q(q − 1) mutually
disjoint flocks, thereby giving a transitive parallelism. We see that
the order of PSL(2, q) is q(q2 − 1)/2 and has E has index q(q − 1)
in PSL(2, q). Since the image set is an orbit, assume that k ∈ (E ∪
Eg)h ∩ (E ∪ Eg). Let k = egj = e′gih, where e is in E and j and
i ∈ {0, 1} and h ∈ PSL(2, q). Assume that j = i = 1, so that h ∈ E.
Since g normalizes E, then (E ∪ Eg)h = (E ∪ Eg), this is also true if
j = i = 0. So, let j = 1 and i = 0. Then it follows that g ∈ PSL(2, q),
a contradiction and this completes the proof. �

The parallelisms found by Bonisoli occur when E is cyclic.
More generally, the translation planes corresponding to parallelisms

of Minkowski planes using E ∪ Eg can be determined, and we shall
consider the more general situation as follows, where the particular
sharply 3-transitive set is not specified or may not exist.

Theorem 140. Let π be a translation plane of odd order q2 aris-
ing from a sharply 1-transitive set of PΓL(2, q), of the form E ∪ Eg,
where E is a cyclic subgroup of PSL(2, q) of order (q + 1)/2, and
g ∈ PΓL(2, q) − PSL(2, q), which normalizes E. Let the preimage of
E in SL(2, q) be denoted by E. Let g+ be a preimage of g in ΓL(2, q) of
the form (x1, x2) → (xσ1 , x

σ
2 )T , where T ∈ GL(2, q), as a 2 × 2 matrix

over GF (q).
(1) The spread for π is then

x = 0, y = 0, y = xσTeuI2, y = xe′u′I2;

e, e′ ∈ E and u, u′ ∈ GF (q)∗.
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(2) π admits symmetric cyclic affi ne homology groups Hx=0 and
Hy=0 of orders (q2 − 1)/2 as follows:

Hy=0 :
〈
(x, y)→ (x, yeuI2); e ∈ E, u ∈ GF (q)∗

〉
,

Hx=0 :
〈
(x, y)→ (xeuI2, y); e ∈ E, u ∈ GF (q)∗

〉
.

(3) π is a union of two Desarguesian nets of degree (q2 − 1)/2 + 2
with partial spreads in PG(3, K) and

PG

3, PG

3,

〈
u 0 0 0
0 u 0 0
0 0 uσ 0
0 0 0 uσ

 ;u ∈ K
〉

 .

(4) π is an André plane of order q2 = h2w, with kernel containing
Fixσ, where Fixσ is isomorphic to GF (h), and q = hw. Indeed, the
spread for π may be represented as follows:

x = 0, y = 0, y = xρm; y = xn; m is a non-square,

and n is a non-zero square in GF (q2),

where ρ is an automorphism of GF (q2), such that the restriction to
GF (q) is σ.

Proof. Since E is cyclic, it follows that EGF (q)∗I2 is Abelian of
order (q2 − 1)/2. But since this group is in GL(2, q), and g normalizes
E, it follows immediately that we have two cyclic homology groups of
order (q2 − 1)/2. Consider first the partial spread

x = 0, y = 0, y = xe′u′I2; e′ ∈ E, u ∈ GF (q)∗.

Since Hy=0 is cyclic, the generator is a q-primitive divisor of (q2 − 1),
the centralizer becomes a field isomorphic to GF (q2)∗ contains the field
isomorphic to GF (q) in question. Hence, there is a Desarguesian affi ne
plane Σ coordinatized by GF (q2) that contains the partial spread. The
same argument applies to

Φ : x = 0, y = 0, y = xσTeuI2; e ∈ E, u ∈ GF (q)∗.

Now write the vector space with vectors GF (q2)⊕GF (q2), so that

(∗) :
〈
(x, y)→ (xd2, yc2), for all c, d ∈ GF (q2)∗

〉
now represents the direct product of Hx=0 and Hy=0. We note that
y = (xσ1 , x

σ
2 )T , is a Fixσ subfield of GF (q). We may represent the

vector space byGF (q2)⊕GF (q2), and extending σ to an automorphism
of GF (q2), we have the representation

y = xσM,
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where x is in GF (q2), and σ is an automorphism of GF (q2), and M
is a 2 × 2 matrix over GF (q). Hence, we have that Fixσ may be
considered a kernel subfield of π. The kernel homology group of the
Desarguesian plane with elements (x, y) → (kx, ky), for k ∈ GF (q2)∗,
maps y = xσM to y = xσk1−σM , and since k1−σ is square, it follows
that y = xσk1−σM is a component of π, by (∗). Moreover, since
y = xσM intersects y = xωf 2, for some set of squares f 2. Let Fixσ =
GF (h), where q = hw. Then k1−σ has order dividing (q2 − 1)/(h −
1) = (q + 1) ((q − 1)/(h− 1)). Therefore, k1−σ is in EGF (q)I2 and M
normalizes this group. However, this implies that M is in ΓL(1, q2).
Hence, we have that the component is of the form

y = xρm;

m ∈ GF (q2), and since this is disjoint from

x = 0, y = 0, y = xe′u′I2; e′ ∈ E, u ∈ GF (q)∗,

it follows that m is a non-square in GF (q2). This completes all parts
of the theorem. �
Hence, to find a parallelism of the Minkowski plane G(pm, σ), it is

required to determine those André planes as in the previous theorem
that produce a sharply 1-transitive set E∪Eg. Actually, Bonisoli [25],
provides examples of situations when this occurs and by the above
analysis, it will turn out that Bonisoli will have completely determined
all possibilities when E is cyclic of order (q + 1)/2. The reader is
directed to Bonisoli’s article for the explicit constructions.



CHAPTER 23

Transversals to Derivable Nets

In this chapter, we consider a transversal to a derivable net inter-
preted in context of the author’s embedding theorem of derivable nets.
We recall that the author’s work on derivable nets shows that every
derivable net is combinatorially equivalent to a 3-dimensional projec-
tive space over a skewfield K. More precisely, the points and lines of
the net become the lines and points skew to a fixed line N . Now con-
sider any affi ne plane π containing the derivable net and choose any
line ` of π, which is not a line of the derivable net. This set of points
then becomes a set of lines in the combinatorially equivalent structure.
For example, if the order of π is finite q2, then this provides q2 lines and
adjoining N , we have q2 + 1 lines. Furthermore, Knarr [163] proved
that, every line ` not belonging to the derivable net embeds to a set of
lines in the projective space such this set union N becomes a spread
S(`) of PG(3, K), which is also a dual spread.

Now generalize Knarr’s insight but merely assume that we have
a derivable net D that admits a transversal T . Basically, the same
ideas will show that in the embedding, we also obtain a spread and
hence a corresponding translation plane, but which is not necessarily
a dual spread. Now since I was a student of T. G. Ostrom, I had
studied what could be said of the geometries that one might obtain
from a finite derivable net that admits a transversal. What happens
is that there is a more-or-less direct construction of a dual translation
plane. So, on the one hand, Knarr’s ideas give a translation plane
from the transversal to a derivable net and Ostrom’s ideas give a dual
translation plane. How are the two affi ne planes related? The word
‘dual’translation plane might suggest that the two planes are duals of
each other when considered as projective planes.

Definition 90. (1) A spread of a 3-dimensional projective space
over a skewfield shall be said to be a ‘transversal spread’if and only if
it arises from a transversal to a derivable net by the embedding process
mentioned above.

327
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(2) A transversal spread shall be said to be a ‘planar transversal-
spread’if and only if there is an affi ne plane π containing the derivable
net such that the transversal to the derivable net is a line of π.

Now since transversal spreads seem to be quite special we would
expect some nice classification. But it turns out that all spreads in a
three-dimensional projective space are transversal spreads! And, yes,
it does turn out that the two methods of extension of a derivable net
and a transversal do produce affi ne planes whose projective planes are
dual to each other!

Definition 91. Let D be a derivable net with transversal T . If
there is a dual translation plane πAD extending D∪{T}, πAD is said to
be an ‘algebraic extension of D.’ If there is a translation plane πGD
obtained by the embedding process using D∪{T}, πGD is said to be a
‘geometric extension of D.’

1. Algebraic Extensions of Derivable Nets

As is well known, the concept of the derivation of a finite affi ne plane
was conceived by Ostrom in the 1960s. During this period, one of the
associated problems that Ostrom considered concerned the extension
of the so-called derivable nets to either a supernet or to an affi ne plane.
At that time, coordinate geometry was the primary model in which to
consider extension questions. With a particular vector-space structure
assumed for a derivable net, Ostrom ([172]) was able to show that any
transversal to such a finite derivable net allowed its embedding into
a dual translation plane. We now know from the embedding theory
of the author’s that the vector-space structure is also the model for a
derivable net. So, we may consider all of this more generally over any
skewfield K. This material generally follows the author’s article [109]
suitably modified for this text.

Definition 92. Let K be a skewfield and V a right 2-dimensional
vector space over F . A ‘vector-space derivable net’D is a set of ‘points’
(x, y) ∀x, y ∈ V and a set of ‘lines’given by the following equations:

x = c, y = xα + b ∀c, b ∈ V , ∀α ∈ F .
Definition 93. A ‘transversal’ T to a net N is a set of net points

with the property that each line of the net intersects T in a unique point
and each point of T lies on a line of each parallel class of N .

A ‘transversal function’f to a vector-space derivable net is a bijec-
tive function on V with the following properties:
(i) ∀c, d, c 6= d of V , f(c)−f(d) and c−d are linearly independent,
(ii) ∀α ∈ F and ∀b ∈ V , there exists a c ∈ V such that f(c) = cα+b.
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It is not diffi cult to show that transversals and transversal functions
to vector-space derivable nets are equivalent, each giving rise to the
other, and this is left to the reader to verify.
It should be noted that everything can be phrased over the ‘left’side

as well. That is, a ‘right vector-space net’over a skewfield F is natu-
rally a ‘left vector-space net’ over the associated skewfield F opp, where
multiplication • in F opp is defined by a • b = ba where juxtaposition
denotes multiplication in F .
We generally consider a left vector space setting x∗m = m◦x where

the multiplication m ◦ x arises from the translation plane associated
with the spread. If the coordinate quasifield for the translation plane is
a ‘left quasifield,’then the dual translation plane may be coordinatized
by the ‘right quasifield’(K ⊕ K,+, ∗). How this works geometrically
is to consider a translation plane with spread x = 0, y = xM , M ∈M,
as a projective plane and M is a 2× 2 matrix over K. If the 2-vector
m occurs in the second row ofM , then xM = x◦m. Now if we dualize
the projective plane letting (∞) become the line at infinity `∞, then
removal of this line produces the affi ne dual translation plane with
coordinate right quasifield as above. In this instance, the coordinate
structure for the dual translation plane becomes a right 2-dimensional
vector space over K and m = e ∗ α + β, where {1, e} is a right basis.
Then y = x ∗m + b = (x ∗ e) ∗ α + x ∗ β + b and with f(x) = x ∗ e,
we obtain the form demanded of the extension process. We have then
given a sketch of the following result.

Theorem 141. Let D be a vector-space derivable net and let T be
a transversal. Then there is a transversal function f on the associated
vector space V such that D may be extended to a dual translation plane
with lines given as follows:

x = c, y = f(x)α + xβ + b ∀α, β ∈ K and ∀b, c ∈ V .
Conversely, any dual translation plane whose associated translation

plane has its spread in PG(3, K) may be constructed from a transversal
function as above.

Viewed in this manner, the similar definition of algebraic extension
takes the following form:

Definition 94. Let D be a (right) vector-space derivable net with
transversal function f then the dual translation plane with lines given
by

x = c, y = f(x)α + xβ + b ∀α, β ∈ K and ∀b, c ∈ V
shall be called the ‘algebraic extension’of D by f and the set of such
shall be termed the set of ‘algebraic extensions of D.’
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2. Geometric Extension of Derivable Nets

We begin by giving a generalization of Knarr’s theorem. Since we
are interested in the more general situation, we assume only that there
is a transversal T to the derivable net D, which defines a simple net
extension D+T . In Johnson [116], it is pointed out that it is possible
to embed any derivable net into an affi ne plane where the affi ne plane
may not be derivable itself.

Definition 95. An algebraic extension is said to be a ‘derivable
algebraic extension’if and only if the associated dual translation plane
is derivable.

Hence, we distinguish between having a net extension and having
a ‘derivable-extension’by which we mean that each Baer subplane of
the net remains Baer when considered within the extension net; each
point is on a line of each subplane, taken projectively (the subplane
structure is ‘point-Baer’) and each line is incident with a point of each
subplane, taken projectively (the subplane structure is ‘line-Baer’). In
essence, we would merely require that T intersect each Baer subplane.

2.1. Knarr’s Theorem on Geometric Extension.

Theorem 142. (see Knarr [163]) Let D be a derivable net and
assume that T is a transversal to D defining a extension net D+T .
(1) Then the points of T determine a spread S(T ) of lines in the

projective space Σ associated with D that contains the special line N .
(2) If the net extension is a derivable-extension, then S(T ) is a dual

spread.
(3) Conversely, if S(T ) is a dual spread, for each line of T − D,

then the net extension is a derivable extension.

Proof. A point of Σ−N is a line of the net D that must intersect
T in a unique point as D+T is a net. Hence, every point of Σ − N is
incident with a unique line of S(T )−N, and it thus follows that every
point of Σ is incident with a unique line of S(T ). This proves (1).

Now assume that the net extension is a derivable extension. To
show that S(T ) is a dual spread, we need to show that every plane
contains a unique line of S(T ). Since the planes not containing N
correspond to Baer subplanes of D, the question becomes whether each
Baer subplane shares a unique net-point of T . Since each line of the
net that is not in D shares a point, taken projectively, with each Baer
subplane, it is immediate that this point is affi ne; i.e., an actual point
of T . Hence, each plane of Σ contains exactly one line of S(T ); S(T )
is a dual spread.
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It also follows that if S(T ) is a dual spread then the line T must
share a net-point with each Baer subplane. Furthermore, since D is a
derivable net, every point is incident with a line of each Baer subplane.
Hence, it is now immediate that S(T ) is a dual spread for each line of
T exterior to the derivable net D if and only if the net extension is a
derivable-extension. �
Now we see that any derivable net is, in fact, a vector-space deriv-

able net so the two approaches merge.
We now further refine the concept of a geometric extension.

Definition 96. Let D be any derivable net. Then D may be con-
sidered a ‘left’vector-space net over a skewfield K. Let Σ denote the
3-dimensional projective space PG(3, K) for K a skewfield, with special
line N defined combinatorially by D and so that D may be embedded
in Σ. Let T be any transversal to D and let S(T ) denote the spread of
Σ defined by the net-points of T as lines of Σ together with the line N .
Let πS(T ) denote the associated translation plane and let πDS(T ) denote
any affi ne dual translation plane whose projective extension dualizes to
πS(T ), taken projectively. Then πDS(T ) contains a derivable net isomor-
phic to D but considered as a ‘right’vector-space net over the skewfield
Kopp.
We shall call πDS(T ) a ‘geometric extension of D’by S(T ).

Hence, given a derivable net D with transversal T , we may consider
two possible situations. First of all, we know that D may be considered
a right vector-space net over a skewfield F, and there is an associated
transversal function, which we may use to extend D to a dual transla-
tion plane πDf (the algebraic extension). On the other hand, we may
consider D as a left vector-space net over F opp = K, embed the net
combinatorially into a (left) 3-dimensional projective space Σ isomor-
phic to PG(3, K), with distinguished line N and then realize that the
transversal T, as a set of points of D, is a set of lines whose union
with N , is a spread of Σ, which defines a translation plane with an
associated dual translation plane πDS(T ) (the geometric extension).
We now establish the connection with spreads in 3-dimensional pro-

jective space and transversals to derivable nets. However, the reader
might note that there are possible left and right transversal functions
depending on whether the vector-space derivable net is taken as a left
or a right vector space and this will play a part in our discussions.

Theorem 143. The set of spreads in 3-dimensional projective spaces
is equivalent to the set of transversals to the set of derivable nets; every
spread is a transversal spread.
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Proof. LetK be any skewfield and letΣ be isomorphic to PG(3, K),
and let S be a spread of Σ. Choose any line N of S and form the corre-
sponding derivable net D defined combinatorially with lines the points
of Σ − N . Then S − N is a set of lines of Σ and hence points of D
such that each point of Σ−N ‘line of D’is incident with a unique line
‘point of D.’ Hence, S − N , as a set of net points, is a transversal to
the derivable net D. �

In the next sections, we show that the algebraic and geometric
extensions processes are equivalent and examine the nature of the
transversal extensions.

3. Planar Transversal Extensions

Theorem 144. (see Knarr [163] (2.7)) Let P be any spread in
PG(3, K), for K a skewfield. Let D be a derivable net and T a transver-
sal to it, which geometrically constructs P by the embedding process.
Then there is a dual translation plane πTD constructed by the al-

gebraic extension process. For any line of πTD − D, the spread in the
associated 3-dimensional projective geometry obtained by the geomet-
ric embedding process produces a translation plane with spread S(T )
isomorphic to P and whose dual is isomorphic to πTD.
Hence, all spreads are planar transversal spreads.

Proof. We refer the reader to Johnson [114] for any background
information not given explicitly. The reader might note that when a
translation plane is defined from a spread in PG(3, K), it is usually
most convenient to consider the vector space as a left vector space
and spread components left 2-dimensional vector spaces of the general
form x = 0, y = xM, where M is a 2 × 2 matrix over K. Ultimately,
we shall be constructing a derivable net from K ⊕ K considered as a
right K-space. On the other hand, following the structure theory of
the embedding of the derivable net into PG(3, K) considered as a left
vector space, we obtain a derivable net with components x = 0, y = αx
as opposed to x = 0, y = xα. Furthermore, we may define x � α = αx,
which forces the vector-space derivable net to be defined over Kopp as
opposed toK. However, we shall see that the derivable net arising from
a spread and, hence, a translation plane, is a right 2-dimensional vector
space over K. To be clear, a derivable net written as x = 0, y = xα for
α inK embeds within PG(3, K) considering the associated vector space
as a ‘right’vector space. If we start with a ‘left’vector space to facilitate
the spread and the translation plane, we end up with a derivable net
contained in a dual translation plane written as x = 0, y = xα with
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α in K, which then embeds within PG(3, K) as a ‘right’vector space,
which may be taken as a ‘left’Kopp space PG(3, Kopp).

Given a derivable net D, there is a skewfield K such that the set
of points of the net is K ⊕ K ⊕ K ⊕ K, and there is an associated
4-dimensional K-vector space V , which we fix as a left space, such
that the corresponding 3-dimensional projective space Σ isomorphic to
PG(3, K) has a fixed line N generated as

〈(1, 0, 0, 0), (0, 1, 0, 0)〉
and such that the points of D (d1, d2, d3, d4) correspond to

〈(d1, d2, 1, 0), (d3, d4, 0, 1)〉 .
In this context, the derivable net will have components written in the
form x = 0, y = αx for all α ∈ K. We note that the set of vectors
of y = αx is not necessarily always a left K—subspace, although each
point of the net may be considered a left K—subspace embedded in the
associated projective space.
When there is a transversal T to D, we may form the algebraic

extension process, dualize, and construct a ‘left’spread in PG(3, K).
We will be taking the spread in PG(3, K), more properly a ‘spread set’
and forming the associated translation plane. We choose the spread
set as follows: We choose a particular set of three lines and vectorially
denote these by

x = 0, y = 0, y = x.

Then, any other line (including y = 0 and y = x) has the following
form:

y = x

[
g(t, u) f(t, u)
t u

]
∀u, t ∈ K,

where g and f are functions fromK×K to K, and x and y are denoted
by row 2-vectors over K.
We define a multiplication

x ◦ (t, u) = x

[
g(t, u) f(t, u)
t u

]
.

Note that we assume when t = 0 and u = 1, we obtain y = x so that
g(0, 1) = 1 and f(0, 1) = 0.
To define an associated dual translation plane, we define

x ∗m = m ◦ x.
However, when x ∈ K, we see that the coordinate structure for the
dual translation plane contains Kopp instead of K and is a ‘right’2-
dimensional Kopp vector space. Furthermore, we may take lines to have
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the following equations:

x = c, y = x ∗m+ b

∀c,m, b ∈ Kopp ⊕Kopp.

We note that allowing (0, α) = α ∈ K we have a dual translation
plane containing a vector-space derivable net defined by lines

x = c, y = x ∗ α + b

∀α ∈ Kopp and ∀b, c ∈ Kopp ⊕Kopp,

which is isomorphic to the original net D. Now let {e, 1} be a right
Kopp-basis for Kopp ⊕Kopp so that a general element m = α ∗ e+ β =
(α, β). Since

x ∗m = (x ∗ e) ∗ α + x ∗ β,
we have the representation of the lines of the dual translation plane.
Note that basically all that we have done is return to the ‘right’vector-
space derivable net over Kopp, from which we started. The transversal
T is simply a line not in the derivable net.
Now we combine the two concepts and consider the spread S(T )

geometrically constructed and arising from a line of the form y = x ∗
(t, u) + (b1, b2) (i.e., the transversal T ).
We note that

y = x ∗ (t, u) + (b1, b2) = (t, u) ◦ (x1, x2) + (b1b2),

where

(t, u) ◦ (x1, x2) = (t, u)

[
g(x1, x2) f(x1, x2)

x1 x2

]
= (tg(x1, x2) + ux1, tf (x1, x2) + ux2) ,

is the following set of points:{
(x1, x2, tg(x1, x2) + ux1 + b1, tf (x1, x2) + ux2 + b2) ;

b1, b2 ∈ K

}
.

Now we have a delicate issue. In order to consider this set of points
as ‘left’vectors so as to apply the appropriate embedding as ‘left’2-
dimensional vector spaces or perhaps ‘left lines,’we need to consider
the vector subspace as a left space over K.

Now each of these points embeds as a ‘left’line (a two-dimensional
left K subspace) as

〈(x1, x2, 1, 0), (tg(x1, x2) + ux1 + b1, tf (x1, x2) + ux2 + b2, 0, 1)〉 ,
which is

α(x1, x2, 1, 0) + β(tg(x1, x2) + ux1 + b1, tf (x1, x2) + ux2 + b2, 0, 1) ,
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and this, in turn, is

(αx1 + β(tg(x1, x2) + ux1 + b1),

αx2 + β(tf(x1, x2) + ux2 + b2), α, β),

∀α, β ∈ K.
To reconstruct a spread, we choose to reconstruct a spread set,

hence, letting

x̂2 = αx1 + β(tg(x1, x2) + ux1 + b1),

x̂1 = αx2 + β(tf(x1, x2) + ux2 + b2),

it follows that when there is an inverse, we have:

(x̂1, x̂2)

[
x2 x1

tf(x1, x2) + ux2 + b2 tg (x2, x2) + ux1 + b1)

]−1

= (α, β).

When x1 = x2 = 0, then we obtain the subspace generated by

(x̂1, x̂2) = (b2,b1).

Now translate by adding −(b2, b1). We note that, in this form, N has
equation y = 0.
Now change the spread set by applying the mapping (x, y) 7−→

(y, x) so that now N has the form x = 0, and, generally, we have the
spread represented as

x = 0, y = 0,y = x

[
v s

tf(s, v) + uv tg (s, v) + us

]
∀v, s ∈ K.

Now change bases by 
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


to obtain the form of the spread as:

x = 0, y = 0,y = x

[
tg (s, v) + us tf(s, v) + uv

s v

]
∀v, s ∈ K.
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For fixed elements t 6= 0 (as we must have a proper transversal to
the derivable net) and u in K, we have[

tg (s, v) + us tf(s, v) + uv v
s v

]
=

[
t u
0 1

] [
g(s, v) f(s, v)
s v

]
,

a basis change again by [
A 02

02 I2

]
,

where A =

[
t u
0 1

]
transforms the spread into the form:

x = 0, y = x

[
g(s, v) f(s, v)
s v

]
∀s, v ∈ K.

Hence, the geometric extension process produces (by dualization)
the original spread constructed from the algebraic extension process.

�

3.1. Planar Transversal-Spreads and Dual Spreads. We have
not yet dealt with the possibility that a planar transversal-spread may
not actually arise from a derivable affi ne plane, that it may be possible
that the spread is not a dual spread.
In Johnson [116], similar constructions to the following are given

and the reader is referred to this article for additional details.

Theorem 145. Let D be a derivable net and let Σ be isomorphic
to PG(3, K) and correspond to D with special line N . If K is infinite
then there exists a dual translation plane π extending D and a line T
of π −D such that S(T ) is a spread of PG(3, K), which is not a dual
spread. In particular, if K is a field then S(T ) is non-Pappian.
There exist planar transversal-spreads, which are not dual spreads.

Proof. As noted above, if K is infinite, we may embed D into a
non-derivable dual translation plane. Hence, there exists a line T such
that there is some Baer subplane that does not intersect T in an affi ne
point. Therefore, S(T ) is not a dual spread. If K is a field then any
Pappian spread in PG(3, K) is a dual spread (see, e.g., Johnson [114]).
Thus, S(T ) is non-Pappian. �
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4. Semifield Extension-Nets

Suppose that D is a derivable net, and there exists a transversal
T and construct the spread S(T ). In Knarr [163], the question was
raised when S(T ) is Pappian or what happens when D is contained
in a translation plane. By the previous sections, we may apply the
algebraic extension process to consider such questions. In particular,
there are lines x = c, y = f(x)α + xβ + b, which define any affi ne
plane containing the derivable net D. Hence, if D is contained in a
translation plane, then the dual translation plane containing D is a
translation plane, which implies that S(T ) is a semifield spread. Knarr
observes this fact by noting that the ‘translation’collineation group of
the derivable net would then act on the net extended by the transversal
implying a collineation group fixing a component N and transitive on
the remaining components of the spread (points of T ). Hence, we
obtain:

Theorem 146. (see Knarr [163], also see Johnson [135]) Let D be
a derivable net and let T be a transversal. If the extension net 〈D∪{T}〉
defined by D∪{T} is a translation net, then the spread S(T ) defines a
semifield plane.
Furthermore, all semifield spreads in PG(3, K), for K a skewfield,

are ‘semifield planar transversal-spreads’(arising from semifield planes).

Proof. Apply the main result of the section on planar transversal-
spreads. �

Remark 47. Let P be any non-Desarguesian semifield spread in
PG(3, K), for K a skewfield. If we choose the axis of the affi ne elation
group to be N and view the spread as a transversal to a derivable net
with the embedding in PG(3, K) − N , the corresponding dual transla-
tion plane will be a semifield plane. On the other hand, if any other
line of P is chosen as N in the embedding, the affi ne dual translation
plane will not be an affi ne semifield plane. So, a semifield spread in
PG(3, K) could arise as a planar transversal-spread without the affi ne
plane containing the derivable net being an affi ne semifield plane.

With the above remark in mind, we now examine the semifield
spreads that can be obtained when 〈D∪{T}〉 is a translation extension-
net (an algebraic extension is a dual translation plane and a translation
plane). The affi ne plane containing the derivable net will correspond to
the dual translation plane side where the components are left subspaces
over the skewfieldKopp, provided the geometric embedding is in the left
projective space PG(3, K).
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We choose coordinates so that here is a vector space V (over a prime
field P) of the form W ⊕W such that points are the vectors (x, y) for
x, y ∈ W, and we may choose a basis so that x = 0, y = 0, y = x belong
to the derivable net D. We want to consider the derivable net as a right
vector-space net over a skewfield at the same time we are considering
the vector space and the components of the derivable net as left spaces
over the same skewfield. Furthermore, there is a skewfield Kopp such
that W = Kopp ⊕Kopp as a left Kopp-vector space and components of
D may be represented as follows:

x = 0, y = x

[
B 0
0 B

]
;B ∈ Kopp.

We again note that the components of D are not necessarily all right
Kopp-subspaces, although we say that D is a ‘right’vector-space net
over Kopp. We note that, following the ideas in the section on algebraic
and geometric extensions, we are working in the dual translation plane
side, which contains the derivable net. The translation plane obtained
by dualization has its spread in PG(3, K). Recall that this means that
the so-called right-nucleus of the semifield in question is Kopp.
It also follows that any translation net has components of the gen-

eral form y = xT , where T is a P-linear bijection of W . If W is
decomposed as Kopp⊕Kopp over the prime field P, choose any basis B
for Kopp over P. Then, we may regard V as (x1, x2, y1, y2), where xi,
yi are in K for i = 1, 2 and also may be represented as vectors over B.
That is, for example, xj = (xj,i; i ∈ λ), for j = 1, 2, with respect to B
for xj,i ∈ P, for some index set λ. With this choice of basis, we may
represent T as follows:

T =

(
y = x

[
T1 T2

T3 T4

])
where Ti are linear transformations over P represented in the basis
B. Note that we are not trying to claim that the T ′is are K

opp-linear
transformations, merely P-linear.
The action is then

(y1, y2) = (x1, x2)

[
T1 T2

T3 T4

]
= (x1T1 + x2T3, x1T2 + x2T4),

where the xi and yj terms are considered as P-vectors.
Hence, the T ′is are merely additive mappings on K

opp but not nec-
essarily Kopp-linear.

Remark 48. It should be kept in mind that a derivable net may
always be considered algebraically a pseudo-regulus net with spread in



Combinatorics of Spreads and Parallelisms 339

PG(3, Kopp), when the geometric embedding is in PG(3, K). When K
is a field, this is not to say that these two projective spaces are the same
as D can be a regulus in a 3-dimensional projective space while being
embedded in another, and both projective spaces are isomorphic.

Before we state our theorem, we remind the reader of the definition
of a ‘skew-Desarguesian plane.’

Definition 97. LetK be a skewfield and let V denote a 4-dimensional
left K-vector space.
(1) Then the set of left 2-dimensional K—subspaces{

x = 0, y = 0, y = x

[
u+ ρt γt
t u

]}
;u, t ∈ K

is a spread in PG(3, K) if and only if z2 + zρ − γ 6= 0 for all z ∈ K,
where x and y are 2-vectors.
(2) The translation plane πρ,γ corresponding to a spread of type (1)

is said to be a ‘skew-Desarguesian plane.’ The plane is Desarguesian
if and only if both ρ and γ are in the center of K. For more details,
the reader is directed to Theorem 26.2 of [114].

Theorem 147. If D is a derivable net and 〈D∪{T}〉 is a translation
net regarded as a left vector space net over the associated prime field P,
and D regarded as a right vector-space net overKopp, then the geometric
embedding of D into Σ isomorphic to PG(3, K) is considered as a ‘left’
space embedding.
Representing D as

x = 0, y = x

[
B 0
0 B

]
;B ∈ Kopp,

we may represent T as (
y = x

[
T1 T2

T3 T4

])
where the Ti are additive mappings of Kopp and P-linear transforma-
tions.

(1) The line y = x

[
T1 T2

T3 T4

]
determines a semifield spread ad-

mitting an affi ne homology group with axis y = 0 and coaxis x = 0
isomorphic to Kopp − {0} (the dual semifield plane has its spread in
PG(3, K) and is S(T )).
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The semifield spread has the following form:

x = 0, y = x

([
T1 T2

T3 T4

] [
A 0
0 A

]
+

[
B 0
0 B

])
∀A,B ∈ Kopp.

(2) The semifield spread with spread in PG(3, K) (the S(T )) has the
following form (where here the Ti’s are considered additive mappings
of K):

x = 0, y = x

[
sT1 + vT3 sT2 + vT4

s v

]
∀v, s ∈ K.

(3) The semifield spread in PG(3, K) is a skew-Desarguesian spread
if and only if the T ′is are all K-linear transformations (i.e., multipli-
cation by elements of K) if and only if D+T is a partial spread in
PG(3, Kopp); considering D as a pseudo-regulus in PG(3, Kopp), T is
a subspace in the projective spread PG(3, Kopp).

(4) (see Knarr [163]) If K is a field then the semifield spread in
PG(3, K) is Pappian if and only if the T ′is are all K-linear transfor-
mations (i.e., multiplication by elements of K) if and only if 〈D∪{T}〉
is a partial spread in PG(3, K); T is a subspace in the projective spread
PG(3, K) wherein D is considered a regulus.

Proof. Although some of the following has been previously pre-
sented in the section on algebraic and geometric extension, we revisit
these ideas here. Part (1) follows immediately from the algebraic ex-
tension process considering T as a transversal function.
We consider a point (x1, x2, x1T1 + x2T3, x1T2 + x2T4). The reader

should consult the Subplanes text [114] for additional details support-
ing the following coordinate proof. Now we may represent N by

〈(1, 0, 0, 0), (0, 1, 0, 0)〉 ,

the zero vector

(0, 0, 0, 0) by 〈(0, 0, 1, 0), (0, 0, 0, 1)〉

and a general point

(d1, d2, d3, d4) by 〈(d1, d2, 1, 0), (d3, d4, 0, 1)〉 ,

where the 2-dimensional K—subspaces are considered right spaces and
lines in PG(3, K).
Hence, the lines associated with the net-points

(x1, x2, x1T1 + x2T3, x1T2 + x2T4)
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are

〈(x1, x2, 1, 0), (x1T1 + x2T3, x1T2 + x2T4, 0, 1)〉
= α(x1, x2, 1, 0) + β(x1T1 + x2T3, x1T2 + x2T4, 0, 1),

for all α, β ∈ K.
Let

x∗2 = (αx1 + β(x1T1 + x2T3)), and x∗1 = (αx2 + β(x1T2 + x2T4).

Then

(x∗1, x
∗
2)

[
x2 x1

x1T2 + x2T4 x1T1 + x2T3

]−1

= (α, β).

Now change bases by interchanging x = 0 and y = 0 to obtain the
spread as

x = 0, y = x

[
v s

sT2 + vT4 sT1 + vT3

]
∀v, s ∈ K.

Change bases by 
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


to change the form into:

x = 0, y = x

[
sT1 + vT3 sT2 + vT4

s v

]
∀v, s ∈ K.

This proves (2). The proofs to (3) and (4) and then immediate. �

We noted in part (4) that the associated spreads in PG(3, K) are
Pappian if a derivable net is a regulus net in PG(3, K) and the transver-
sal is a subspace within the same PG(3, K). We might inquire as to the
nature of the semifield spreads if we assume initially that the transver-
sal is a subspace in PG(3, K), but the derivable net is not necessarily
a K-regulus.
We recall from our results on Baer groups that and derivable nets

in PG(3, K), for K a field that a representation may be taken so that
a derivable net D with partial spread in PG(3, K), for K a field, may
be represented in the following form:

x = 0, y = x

[
u A(u)
0 uσ

]
∀u ∈ K
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and where σ is an automorphism of K, and where x and y are 2-vectors
over K and A is a function on K such that[

u A(u)
0 uσ

]
∀u ∈ K

is a field isomorphic to K. We also recall that A ≡ 0 in the finite case,
or when there are at least two Baer subplanes incident with the zero
vector that are K—subspaces. When there is exactly one K—subspace
Baer subplane, the characteristic is two, σ = 1 and A(u) = Wu+ uW
for some linear transformation W of K over the prime field.
First, consider the situation when there are two Baer subplanes that

are K—subspaces so that A is identically zero. Suppose that we have

y = x

[
a b
c d

]
a transversal to the derivable net for a, b, c, d in K. We need to re-
coordinatize so as to realize the derivable net as a regulus in an asso-
ciated projective space.
We consider the mapping:

τ : (x1, x2, y1, y2) 7−→ (x1, x
σ−1

2 , y1, y
σ−1

2 ).

It follows that τ maps

(x1, x2, x1u, x2u
σ) 7−→ (x1, x

σ−1

2 , x1u, x
σ−1

2 u),

which implies that

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K

in the associated projective space. Now we consider the τ -image of

y = x

[
a b
c d

]
.

As a linear transformation over the prime field, consider xσ
−1

= xM .
Then, the image of

y = x

[
a b
c d

]
can be written in the following form:

y = x

[
a Mbσ

−1

M−1c dσ
−1

]
=

[
T1 T2

T3 T4

]
,
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in the notation of the previous section, and where x = (x1, x
σ−1

2 = x2M)

and y = (y1, y
σ−1

2 = y2M). Hence, we obtain the semifield spread in
PG(3, K) in the form

x = 0, y = x

[
sa+ vσ

−1
c sσ

−1
bσ
−1

+ vdσ
−1

s v

]
∀v, s ∈ K.

Now change bases by 
c bσ

−1
0 0

0 1 0 0
0 0 1 0
0 0 0 1


to transform the spread set into the form:

x = 0, y = x

[
vσ + s(ac−1 + c−1dσ

−1
) sσ

−1
c−1bσ

−1

s v

]
.

Hence, we obtain

Theorem 148. A derivable net D with transversal extension T giv-
ing a partial spread 〈D∪{T}〉 that is in PG(3, K), for K a field, and
such that there are at least two Baer subplanes that are K—subspaces
constructs a semifield spread in PG(3, K) of the following form:

x = 0, y = x

[
vσ + sk sσ

−1
l

s v

]
∀v, s ∈ K,

for σ an automorphism of K, and constants k, l ∈ K ∈ K.

Remark 49. The spreads mentioned above are considered in John-
son [118] and are generalization of spreads originally defined by Knuth
and hence, perhaps, called should be called ‘generalized Knuth spreads.’
The reader is also referred to Chapter 20 on σ-flokki and (generalized)
Hughes-Kleinfeld semifield planes.

We now consider the possibility that the function A is not identi-
cally zero, for all u, v ∈ K. With A(u) = Wu + uW , a basis change
by 

I W 0 0
0 I 0 0
0 0 I W
0 0 0 I


will change the form of the derivable net into a regulus in PG(3, K).
We note that the regulus will have the form:

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K.
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Moreover, a transversal in PG(3, K) of the net D (in the original
form) of the form

y = x

[
a b
c d

]
for a, b, c, d becomes a transversal to the standard regulus (note that
the transversal is no longer then in PG(3, K)) and has the form

y = x

[
a+Wc (a+Wc)W + b+Wd

c cW + d

]
.

Hence, we obtain in PG(3, K), the spread:

x = 0, y = x

[
sT1 + vT3 sT2 + vT4

s v

]
∀v, s ∈ K,

where
a+Wc = T1, (a+Wc)W + b+Wd = T2, c = T3

and
cW + d = T4.

It is important to note that the vector space is now of the form

(x1, x1W + x2, y1, y1W + y2),

which we identify with (x1, x2, y1, y2). With this identification, it fol-
lows that Ti’s are additive mappings of K.
Hence, we obtain

Theorem 149. Let a derivable net D with transversal extension T
giving a partial spread 〈D∪{T}〉 that is in PG(3, K), for K a field, such
that there is exactly one Baer subplane that is a K—subspace. Then
there is an associated semifield spread in PG(3, K) of the following
form:

x = 0,

y = x

[
s(a+Wc) + vc s((a+Wc)W + b+Wd) + v(cW + d)

s v

]
∀v, s ∈ K,

where W is some prime field linear transformation of K, a, b, c, d con-
stants in K.



CHAPTER 24

Partially Flag-Transitive Affi ne Planes

Now the question is how do we use the idea of a transversal to a
derivable net to create some theory of interest? One way might be to
assume that there is a derivable affi ne plane that admits a transitivity
condition on the components that do not belong to the derivable net.
We choose here the concept of a ‘partially flag-transitive affi ne plane.’
Recalling that a ‘flag’is an incident point-line pair, we consider the flags
that are on lines that do not belong to the derivable net and insist that
there is a collineation group of the affi ne plane that is transitive on
these flags.
We have shown that derivable nets that admit a transversal can be

embedded either in dual translation planes or translation planes. How-
ever, a derivable affi ne plane may not be a dual translation plane or a
translation plane but still we may use the extension theory to determine
properties about the derivable affi ne plane, such as orders of groups and
general group actions. This means, for example, that incompatibility
results on Baer p-groups and elations in order q2 translation planes
might be able to be applied to p-groups that act on derivable affi ne
planes.

Definition 98. A derivable affi ne plane that admits a collineation
group leaving the derivable net D invariant and acting transitively on
the flags on lines not in D shall be said to be ‘partially flag-transitive.’

So, what are some examples of partially flag-transitive affi ne planes?
Suppose we take a translation plane π with spread in PG(3, q) and
consider any affi ne restriction to the dual of the projective extension of
π. Then, it turns out that this dual translation plane is derivable, as
we have seen in the chapter on transversal spreads. Also, the derived
plane is a ‘semi-translation plane.’

Definition 99. An affi ne plane is said to be a ‘semi-translation
plane’if and only if the plane admits a group of translations such that
each orbit is a Baer subplane.

We are not claiming that every semi-translation plane may be de-
rived from a dual translation plane, but if one thinks of what would

345
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happen if this were the case, the existence of a group of translation
might become apparent. Specifically, a Baer subplane would then be-
come a line of the original derivable net N . The orbits that we are
interested in are those that correspond to lines on N that are in the
parallel class (∞), where the dual to this point is the line at infinity
of the associated translation plane. Since the translation group with
center (∞) leaves the derivable net invariant and acts transitively on
the affi ne points of the lines of this parallel class, then its group inher-
its as a collineation group of the derived plane and the orbits are Baer
subplanes. It only then remains to check that this group becomes a
translation group of the derived plane. So, we have shown that any
plane derived from a dual translation plane using a derived net con-
taining (∞) is a semi-translation plane. It has been an open question
for about 50 years whether every semi-translation plane is derivable.
There are semi-translation planes that do not derive to dual translation
planes (the Hughes planes).
So, dual translation planes and derivable semi-translation planes

might be candidates as examples of partially flag-transitive affi ne planes.
Also, such partially flag-transitive affi ne planes might have flag-transitive
groups that are somewhat connected to the translation plane case. We
begin with the goal of making such a connection, and we begin with how
this would work with a translation plane, since extensions of derivable
nets can either give rise to translation planes or their duals.
Therefore, assume that we have a derivable net and a vector space

transversal. We represent the derivable net as

x = 0, y = x

[
B 0
0 B

]
∀B ∈ Kopp,

where Kopp = F is a skewfield, and we represent the transversal in the
form

(y = x

[
T1 T2

T3 T4

]
) = xT,

where the T ′is are prime field linear transformations and additive F -
mappings.
First let F be isomorphic toGF (q) for q = pr, p a prime. LetHp,f,g,u

be a group of order q − 1, whose elements are defined as follows:
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τu =


p(u) 0 0 0

0 f(u) 0 0
0 0 p(u)λ(u) 0
0 0 0 f(u)λ(u)

 ,
for u ∈

and p, f, λ are functions on F . We require that the derivable net is left
invariant under 〈τu; eF − {0}〉. For this, we must have[

p(u)−1p(u)λ(u) = λ(u) 0
0 f(u)−1f(u)λ(u) = λ(u)

]
for some function v of u.
We consider situations under which

x = 0, y = x

[
p(u)−1 0

0 f(u)−1

]
T

[
p(u)λ(u) 0

0 f(u)λ(u)

]
+ wI

for all u 6= 0, w ∈ F defines a spread. We note that there is an associ-
ated elation group E of order q and the spread fixes x = 0.

Definition 100. When the above set defines a spread, we denote
the spread by πT,Hp,f,pλ,fλ and call the spread a

‘(T,EHp,f,pλ,fλ)− spread.’
More generally, it might be possible to have a group containing an ela-
tion group E of order q and a group H such that EH acts transitively
on the components of the spread not in the derivable net but H may
not be diagonal. In the more general case, we refer to the spread as a
‘partially transitive elation group spread.’

Remark 50. Any (T,Hp,f,pλ,fλ)-spread is derivable and the derived
plane admits a collineation group fixing the spread and acting transi-
tively on the components not in the derivable net. The elation group is
turned into a Baer group B and the group Hp,f,pλ,fλ is turned into the
group Hp,pλ,f,fλ.

We call such a spread a ‘(T ∗, BHp,pλ,f,fλ)−spread.’Also, more gen-
erally, if we have a partially transitive elation group spread, it derives
to a so-called partially transitive Baer group spread.

Proof. Change bases relative to F by the mapping that takes
(x1, x2, y1, y2) to (x1, y1, x2, y2). Then, the group Hp,f,g,h is changed to
the group Hp,g,f,h. �

We now consider possible examples.
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Example 3. (1) Consider any semifield plane of order q2, whose
semifield is of dimension two over its middle nucleus. This plane is a
(T,EHλ−1,λ−1,1,1)-spread, which derives to a (T ∗, BHλ−1,1,λ−1,1)-spread,
which is also known as a ‘generalized Hall spread’(i.e., of type 1).
Note that if y = xT is a vector-space transversal to a finite derivable

net then we may realize the derivable net as a left vector space net
and automatically use the ‘left’ extension process to construct a dual
translation plane, which then becomes a semifield plane with spread:

x = 0, y = x(αT + βI), ∀α, β ∈ F .

(2) Consider a semifield plane of order q2 whose semifield is of di-
mension two over its right nucleus. This plane provides a (T,EH1,1,λ,λ)-
spread, which derives a (T ∗, BH1,λ,1,λ)-spread that is also known as a
‘generalized Hall spread of type 2.’
This is merely the situation with which we began, realizing the deriv-

able net as a right vector space and constructing the dual translation
plane, which is then a semifield plane with spread:

x = 0, y = x(Tα + βI), ∀α, β ∈ F .

(3) Other known examples all correspond to situations where the
y = xT is a line in the projective space wherein the derivable net is a
regulus. The partially transitive elation spreads correspond to flocks of
quadratic cones. For example, in the odd order case, we consider the
Kantor-Knuth semifield spread:

x = 0, y = x

[
u γtσ

t u

]
;∀u, t ∈ GF (q),

where γ is a nonsquare, q is odd, and σ is an automorphism of GF (q).
We note that the elements of the elation group E have the following

form: 
1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

 ;∀u ∈ GF (q).

Furthermore, the group is H1,f,λ,fλ, where

f(u) = uσ, λ(u) = uσ+1.

We now make the derivation of a dual translation plane more spe-
cific. The following discussion stems from similar ideas in the author’s
work [109]. We begin by considering arbitrary translation planes that
are generalizations of semifield planes.
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Theorem 150. Let π be any translation plane of order q2 with
spread in PG(3, q). Assume that there exists a collineation group G in
the linear translation complement of order q2 that fixes a component
and acts transitively on the remaining components of π.
Then the dual translation plane is a partially flag-transitive deriv-

able affi ne plane admitting a collineation group of order q5(q − 1).
The dual translation plane is a translation plane (and hence a semi-

field plane) if and only if the group of order q2 mentioned above is an
elation group of the associated translation plane.

We shall give the proof as a series of lemmas. The first lemma
should now be essentially immediate.

Lemma 40. Let π be a translation plane with spread in PG(3, q).
Choose any component x = 0, and let (∞) denote the parallel class
containing the component. In the dual translation plane such that (∞)
will become our line at infinity, take any 1-dimensional GF (q)-subspace
X on any component y = 0. Then the lines x(∞) union (∞), for all x
in X, generate a derivable net D∗ in the dual translation plane obtained
by taking (∞) as the line at infinity in the dual plane.

Lemma 41. The dual translation plane of the previous lemma then
admits a collineation group W consisting of a translation group T∞
with center (∞) of order q2 and an affi ne elation group E of order q.
The kernel homology group K∗ of order q−1 of the original translation
plane acts on the dual translation plane so that W = T∞EK

∗ has order
q3(q−1). W leaves the derivable net D∗ and leaves invariant an infinite
point (∞)∗.
Furthermore, K∗ fixes exactly two components of the derivable net

and is transitive on the remaining components. E is normal in K∗E
and this latter group has orbits of length q and q(q − 1) on the dual
translation plane.

Proof. Just reread the construction given in Lemma 40. The
reader should verify why E becomes an affi ne elation group of the
dual translation plane that leaves the derivable invariant. The rest of
the proof is also left to the reader to complete. �
Lemma 42. On the dual translation plane, there is a collineation

group of order q5(q−1), which fixes the derivable net and acts partially
flag-transitively.

Proof. We recall that the group S = K∗E of order q(q − 1) men-
tioned previously is transitive on the parallel classes not in the deriv-
able net. The translation group with center (∞) becomes a translation
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group of the dual translation plane with center (∞)∗ and this group
acts transitively on the affi ne lines of any parallel class not equal to
(∞)∗. Take any point P of the translation plane such that P (∞) is
not a line of (∞)X. Then, using the translation group, there is a group
conjugate to S by a translation, which acts transitively on the lines in-
cident with P other than P (∞). Note that the linear group of order
q2 acts on the dual translation plane since it permutes the points and
lines and leaves invariant the line at infinity of the dual translation
plane. �

The completes the proof of the theorem. The proof of the following
corollary is now immediate.

Corollary 34. Any semi-translation plane obtained by the deriva-
tion of a partially flag-transitive dual translation plane is also partially
flag-transitive. The dual translation plane is of ‘elation’type, whereas
the semi-translation plane is of ‘Baer’type (the dual translation plane
admits an elation group of order q and the semi-translation plane ad-
mits a Baer group of order q).

1. Derivable Affi ne Planes with Nice Groups

In this section, we give a complete classification of finite partially
flag-transitive affi ne planes. The main ideas show that such planes
admit groups of a certain required order. We may obtain some insight
on what actually occurs, by merely assuming that we have a derivable
affi ne plane admitting groups of such orders and develop the theory
accordingly. This will give an indication of the types of planes that
will show up under the classification of partially flag-transitive planes.
First, we make some comments on our group assumptions.
Assume that π is a finite partially flag-transitive affi ne plane. The

derivable net D is combinatorially equivalent to a projective space
PG(3, K), where K is isomorphic to GF (q), relative to a fixed line
N of PG(2, K). Furthermore, the full collineation group of the net D
is PΓL(4, K)N . Assume now that the given collineation group G of
π is linear; i.e., in PGL(4, K)N . It follows that the linear subgroup
that fixes an affi ne point and the derivable net (which is now a regulus
net) is a subgroup of GL(2, q)GL(2, q), where the product is a central
product with common group the center of order q − 1. In all of what
follows, we shall assume that our groups acting on affi ne planes con-
taining a derivable net are linear groups. Finally, we define the type of
plane that will show up in our classification result.
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Definition 101. A ‘nonstrict semi-translation plane’is an affi ne
semi-translation plane of order q2 that admits a translation group of
order > q2.

We note that dual translation planes or translation planes could be
nonstrict semi-translation planes. We begin with a general result on
elation groups in derivable planes. Note the special significance that
this result has for conical flock planes or for α-flokki planes.

Theorem 151. Let π be a finite derivable affi ne plane of order q2

admitting an elation group H of order q leaving invariant a derivable
net. Then the H-orbits of infinite points union the center of H define
a set of q derivable nets of π.

Proof. Let D denote the derivable net in question and choose (∞)
to be the center of H. Let T be any line of π−D. Then there is a dual
translation plane defined by the algebraic extension process admitting
H as a collineation group. But it is now clear that any dual translation
plane has the property stated in the theorem and one of the derivable
nets is defined by the image of T under H union the center of H. But
the orbits of H in the dual translation plane share at least the orbit
of π containing T . Since this argument is valid for any such line, it
follows that the affi ne plane is a union of derivable nets whose infinite
points share (∞). �
We shall give the main results on groups acting on derivable affi ne

planes in pieces so that the reader can digest the material a bit better.
The proofs are intricate and combinatorial. All of the theorems and
lemmas assume that π is a derivable affi ne plane of order q2 that admits
a linear p-group of order q5 if q is odd or 2q5 if q is even, where q = pr,
and p is a prime.

Theorem 152. Assume that a derivable affi ne plane π of order q2

admits a linear p-group S that fixes the derivable net D of order q5 if q
is odd or 2q5 if q is even. Then π contains a group that acts transitively
on the affi ne points.
Furthermore, the group contains either an elation group of order q

or a Baer group of order q with axis a subplane of the derivable net D.
Proof. Clearly, S must fix an infinite point (∞) of D. Since S

acts on the remaining q2− q infinite points of π−D, it follows that the
S-orbits cannot all have lengths strictly larger than q. Hence, there
exists an orbit Γ of length ≤ q and, for α ∈ Γ, Sα has order divisible by
q4 or 2q4 if q is even. Then, for ` a line of α, Sα,` has order divisible by
q2 or 2q2. Then the spread S(`) admits a linear group of order q2 or 2q2
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that fixes the line N using the associated embedding in PG(3, q). Since
the group is linear, we must have an elation group of order divisible by
q with axis N of the translation plane associated with S(`). When q
is odd, this implies that there can be no Baer p-elements by Theorem
298, which implies that the group of order q2 acts regularly on the
components of S(`) and this is the largest possible stabilizer. So, when
q is odd, S has an orbit of length exactly q, Sα is transitive on the
affi ne lines of α, and Sα,` is transitive on the points of `. Thus, Sα
acts transitively and regularly on the affi ne points. When q is even,
assume that we have a linear group of at least order 2q2 acting on the
translation plane associated with the spread S(`). In Johnson [132],
the action of linear groups of order q2 acting on spreads in PG(3, q) is
analyzed. It is shown that the group is transitive or non-Abelian and
in the latter case, if not transitive, then has two orbits of components
of length q2/2, and there is an elation group E of order q in the center
of the group. Each of the orbits of length q2/2 are q/2 orbits of length
q of E. Choose a group of order 2q2 containing a given group of order
q2. Hence, the two orbits of length q2/2 are inverted or both fixed. The
center E is characteristic in the group of order q2 and hence normal in
the group of order 2q2. If the two orbits are not inverted, then there is
a Baer group B of order 4 which fixes an E-orbit. We may choose the
elements of B to have the following general form:

1 a 0 0
0 1 0 0
0 0 1 a
0 0 0 1

[ I 0
0 T

]
,

where T is a 2 × 2 matrix over GF (q). At the same time, we may
choose the elements of group E to have the following form:

1 0 u m(u)
0 1 0 u
0 0 1 0
0 0 0 1

 ∀u ∈ GF (q) and m is a function on GF (q).

Furthermore, the lines of a net defined by the E orbit of y = 0 and
incident with the zero vector are of the form:

y = x

[
u m(u)
0 u

]
∀u ∈ GF (q).

Note that B leaves invariant x = 0 and y = 0 and must leave the
orbit of E containing y = 0 invariant. Since B has order 2s ≥ 4, it
follows that B must fix another component of this E-orbit, which we
may take as y = x, without loss of generality. This implies that T = 0
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so that B commutes with E. But, by Theorem 299, B has order less
than or equal 2. Hence, the group of order divisible by 2q2 is transitive
on the components of S(`) and the stabilizer of a second component
other than N has order exactly 2. Thus, when q is even and there is a
2-group of order 2q5, there is a subgroup that is transitive on the affi ne
points. So in either the odd or even cases, we obtain a group of order
q4 or 2q4, which acts transitively on the affi ne points of the derivable
affi ne plane. �
The following proof is left for the reader to complete as an exercise.

Theorem 153. If π is non-Desarguesian in the elation case above,
then π admits a set of q derivable nets sharing the axis of the elation
group of order q.

Before the statement of our next theorem, we give two fundamental
lemmas.

Lemma 43. Let Sp be a Sylow p-subgroup. Hence, Sp leaves invari-
ant an infinite point of D, say (∞). The stabilizer of a second point
fixes all infinite points of D.
Proof. The group G is a subgroup of GL(2, q)GL(2, q)T acting

on the derivable net D. A Sylow p-group is a subgroup of a group S+
p

of order q6 consisting of a Sylow p-group of each of the two GL(2, q)′s
and T of order q4. The subgroup of S+

p that fixes two infinite points
has order q5 and consists of a Baer p-group together with T and hence
fixes all infinite points of D. �
Lemma 44. Let σ be an nontrivial elation with axis x = 0 in D and

let τ be a nontrivial Baer collineation of D, also fixing x = 0 such that
στ is in Sp (acts as a collineation of π). Then στ is a Baer collineation
of π such that Fixστ has q parallel classes exterior to D.
Proof. Coordinatize so that

σ =


1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1


and

τ =


1 a 0 0
0 1 0 0
0 0 1 a
0 0 0 1

 ,
for a and u ∈ F ' GF (q).
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Then στ fixes {(0, y1au
−1, y1, y2); yi ∈ F} pointwise and fixes no

component of the derivable net except x = 0. Moreover, σ and τ
share fixed points on x = 0. Hence, στ fixes exactly q2 points, fixes
x = 0, fixes exactly q points on x = 0, and fixes any line of the plane
that contains points of Fixστ . Suppose that στ fixes lines x = 0 and
` concurrent with a particular affi ne point P . So, στ fixes a Baer
subplane πo incident with P of D and induces an elation on πo. Let
(α) denote the parallel class containing `. Then, στ fixes each of the
q affi ne lines of πo incident with (∞), fixes (α) so fixes each of the q
affi ne lines incident with (α), as στ induces an elation on πo. It follows
that στ fixes q points on each of the lines fixed by στ incident with
(∞). This argument shows that the set of fixed points belongs to a
Baer subplane. �

Theorem 154. If the order of the stabilizer of a point H is at least
2q then the order is 2q and H is generated by an elation group of order
q and a Baer involution with axis in D or by a Baer group of order q
and an elation.

Proof. We make the following claims,.
(1) Assuming that Sp fixes (∞), the stabilizer of a line x = 0 in Sp

has order either q3 or 2q3.
(2) Further, the stabilizer H of an affi ne point has order at least q

in the q3 case or at least 2q in the 2q3 case above.
(3) H contains either an elation group of order q, or a Baer group

of order q with axis a subplane of D.
(4) If the order of H is at least 2q, then the order is 2q and H is

generated by an elation group of order q and a Baer involution with
axis in D or by a Baer group of order q and an elation.

These four items once proved complete the theorem.
We give the proofs to (1) through (4) as follows:
The proof of (1) is clear since the group acts transitively on the

points of ` and fixes (∞) also acts transitively on the affi ne lines of
(∞). Since x = 0 has q2 points, the stabilizer of one of these has order
at least q or 2q.
Now H must actually fix a line of some Baer subplane πo pointwise

and permute the parallel class of subplanes to which πo belongs. Since
this parallel class has q2 total members, H must leave invariant another
subplane π1 disjoint to πo (the parallel class to which πo belongs is the
set of all subplanes of D disjoint from πo union πo). From the structure
of derivable nets, it follows that πo and π1 must share a parallel class
of lines.
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If the shared parallel class is not (∞), then the group H fixes a
second infinite point so it fixes all infinite points of D and hence fixes
πo pointwise. However, in this case, the order of H must, in fact be q.

Hence, assume that πo and π1 share a parallel class of lines of (∞).
It follows that the elements of H are in GL(2, q)GL(2, q) so that each
element is the product of an elation σ and a Baer p-element τ . However,
this implies that either σ or τ is 1 or there is an ‘external’Baer p-
element by Lemma 44. If this is so, then p = 2 and the order of H is at
least 2q. Note that each external Baer subplane contributes exactly q
components outside of the derivable net. If there is an overlap, we may
assume the overlap occurs at least on ` so there is a group generated
by Baer elements of order at least 4 and fixing `. But this means that
within the translation plane of the associated spread corresponding
to `, we have a group of order at least 4q2, a contradiction. Hence,
there are at most q − 1 ‘external’Baer involutions (axes external to
the derivable net). Let the external Baer involutions be denoted by
σiτ i, where the σi are elations (not necessarily distinct and possibly
trivial) and the τ i are Baer involutions (not necessarily distinct but
nontrivial) for i = 1, 2, .., bo, where bo ≤ q − 1 and let the elements of
H be denoted by σiτ i = ρi for i = 1, 2, ..,≥ 2q. Note that if σiτ i is
a Baer involution and σk is an elation not equal to σi then σkσiτ i is
an external Baer involution. Since the plane can be derived, it follows
that if τ s is a Baer involution (internal) not equal to τ i then σiτ iτ s is
also a Baer involution. So, consider a given external Baer involution
σ1τ 1. Then there are at least q elements that are non-identity elations
or non-identity internal Baer involutions in H, and at least q − 2 of
these are neither equal to σ1 nor τ 1. Hence, multiplication of a given
σ1τ 1 by elements of H results in q − 2 distinct other external Baer
involutions. That is, if σkσ1τ 1 is σsσ1τ 1 or σ1τ 1τ j, then either σk is
σs or τ j. So, there are exactly q− 2 distinct external Baer involutions,
assuming that there is one. The remaining two non-identity elements
of H then cannot produce external Baer involutions. Hence, it must
be that the remaining two elements are either σ1 or τ 1. So, there are
exactly q−1 external Baer involutions, implying there are exactly q−1
non-identity elations or internal Baer involutions.
Assume that there are s σ′js and hence q − s τ ′ks. Note that the

σjτ k’s are s(q − s) distinct external Baer involutions. Hence, we must
have

s(q − s) ≤ q − 1.

So, we have

(s− 1)q ≤ s2 − 1
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implying that if s−1 is not zero then q ≤ s+ 1. But q−1 ≤ s ≤ q−1,
which shows that s = q − 1.
Thus, s = 1 or q−1 so that there is either an elation group of order

q in H or an internal Baer group of order q in H. This implies that
there is either an elation group of order q and an extra internal Baer
involution that generates H if there is an internal Baer group of order
q and an extra elation that generates H.
If the order of H is q, then it follows that in all cases, we can

have only elations types or only Baer p-element types for otherwise we
generate external Baer p-elements and a larger p-group than possible.
That is, either H is a Baer p-group of order q with fixed axis in the
derivable net or H is an elation group of order q.
Thus, the result is completed unless the order of H is at least 2q.

In this case, the stabilizer of ` has order at least 2q2 and hence, exactly
2q2 by Johnson [132] (section 6). So, the order of H is either 2q or q,
and our above argument completes the proof of the four main points
(1) through (4), which completes the proof of our theorem. �

Theorem 155. π is a nonstrict semi-translation plane of order q2

admitting a translation group of order q3pγ.

Proof. By derivation, we may assume that the group H contains
an elation group E of order q, which then acts transitively on the
infinite points of D − (∞). Then, the group Z that fixes a second
infinite point and hence fixes all infinite points has order q4 or 2q4. If
this group is not fixed-point-free, then there is a Baer p-element with
axis in D. We may set up our argument so that such an element is
in H and commutes with H and hence generates with E exactly q − 1
external Baer p-elements and p = 2. (The reader should verify that
since the group acts transitively on the lines of (∞), the axis of E
may be chosen to correspond to the fixed point of the element of Z in
question.) Hence, for each affi ne point P , there is a unique internal Baer
involution τP with axis inD. Thus, there is a set of q2 mutually disjoint
Baer subplanes in an orbit under Z. Therefore, Z is transitive on the
set of Baer subplanes of some parallel class (as a parallel class of the
derived net). So, in any case, there are at least 2q4 − q4 = q4 elements
of Z that are products of Baer p-elements and translations on the net
D, and which are fixed-point-free. We now require some information
on how a group or set can be fixed-point-free. But, the Baer p-group
part comes from a group of order q, and we have a group of order q4 or
2q4, and hence, we have a fixed-point-free set of cardinality at least q4.



Combinatorics of Spreads and Parallelisms 357

Suppose we represent a p-group fixing all infinite points of D as a
subgroup of 〈

σa =


1 a 0 0
0 1 0 0
0 0 1 a
0 0 0 1

 ; a ∈ F
〉
T ,

where T has the following form acting on the points of the net

D :

〈
τ (c1,c2,c3,c4) : (x1, x2, y1, y2)

7−→ (x1 + c1, x2 + c2, y1 + c3, y2 + c4); ci ∈ F

〉
.

Then the subset that acts transitively on the points of x = 0 contains
elements σaτ (0,0,c3,c4), for various values of a in F and, for all c3, c4 ∈
F . Similarly, the subset that acts transitively on the points of y = 0
contains elements σbτ (c1,c2,0,0), for various values of b in F, and, for all
c1, c2 ∈ F . To see this, we note that the stabilizer of x = 0 in Z contains
a set of cardinality q2 that acts transitively and fixed-point-free on the
affi ne points of x = 0. Hence, (0, 0, 0, 0) is fixed by any element of
the form σa, so in order to obtain a transitive action, we require all
translations with center (∞) acting on D. The proof for the action on
y = 0 is analogous and left to the reader to complete.
Furthermore, if there is a fixed-point-free transitive action on x = 0,

then the group acting contains a translation group of order q with center
(∞). That is, we merely note that (0, 0, y1, y2) 7−→ (0, 0, y1 + c3, y1a+
y2 + c4), for various values of a and c3, c4. Since we require all c′3s and
c′4s for the transitive action, assume that c3 = 0 and c4 6= 0. Then,
if a is non-zero, we have the fixed points (0, 0,−y2c4a

−1, y2), for all
y2. Hence, all such values a must be zero. If c3 = 0, then c4 must be
nonzero since otherwise the collineation is a Baer p-element. Therefore,
we obtain that an element σaτ (0,0,0,c4) forces a to be zero.
Since we may repeat the above argument for any infinite point, we

have a translation group of order q with centers (∞) and (0). The
plane of order q2 admits a translation group of order q2, at least one
of whose orbits is a subplane πo of order q. The group leaving the
infinite points of D pointwise fixed is transitive on the affi ne points
and is transitive on the set of subplanes of the parallel class containing
πo. The proof of this claim is as follows: We note that the elements of
the group Z fixing the infinite points are products of Baer collineations
fixing πo pointwise by a translation. Hence, Z permutes the parallel
class of Baer subplanes containing πo. The images of πo by elements
of Z admit the same translation group of order q2 as πo. Hence, the
plane is a semi-translation plane.
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It remains to show that the plane is a nonstrict semi-translation
plane. We claim that the plane π admits a translation group of order
at least q3. We note that the elements of Z are products of Baer p-
elements and translations. For any Baer p-element σa, assume that
there are fewer than q3 translations τ such that σaτ is a collineation.
Since the translations are formally normal in the group of the net,
it follows that each element σaτ has a unique representation of this
kind. Therefore, the group order is strictly less than qq3. Hence, there
exists a collineation σaτ , for which there is a group Sa of at least q3

translations of the net such that σaτg is a collineation for all g ∈ Sa.
Fix g and consider σaτg(σaτh)−1. This is a collineation that is also a
translation, and which is not 1 if and only if g 6= h. It now follows that
there are at least q3−1 non-identity collineations that are translations.
The translation group has order pβ so pβ ≥ q3 − 1, which implies that
there is a translation group of order at least q3. This completes the
proof of the theorem. �
Theorem 156. The translation group contains a ((∞), `∞)-transitivity.

Furthermore, the translation group has order q3pγ and all infinite points
not equal to (∞) are centers for translation groups of order qpγ.

Either π is a translation plane or there is a unique ((∞), `∞)-
transitivity. Either (∞) is invariant under the full group or π is De-
sarguesian.

Proof. First, we claim that if (∞) is moved by a collineation of
G then π is Desarguesian.
We have an elation group of order q with axis x = 0. If (∞)

is moved, we may assume that we have an elation group with axis
y = 0 by the existing transitivity. Hence, the group generated by the
elations acts on a regulus net and thus generated a collineation group
isomorphic to SL(2, q). Since the group has orbits of lengths q+ 1 and
q2 − q, the translation group of order q3pγ has a decomposition into
groups with fixed centers of orders qpα and pβ such that

(q + 1)(qpα − 1) + (q2 − q)(pβ − 1) + 1 = q3pγ.

This equation reduces to:

qpα + pα + qpβ − pβ − q = q2pγ.
Hence, it follows that pα − pβ is divisible by q. First, assume that
pα = pβ. Then

2pα − 1 = qpγ,

which is a contradiction. If pα 6= pβ, thenmin(α, β) = r if q = pr, which
implies that pα = q. If pα = q, then there are at least q + 1 centers of
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translation group of order q2 so that plane is a translation plane. Thus,
the plane is a translation plane of order q2 which admits a collineation
group isomorphic to SL(2, q) generated by elations. Therefore, in this
setting the plane is Desarguesian by Theorem 285. We may assume
that the group fixes (∞). Let the translation group with center (∞)
have order qpδ.
Then,

qpδ − 1 + q(qpα − 1) + (q2 − q)(pβ − 1) + 1 = q3pγ.

This equation is equivalent to:

pδ + qpα + qpβ − pβ − q = q2pγ.

So that pδ − pβ is divisible by q. If pδ 6= pβ, then q must divide pδ

so that we have a ((∞), `∞)-transitivity. Thus, we are finished or we
obtain:

pα + pβ − 1 = qpγ,

which is a contradiction.
If pδ = q, then pβ = qpρ.

pα + pβ − pρ = qpγ.

For this equation, it clearly follows that pα = pρ = pγ. This completes
the proof. �

We then simply summarize the main theorems as follows.

Theorem 157. (1) If a derivable affi ne plane π of order q2 with
derivable net D admits a linear p-group of order q5 if q is odd or 2q5 if
q is even that π contains a group which acts transitively on the affi ne
points.

(2) Furthermore, the group contains either an elation group of order
q or a Baer group of order q with axis a subplane of D. If the order
of the stabilizer of a point H is at least 2q then the order is 2q, and H
is generated by an elation group of order q and a Baer involution with
axis in D or by a Baer group of order q and an elation.

(3) π is a nonstrict semi-translation plane of order q2 admitting a
translation group of order q3pγ, where q = pr, for p a prime. Further-
more, either π is a translation plane or there is a unique ((∞), `∞)-
transitivity and the remaining infinite points are centers for translation
subgroups of orders qpγ.

(4) If π is non-Desarguesian in the elation case above, then π admits
a set of q derivable nets sharing the axis of the elation group of order
q.
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1.1. Classification. In this subsection, we use the previous sec-
tion to classify partially flag-transitive planes.

Theorem 158. A finite derivable partially flag-transitive affi ne plane
of order q2 with linear group is a nonstrict semi-translation plane with
a translation group of order q3pγ.
The plane admits either an elation group or a Baer group of order

q.
Furthermore, in the elation case, either the plane is Desarguesian

or the plane admits a ((∞), `∞)-transitivity, the point (∞) is invariant
and the infinite points not equal to (∞) are centers for translation
subgroups of order qpγ.

Proof. So, again let G denote the full collineation group of the
associated affi ne plane π, under the assumption that the group is ‘lin-
ear’with respect to the derivable net, and let T denote the translation
group with center (∞) of Sp. We note that T is normal in Sp. Let
` be any transversal line to the derivable net. Then there exists a
collineation group G` that acts transitively on the points of `. We first
claim that the p-groups of G` have orders q2, or 2q2 and q is even. To
see this, we note that there is a spread in PG(3, q), S(`). Furthermore,
there is a group that fixes a line N of the spread and acts transitively
on the remaining lines of the spread. We have assumed that the group
is a subgroup of PGL(4, q)N . Now consider the associated translation
plane and realize that the collineation group, as a translation comple-
ment, acting here is a subgroup of GL(4, q). Since the group fixes a
component and is linear, the group induced on that component is a
subgroup of GL(2, q). Since the group is transitive on S(`) − N , let
the order of the p-group be pαq2. Hence, the elation group with axis
N as order at least pαq. On the other hand, since the group is linear
and transitive on the components not equal to N , the stabilizer of a
second line is a Baer group of order pα. Under these circumstances, if
pα > 1, then pα = 2, which completes the proof of the assertion. Now
the theorem is completed provided we show that the order of a Sylow
p-group of G is either q5, or 2q5 and q is even. Now since the group
G acts transitively on components of the derivable affi ne plane π −D,
it follows that Sp permutes q(q − 1) points on the line at infinity and
hence there must be an orbit of Sp of length q as otherwise pq would
divide q(q − 1). Since this is, in fact, an orbit, the stabilizer of an
infinite point (β) has order |Sp| /q. Since the lines of (β) are also in an
orbit then the stabilizer of a line ` has order |Sp| /q3, which is either q2

or 2q2. This completes the proof. �
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1.2. Groups of Order q6. Throughout this subsection, we use
the group established in the previous section and subsection.
Let pr = q, for p a prime, and let π be a partially flag-transitive

affi ne plane. Then, there must be a group of order divisible by q2(q2)(q2−
q) by the assumed transitive action. Hence, the p-groups have orders
divisible by q5 and note that the full linear p-group of the derivable
net has order q6. Any such p-group Sp must leave invariant an infinite
point (∞) of the derivable net D, as the derivable net consists of q+ 1
parallel classes of lines.
We have seen that dual translation planes arising from translation

planes with spreads in PG(3, q) that admit a collineation group of order
q2 in the translation complement and transitive on the components
other than a fixed component admit collineation groups of order q5(q−
1) fixing a derivable net D. Since the plane is a dual translation plane,
there is an elation group of order q2. Hence, there is a collineation
group of order q6(q−1). We may ask are partially flag-transitive planes
admitting the larger group dual translation planes?

Lemma 45. If π is a non-Desarguesian partially flag-transitive affi ne
plane of order q2 with elation group of order q, then H is normal in
the subgroup of the stabilizer of the derivable net D that fixes the axis
of H.

Proof. We have seen that (∞) is invariant. Since H is the max-
imal elation group with axis x = 0 fixing the derivable net, it follows
that the stabilizer of x = 0 must normalize H. �

Hence, we see that

Theorem 159. Let π be a non-Desarguesian partially flag-transitive
affi ne plane of order q2 with linear group and of elation type. Then the
corresponding group G fixes one derivable net containing the axis of
(∞) and acts transitively on the remaining q−1 derivable nets sharing
(∞).

Theorem 160. Let π be a non-Desarguesian partially flag-transitive
affi ne plane of order q2 with linear group and of elation type. If q = pr,
assume that (p, r) = 1.

(1) If π admits a p-group S of order q6, or 2q6 if q = 2, then π
admits a collineation group, which fixes an infinite point (∞), and is
transitive on the remaining infinite points.
(2) Furthermore, either the plane is a dual translation plane or the

full group acts two-transitively on a set of q derivable nets sharing the
infinite point (∞).
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Proof. Let H+ denote the full elation group with center (∞).
Since H+ is elementary Abelian, H+ permutes the orbits of H on the
line at infinity, each of which defines a derivable net. It follows that the
full collineation group of π that fixes the axis of H+ must normalize
H+. Let S be a p-group of order q6. Then S must fix (∞). Within S,
there is a subgroup of order at least q4 that fixes x = 0, and there is a
subgroup S− of order at least q2 that fixes a point 0 on x = 0. Suppose
that some element g of S− fixes a line ` incident with 0. So, g leaves
invariant the H+-orbit containing `.
Now assume that there exists another elation group of order q, H1

of H+, of order q, whose orbits define derivable nets. Then, either H1

is H or H1 ∩ H = 〈1〉. Hence, if H is characteristic in H+ and is,
hence, normal or 〈H1, H〉 has order q2, that is, either the plane is a
dual translation plane or H is normal in the full collineation group of
the affi ne plane.
If g fixes ` then g fixes two derivable nets, one of which does not

contain `. Hence, the stabilizer of ` may be regarded as a subgroup of
PΓL(4, q)N∗ for some line N∗, as indicated in the embedding. However,
if (p, r) = 1, then the group is linear with respect to this group. In this
setting, we have seen that p can only be 2 and the order of the stabilizer
can only be 2. So, we have a group that acts transitively on the infinite
points not equal to (∞) and acts two-transitive on the derivable nets
sharing (∞). This completes the proof of the theorem. �
Corollary 35. Let π be a partially flag-transitive affi ne plane with

linear group, which is a translation plane and assume that the order is
even. Then π is either a (T,EHp,f,pλ,fλ)-plane or a (T ∗, BHp,pλ,f,fλ)-
plane.

Proof. We may assume that we have an elation group of order q
and that the plane is a translation plane.
When q is even and we have a group of order divisible by q − 1

acting on the derivable net, then, since (q−1, q+1) = 1, it follows that
any element of order dividing q − 1 must leave at least two Baer sub-
planes invariant. We now assume that the groups in question are in the
translation complement. Now there is a subgroup of GL(2, q)GL(2, q),
which normalizes the elation group E of order q. Assuming that E is a
subgroup of the first GL(2, q), it follows that we have a subgroup H∗ of
the first GL(2, q) of order (q− 1)2 that normalizes E so that our group
is a subgroup of H∗GL(2, q). We note that an element of H∗ will fix
either exactly two or all Baer subplanes incident with the zero vector
of D. Let g be an element of order dividing q− 1. Let g = g∗g∗, where
g∗ is in H∗ and g∗ is in the second GL(2, q), and which is generated by
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Baer collineations of the net. It also follows that g∗ also fixes exactly
two or all Baer subplanes of the net. Since g∗ and g∗ commute and
q − 1 is odd, it follows that an element g will fix either exactly two
or all Baer subplanes incident with the zero vector. Hence, we may
assume that there is a set of at least q− 1 group elements that fix two
Baer subplanes incident with the zero vector. With the appropriate
coordinate change, we notice that these group elements will act as dis-
tinct diagonal elements. These group elements will generate a group
of order dividing (q− 1)4, which is the direct sum of four cyclic groups
of order q − 1. Let q − 1 = Πpαii be the prime decomposition. Then
there is a p-subgroup of order pβii for βi ≥ αi. Then, there is a sub-
group of order pαii . Since the group is Abelian, it follows that there is a
subgroup of order q − 1. Because the group leaves two Baer subplanes
invariant, we clearly have a Hp,f,pλ,fλ group, which then gives rise to a
(T,EHp,f,pλ,fλ)-plane. �
The following corollary is our main result on derivable affi ne planes

admitting groups of order q6.

Corollary 36. Let π be a derivable affi ne plane of order q2 that
admits a p-group of order q6 if q is odd or 2q6 if q is even containing
a linear subgroup of order q5 or 2q5 leaving invariant the derivable net
D invariant. Assume that when q = pr for p a prime, then (r, p) = 1
and assume that π admits an elation group H of order q.
(1) Then either the plane is Desarguesian or the center of H is

invariant.
(2) Then π admits a collineation group fixing an affi ne point of order

q2 or 2q2 that fixes an infinite point (∞) of D and acts transitively on
the remaining infinite points.
(3) Either the plane is a dual translation plane or the group acts

transitively on a set of q derivable nets sharing (∞).



CHAPTER 25

Special Topics on Parallelisms

In this chapter, we offer a few special instances of where parallelisms
and/or ideas arising from derivable nets might appear. We begin by
consideration of what be a geometric property of transversal spreads.

1. Transversal Spreads and Dualities of PG(3, K)

In the Subplanes text [114], the idea was furthered that a geometric
understanding of the concept of derivation could be explained using
a duality of the ambient PG(3, K)-space. We examine these ideas
further.
Let D be a derivable net and T a transversal such that D∪{T} is a

derivable-extension. Let D̂ ∪ {T} denote the corresponding derivable-
extension, where D̂ is the derived net of D. When is the spread S(T )
with respect to D ∪ {T}, also denoted by S(T )D+T , isomorphic to the
spread S(T )D̂+T with respect to D̂ ∪ {T}?
First of all, we note that if the corresponding projective space is

PG(3, K) of D+T , then S(T )D+T is in PG(3, K), whereas S(T )D̂+T is
in PG(3, Kopp). However, the points and (Baer) subplanes of PG(3, K)
are subplanes and points of PG(3, Kopp), respectively. Hence, the ques-
tion only makes genuine sense when K is a field.

Theorem 161. Let D be a derivable net embedded in PG(3, K),
where K is a field, and let T be a transversal to D, which is also a
transversal to the derived net D̂. Then the spread S(T )D+T correspond-
ing to D+T is isomorphic to the spread S(T )D̂+T corresponding to D̂+T

is and only if there is a duality of PG(3, K) that maps one spread to
the other.

2. Skew Parallelisms

In the previous chapters and sections on extension of a derivable net,
we have established various spreads using transversals of the derivable
net. If all of the transversals are contained in a given affi ne plane, the
question is whether there is a way to use various sets of spreads to
construct or reconstruct the affi ne plane containing a derivable net.
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We introduce a close relative of parallelisms, the ‘skew-parallelisms,’
which will play an important role in understanding the set of transver-
sals to derivable nets. The work presented in this chapter basically
follows the author’s work [109], somewhat modified.

Definition 102. A ‘skew parallelism’of PG(3, K)−N is a set of
spreads each containing N , which forms a disjoint cover of the lines of
PG(3, K) skew to N .

Definition 103. Let S be a skew parallelism of PG(3, K)−N and
let P be any spread containing N . We shall say that P is ‘orthogonal’
to S if and only if P intersects each spread of S in a unique line 6= N .

A set of skew parallelisms of PG(3, K) − N is ‘orthogonal’ if and
only if each spread of any one skew parallelism is orthogonal to each of
the remaining skew parallelisms.
A set A of skew parallelisms of PG(3, K)−N is said to be ‘planar’

if and only if, given any two lines `1 and `2 of PG(3, K) that are skew
to N , there is a skew parallelism of A containing a spread sharing `1and
`2.
If the spreads of a set of skew parallelisms are all dual spreads, we

shall say that the set is a ‘derivable’set of skew parallelisms.

Theorem 162. (1) Given an orthogonal and planar set A of skew
parallelisms of PG(3, K) − N , then there is a unique affi ne plane πA
containing a derivable net such that the set of transversals to the deriv-
able net are the spreads of the set A.

(2) Conversely, any affi ne plane containing a derivable net corre-
sponds to a uniquely defined orthogonal and planar set of skew paral-
lelisms.
(3) The set of derivable affi ne planes is equivalent to the set of

derivable, orthogonal, and planar sets of skew parallelisms.

Proof. We have seen that any spread P containing N may be
considered as generated from a transversal to a derivable net. It is
easy to verify that a skew parallelism corresponds exactly to a parallel
class external to the derivable net. Two skew parallelisms that are
orthogonal then correspond to two distinct parallel classes of a net
extension of a derivable net and a planar and orthogonal set of skew
parallelisms is such that any two distinct points of the net as lines of
the projective space are incident with exactly one spread of some skew
parallelism; two distinct points are incident with a unique transversal
to the derivable net. Hence, an affi ne plane is constructed from a
planar and orthogonal set of skew parallelisms. In order that the affi ne
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plane actually be derivable, it follows that each transversal spread must
actually be a dual spread. Hence, a derivable, planar, and orthogonal
set of skew parallelisms constructs a derivable affi ne plane. This proves
all parts of the theorem. �
Now we ask the nature of a ‘transitive’skew parallelism.

Definition 104. A skew parallelism of PG(3, K) − N is ‘transi-
tive’ if and only if there exists a subgroup of PΓL(4, K)N that acts
transitively on the spreads of the skew parallelism.
A planar and orthogonal set of skew parallelisms is ‘transitive’ if

and only if there exists a subgroup of PΓL(4, K)N that acts transitively
on the set.
We shall say that the set is ‘line-transitive’if and only if the stabi-

lizer of a spread is transitive on the lines not equal to N of the spread,
for each spread of the skew parallelism.

Remark 51. Let πD be a dual translation plane with transversal
function f(x) to a right vector-space derivable net so that lines have
the equations:

x = 0, y = f(x)α + xβ + b

for all α, β ∈ K and for all b ∈ V .
Then, there is a collineation group of πD that leaves invariant the

derivable net and acts transitively on the lines not in the derivable net
and of the form y = f(x)α + xβ + b, where α 6= 0.
The ‘translation group’ T is transitive on the lines of each such

parallel class and represented by the mappings:

(x, y) 7−→ (x, y + b) ∀b ∈ V .
The affi ne elation group E is represented by mappings of the form

(x, y) 7−→ (x, xβ + y) ∀β ∈ K
and the affi ne homology group H is represented by mappings of the
form:

(x, y) 7−→ (x, xα) ∀α ∈ K − {0}.
Notice that T and E correspond to certain translation subgroups

with fixed centers of the corresponding translation plane and the group
H corresponds to the kernel homology group of the associated transla-
tion plane.
(1) It also follows that any derivable affi ne plane coordinatized by

a cartesian group will admit a group isomorphic to T and hence corre-
sponds to a transitive skew parallelism.
(2) Any such dual translation plane will produce a transitive planar

and orthogonal set of transitive skew parallelisms.
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(3) Any semifield spread that contains a derivable net as above will
admit a translation group with center (f(x)), which fixes f(x) and acts
transitively on the points of f(x), which implies that the transversal-
spread is transitive.
Hence, any semifield spread produces a line-transitive planar and

orthogonal set of skew parallelisms.



Part 6

Constructions of Parallelisms



We begin by showing that infinite regular parallelisms are usually
possible for a variety of fieldsK, using variations on ideas of Betten and
Riesinger. We then give the Penttila andWilliams construction of finite
regular parallelisms. We also generalize Beutelspacher’s construction
of line-parallelisms and provide some applications. The parallelisms
of Johnson, which admit a collineation group fixing one spread and
transitive on the remaining spreads, are also constructed. The infinite
regular parallelisms constructed here have a particularly nice geometric
construction from a corresponding Pappian affi ne plane.
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CHAPTER 26

Regular Parallelisms

In this chapter, we give a brief sketch of the constructions of regular
parallelisms (the spreads are Pappian) in PG(3, K), for K an infinite
field. We also present the constructions due to Penttila and Williams
of finite regular parallelisms. We begin with the infinite case.

1. Infinite Regular Parallelisms

We begin by trying to find regular, i.e., Pappian parallelisms over
infinite fields. The idea is to try to create a set of mutually disjoint Pap-
pian spreads (on components) from a given Pappian spread by multiple
derivation. This will mean that each such Pappian spread will share
exactly two components with the original Pappian spread Σ, which, in
turn, partitions Σ. This can be done for any characteristic. For infinite
regular parallelisms, the main ingredient that makes the construction
work is that K admits a quadratic extension K+ such that if σ is the
involution in GalKK+, then K+(σ+1) is a proper subset of K. There
is a natural collineation group of the associated Pappian plane ΣK+

coordinatized by K+ that admits a collineation group transitive on a
partition of the spread by pairs of components.

Theorem 163. Let K be a field that admits a quadratic extension
K+. Let σ denote the involution in GalKK+. Assume that K−K+(σ+1)

is not empty. Let Σ denote the Pappian affi ne plane coordinatized by
K+ and let c ∈ K −K+(σ+1).

The group

Gc =

〈
τm : (x, y)→ (xσ, yσ)

[
m cm−σ+1

1 m

]
∀m ∈ K+ − {0}

〉

acts on and is transitive on the set of pairs of components{
{x = 0, y = 0} ,

{
y = xm, y = xcm−σ

}
;m ∈ K+ − {0}

}
.
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Proof. To prove part (1), notice that {x = 0, y = 0} is mapped to
{y = xm, y = xcm−σ} under the group element τm. Also,

(x, xt) → (xσ, xσtσ)

[
m cm−σ+1

1 m

]
=

(xσ(m+ tσ), xσ(cm−σ+1 + tσm).

Therefore, {
y = x (−mσ) , y = x(−c(mσ)−σ = y = x(−cm−1)

}
→ {x = 0, y = 0}

under τm. Finally, we claim that {y = xt, y = xct−σ} maps to

y = x
cm−σ+1 + tσm

m+ tσ
,

y = xc(
cm−σ+1 + tσm

m+ tσ
)−σ,

for m+ tσ 6= 0.

To see this, we note that under the mapping τm, m + tσ 6= 0, and
cm−σ+1 + tσm 6= 0, we see that

y = xt→ y = x
cm−σ+1 + tσm

m+ tσ
,

so

y = xct−σ → y = x
cm−σ+1 + ct−1m

m+ ct−1
,

since cσ = c. It remains to show that

c

(
cm−σ+1 + tσm

m+ tσ

)−σ
=
cm−σ+1 + ct−1m

m+ ct−1
,

which follows by an easy calculation, which is left to the interested
reader.
This completes the proof to the theorem. �
1.1. Multiple Derivation. Given any Pappian spread coordina-

tized by a field K+ of degree 2 over K, we note that the subspread

Aα =
{
y = xm;mσ+1 = α

}
is a derivable partial spread with derived spread

Aσα =
{
y = xσm;mσ+1 = α

}
.

Therefore,
{{x = 0, y = 0} ∪α∈K+(σ+1) Aα}

is a partition of the spread. It is also true that the spread obtained by
the multiple derivation of Aα by Aσα is a Pappian spread.
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Definition 105. The partition listed above is called a ‘linear set’
defined by the pair {x = 0, y = 0}. In general, the linear set defined
by the pair of lines A,B gives rise to the Pappian spread ΣA,B with
multiply derived Pappian spread Σσ

A,B.

The general idea of a partition of the lines of PG(3, K) by spreads,
i.e., a ‘parallelism’is to find a partition q of the Pappian spread Σ by
pair of lines (components) {A,B} such that

∪{A,B}∈qΣσ
A,B = P

is a regular parallelism.

Definition 106. A ‘regular partial parallelism’is a set of regular
spreads that are mutually disjoint on spread lines (components).

In the following, we use the notation of the previous section in
Theorem 163.

Theorem 164. Let ΣA,B denote the Pappian spread obtained by
multiple derivation of the set of reguli in a linear set with carrying
lines A,B of the Pappian spread Σ.

(1) Then Gc acts transitively on

Pc =
{

Σσ
x=0, y=0, Σσ

y=xm, y=xcm−σ ;m ∈ K+ − {0}
}
.

(2) Pc is a regular partial parallelism admitting a group acting tran-
sitive on the spreads.

Proof. By Theorem 163, the group Gc permutes the partition{
{x = 0, y = 0} ,

{
y = xm, y = xcm−σ

}
;m ∈ K+ − {0}

}
.

Since each pair defines a unique linear set and this linear set defines
a unique multiply derived set, this clearly implies that Gc acts on and
therefore acts transitively on Pc.

To prove (2), we need to show that no two spreads have a component
in common.
If two spreads have a component in common, then

Σσ
x=0,y=0 and Σσ

y=xm, y=xcm−σ

have a component in common by the transitivity of Gc. The compo-
nents of Σσ

x=0,y=0 are

x = 0, y = 0, and y = xσz, where z ∈ K+ − {0}.
The components of Σσ

y=xm, y=xcm−σ are

y = xm, y = xcm−σ
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and the images of components of Σσ
x=0,y=0, so the remaining compo-

nents are the sets

πt,m =
{

(xσm+ xtσ, xσcm−σ+1 + xtσm);x ∈ K+
}
.

Assume that πt,m is y = xσz. Then

(xσm+ xtσ)σz = xσcm−σ+1 + xtσm, ∀ x.
Hence, we must havemσz = tσm, and tz = cm−σ+1, which implies that

mσ

t
=

tσm

cm−σ+1
=
tσmσ

c
.

Therefore,
c = tσ+1,

a contradiction. This proves (2). �

2. The Set of 2-Secants

In Betten and Riesinger [9], the following important construction
theorem is proved.

Definition 107. Let O be an elliptic quadric in PG(3, K), where
K is a field of characteristic not 2. A point Q of PG(3, K) is an
‘interior point’if and only if each line incident with Q intersects O in
two distinct points.

2.1. Betten and Riesinger 2-Secant Theorem.

Theorem 165. (Betten and Riesinger [9]) Let O be an elliptic
quadric in PG(3, K), where K is a field of characteristic not 2. Let S
denote a set of lines, each of which intersects the elliptic quadric in two
points (2-secants), such that the union of the lines of S is a partition
of the non-interior points of PG(3, K). Then there is an associated
regular parallelism of PG(3, K).

The way the previous result works is as follows. Let Σ denote the
Pappian spread associated with the elliptic quadric Ω in PG(3, K) ob-
tained by embedding the quadric in the Klein quadric in PG(5, K)
and using the Klein mapping from the Klein quadric to the associ-
ated PG(3, K), which then maps the elliptic quadric bijectively to Σ.
Choose any 2-secant M and let M⊥ denote the line obtained as the
image of M , using the induced polarity of PG(3, K). The line M⊥ is
disjoint from Ω and taking the planes of PG(3, K) containing M⊥, a
linear flock FM of Ω− {M ∩Φ} is constructed. The Thas-Walker con-
struction (see Chapter 42) using FM produces a Pappian spread ΣM

that contains the Klein images ofM ∩Φ with Σ and is obtained from Σ
by the multiple derivation of the linear André set of reguli defined by
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M ∩Φ. Thus, viewed in this manner, what is obtained is a regular par-
allelism of PG(3, K) obtained as follows: Given a Pappian spread Σ,
there is a partition of the components of Σ into pairs {P,Q} such that
multiple derivation of the linear André set defined by {P,Q} is a parti-
tion of the 2-dimensional K—subspaces of the associated 4-dimensional
vector space V4 over K.

Now we represent the field K+ using a polynomial irreducible over
K, with matrix field

[
u+ tg tf
t u

]
;

u, t ∈ K; (u+ tg)u+ t2f = 0 iff u = t = 0.

 .

Now consider the corresponding spread x = 0, y = x

[
u+ tg tf
t u

]
;u, t ∈ K; ∆u,t =

(u+ tg)u+ t2f = 0 iff u = t = 0

 .

Now represent the spread as an elliptic quadric of points on the Klein
quadric in PG(5, K), where the points on the right in the following we
represent points on the quadric and 2-dimensional K—subspaces on the
left are the Pappian spread components.

x = 0→ (0, 0, 0, 0, 0, 1),

y = x

[
u+ tg tf
t u

]
→ (1, u+ tg, tf, t, u,∆u,t).

Now consider a point (d, 0, 0, 0, 0, 1) on the line (2-space)

〈(0, 0, 0, 0, 0, 1), (1, 0, 0, 0, 0, 0)〉 .
What we wish to show is that the line

〈(d, 0, 0, 0, 0, 1), (1, u+ tg, tf, t, u,∆u,t)〉
intersects the Klein quadric in two distinct points; that this line is a 2-
secant, so that (d, 0, 0, 0, 0, 1) is an interior point of the elliptic quadric
Ω associated with the Pappian spread. We shall use part (1) of the
following theorem in all of our constructions.

Theorem 166. (1)

〈(d, 0, 0, 0, 0, 1), (1, u+ tg, tf, t, u,∆u,t)〉
is a 2-secant if −d∆u,t 6= 1.
(2) Hence, if −d /∈ K+(σ+1), then the set of all lines incident with

(d, 0, 0, 0, 0, 1) is a set of 2-secants that forms an exact cover of the
point set of PG(3, K)−{(d, 0, 0, 0, 0, 1)}. Therefore, we obtain a regular
parallelism.
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(3) Choose any plane Π of PG(3, K) that contains the line

〈(0, 0, 0, 0, 0, 1), (1, 0, 0, 0, 0, 0)〉 = L,

so

Π =

〈
(0, 0, 0, 0, 0, 1), (1, 0, 0, 0, 0, 0),

(1, u+ tg, tf, t, u,∆u,t)

〉
=〈

(d, 0, 0, 0, 0, 1), (1, u+ tg, tf, t, u,∆u,t),
(1, 0, 0, 0, 0, 0)

〉
.

The points of the elliptic quadric on Π are{
−1

d+ v
m−σ; d+ v 6= 0 or − 1; v ∈ K

}
and are paired incident with (d, 0, 0, 0, 0, 1) as follows:{ −1

d+v
m−σ, −1

d+u
m−σ

= −1
d

( −1
d+v

m−σ
)−σ

;u = −d
d+v

m−(σ+1)

}
.

Note that we choose −d 6= m−(σ+1), which depends only on m 6= 0 of
K+. Then the corresponding pair is (defines) a 2-secant.

Proof. The point ρ(d, 0, 0, 0, 0, 1) + (1, u+ tg, tf, t, u,∆u,t) =
(ρd + 1, u + tg, tf, t, u,∆u,t + ρ) is a point on the Klein quadric

corresponding to a component of the Pappian spread if and only if

(ρd+ 1)(∆u,t + ρ) = ∆u,t.

This is true if and only if

(ρd+ 1)ρ = −ρd∆u,t,

for ρ 6= 0, which is also equivalent to

(ρd+ 1) = −d∆u,t.

What this means is that(
1,
u+ tg

−d∆u,t

,
tf

−d∆u,t

,
t

−d∆u,t

,
u

−d∆u,t

,
∆u,t

−d∆u,t

)
is a point on the Klein quadric (elliptic quadric), which is distinct from
(1, u+ tg, tf, t, u,∆u,t) if and only if

−d∆u,t 6= 1.

This proves (1). Therefore, if

−d /∈ K+(σ+1)

we obtain a set of 2-secants with the property maintained in part (2).
�
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From the previous result, from the set of 2-secants, we obtain the
following partition of the Pappian spread:

{x = 0, y = 0} ,{
y = x

[
u+ tg tf
t u

]
, y = x 1

−d∆u,t

[
u+ tg tf
t u

]}
;u, t ∈ K, not both 0

 .

Noting that[
u+ tg tf
t u

]σ+1

= ∆u,t, and letting − d = c,

we have part of the following theorem.

Theorem 167. (1)

Pc =
{

Σσ
x=0, y=0, Σσ

y=xm, y=xcm−σ ;m ∈ K+ − {0}
}

corresponds to the set of 2-secants of the elliptic quadric embedded in
the Klein quadric that share the point (−c, 0, 0, 0, 0, 1).
(2) If the characteristic of K is not 2, then

Pc =
{

Σσ
x=0, y=0, Σσ

y=xm, y=xcm−σ ;m ∈ K+ − {0}
}

is a regular parallelism.

Proof. We know that we have a regular partial parallelism. For
fields not of characteristic 2, we see that we actually obtain a regular
parallelism. The partial spreads Aα consist of components y = xk;
kσ+1 = α. Hence, i maps Aα onto Aα−1 and therefore preserves
the linear set. Therefore, i is a collineation of Σσ

x=0,y=0 and maps
Σσ
y=xm,y=xcm−σ to Σσ

y=xm−1,y=xcmσ , and letting m
−1 = n, then cmσ =

cn−σ. We note that σ∗ preserves all partial spreads Aα and maps
y = xt onto y = xtσ. Clearly then σ∗ is a collineation of the paral-
lelism. �

3. Isomorphisms of Transitive Parallelisms

Consider transitive partial parallelisms Pc and Pc′ and assume they
are isomorphic by f . We may assume that Σσ

x=0,y=0 is left invariant
by f . Assume that {x = 0, y = 0} is also left invariant by f . Then
the linear set with respect to this pair is permuted, which implies that
Σx=0,y=0 is also left invariant. We also assume that f fixes x = 0 and
fixes y = 0 and that f is linear (the reader should verify why this is
true). Hence, f necessarily has the form : (x, y) 7→ (xa, yb), for a, b ∈
K+ − {0}. We then require that {m, cm−σ} → {ma−1b, cm−σa−1b}
must imply that c′(ma−1b)−σ = cm−σa−1b, for all m. Therefore, c′ =
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c(a−1b)σ+1or c′(cm−σa−1b)−σ = ma−1b, and the same condition holds.
We have therefore proved the following theorem.

Theorem 168. If isomorphisms between regular partial parallelisms
Pc and Pc′ leave invariant{

{x = 0, y = 0} ,
{
y = xm, y = xcm−σ

}
;m ∈ K+ − {0}

}
,

then Pc and Pc′ are isomorphic if and only if c′ = cd1+σ, for some
d ∈ K+ − {0}.
Hence, the isomorphism classes are in 1 − 1 correspondence with

the non-identity elements of the quotient group K∗/K+∗(σ+1).

Proof. If the set {{x = 0, y = 0} , {y = xm, y = xcm−σ}} is in-
variant, then the argument given above shows without loss of generality
that x = 0 and y = 0 are left invariant. �
3.1. Examples. For c in K∗ −K+∗(σ+1), we note that c2 = cσ+1,

so K∗/K+∗(σ+1) is en elementary Abelian 2-group. In Betten and
Riesinger [9], K is the field of real numbers, so there is a unique par-
allelism as K∗/K+∗(σ+1) ' Z2. But our results here are also valid for
any subfield of the reals. For example, take K = Qa, the field of ra-

tionals and consider the field extension
{[

u −t
t u

]
;u, t ∈ Qa

}
. We

note that {u2 + t2;u, t ∈ Qa} = K+(σ+1). Let S denote the set of sums
of the rational squares. So, we are considering Qa/S. The reader is
directed to the open problems Chapter 40 for a related problem.

3.2. The SL(2,K)-Partial Spreads. Now using the theory de-
veloped in Chapter 10, we have the following theorem.

Theorem 169. For every regular partial parallelism that admits a
transitive group G, there is an associated partial spread in PG(7, K)
that admits a collineation group isomorphic to SL(2, K)G, that leaves
invariant a K-regulus partial spread R. The partial spread is a union of
derivable partial spreads that mutually share R, where SL(2, K), gen-
erated by elations, leaves each derivable partial spread invariant and G
acts transitively on the set of derivable partial spreads. When the char-
acteristic of K is not 2, the partial spread is a spread in PG(7, K) and
an associated translation plane. The derivation of any derivable partial
spread produces a translation plane admitting SL(2, K), generated by
Baer collineations.

A ‘generalized line star’is a set S of lines of PG(3, K) that each
intersectQ in exactly two points, such that the non-interior points ofQ
are covered by the set S. Using the duality ⊥ induced on PG(3, K) by
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a quadric, every 2-secant ` maps to an exterior line `⊥ to Q. Now take
the set of lines containing `⊥, which defines a linear elliptic flock. Using
the Klein mapping, we obtain a Pappian spread Σ corresponding to Q
and the linear flock corresponds to the Pappian spread obtained from
Σ by the replacement of a set of mutually disjoint reguli that covers
Σ with the exception of two components. Furthermore, Betten and
Riesinger show that generalized line stars produce regular parallelisms
of PG(3, K), which are coverings of the line set of PG(3, K) by Pappian
(regular) spreads. Now choose any conic C of intersection of Q and let
πC denote the corresponding plane containing C and form π⊥C = PC.
Since PC is exterior to Q, there is a unique 2-secant `PC containing PC
of the generalized line star. Then `⊥PC ⊂ πC so that C corresponds to one
of the lines of a spread of the parallelism. All of this is noted in Betten
and Riesinger [9], but not using the language of parallelisms, assuming
that the characteristic of K is not 2. Also, note that the existence
of Pappian spreads in PG(3, K) require the existence of a quadratic
extensions F of K. We restate this theorem using our language.

Theorem 170. (Betten and Riesinger [9]) Let K be field of char-
acteristic not 2 that admits a quadratic extension F . Every generalized
line star of an elliptic quadric Q also produces a regular parallelism of
PG(3, K).

Remark 52. There are a very large number of parallelisms over the
field of real numbers, for which undoubtedly there are generalizations to
various other fields, but which we have not tried to include here due to
space requirements. The reader particularly interested in parallelisms in
PG(3,R), whereR is the set of real numbers and or who is interested in
topological spreads and parallelisms is particularly directed to the work
of Betten and Riesinger [13], [10], [12], [11], [9] and the work by the
author and Pomareda [152]. There are both regular and non-regular
parallelisms constructed.

4. Finite Regular Parallelisms

In the previous section, we have seen that there are a great variety
of regular parallelisms of PG(3, K), where K is an infinite field that
admits a quadratic extension. When K is finite and isomorphic to
GF (q), the situation is much different.
Consider first a parallelism in PG(3, 2). Since the associated spreads

of order 4 are necessarily Desarguesian, any such parallelism is regular.
Hence, there are associated translation planes of order 16, with spreads
in PG(7, 2), constructed as in the previous chapters. These translation
planes are quite interesting in that they both admit PSL(2, 7) as a
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collineation group. The two planes are transposes of each other called
the Lorimer-Rahilly and Johnson-Walker planes of order 16. The planes
admit a set of 1 + 2 + 22 derivable nets of degree 1 + 4 sharing a reg-
ulus of degree 1 + 2. The group PSL(2, 7) acts doubly transitively on
these derivable nets and induces a doubly transitive group on the 7
spreads of the two associated parallelisms. Since the process of taking
the transpose of a translation plane corresponds to taking a duality of
the associated projective space, it then follows that the two parallelisms
in PG(3, 2) are dual to each other and are non-isomorphic.

Then Denniston [43] determined two regular parallelisms in PG(3, 8),
again dual to each other. It was initially thought that only even or-
der regular parallelisms were possible, however, Prince [176] using a
computer, was able to determine all cyclic parallelisms in PG(3, 5)
and found two regular parallelisms, again dual to each other. Penttila
and Williams [174] extended all of these three types of regular paral-
lelism to two infinite classes of regular parallelisms in PG(3, q), where
q ≡ 2 mod 3, where the two classes are dual to each other.

5. The Penttila-Williams Construction

The reader is also directed to the appendix Chapter 42 for back-
ground on hyperbolic quadrics in PG(5, q) and the connection with
translation planes of order q2.
Let GF (q3)⊕GF (q3) be a 6-dimensional vector space V6, where a

quadric Q is defined as
Q(x, y) = T (xy) = xy + (xy)q + (xy)q

2

,

for all x, y ∈ GF (q3). Let Σ =
{

(y, z); yq
2

+ z ∈ GF (q)
}
, for y, z ∈

GF (q3). Define a group action as follows: hu : (x, y) → (ux, u−1y),
where u has order dividing 1 + q + q2. Let G = 〈hu; |u| | 1 + q + q2〉,
which clearly preserves the quadric. Then Penttila and Williams show
that

{(huΣ) ∩Q} , hu ∈ G,
is a partition of the quadric Q by elliptic quadrics.
The main points of their ingenious proof are as follows:
(1) Q is a hyperbolic quadric provided q ≡ 2 mod 3 (this is, exactly

when (1 + q + q2, q − 1) = (q − 1, 3) = 1 and q is not of characteristic
3).
(2) Σ is a 4-dimensional vector space, upon which Q induces an

elliptic quadric.
(3)

{(huΣ) ∩Q} , hu ∈ G,
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is a partition of Q.
Now, in the finite case, all hyperbolic quadrics in PG(5, q) are equiv-

alent so that by the Klein map, we have a partition of the lines of
PG(3, q) by a set of 1+q+q2 regular spreads, which then produces a reg-
ular parallelism. The dual parallelism turns out to be non-isomorphic
to this parallelism, and it is also shown to correspond to the space
Λ = {(y, z); yq + z ∈ GF (q)}, for y, z ∈ GF (q3). We shall use the fact
that Q induces an elliptic quadric on Σ if and only if Σ⊥ is anisotropic.
Define 〈(x, y), (x∗, y∗)〉 = T (x∗y+y∗x). Clearly, 〈, 〉 defines a symmetric
bilinear form on the vector space.

Q((x, y) + (x∗, y∗)) = T ((x+ x∗, y + y∗),

which is equal to

(x+ x∗)(y + y∗) + ((x+ x∗)(y + y∗))q + ((x+ x∗)(y + y∗))q
2

= T (xy) + T (x∗y∗) + T (x∗y + y∗x)

= Q(x, y) +Q(x∗, y∗) + 〈(x, y), (x∗, y∗)〉 .

Also,

Q(α(x, y)) = α2Q(x, y), for α ∈ GF (q).

Therefore, Q is a quadric. To see that it is non-degenerate, assume that
for all (x, y) that there exists a vector (x∗, y∗) so that 〈(x, y), (x∗, y∗)〉 =
T (x∗y + y∗x) = 0. Suppose that x = 1 and y = 0, so that T (y∗x) =

0 = (y∗x) + (y∗x)q + (y∗x)q
2

= 0, in x, which is identically zero and
of degree < q3. Hence, the coeffi cients are zero implying that y∗ = 0.
A symmetric argument shows that x∗ = 0, showing that Q is a non-
degenerate quadric.
We now give proofs to the above mentioned main points of the

construction.

Lemma 46. Q is a hyperbolic quadric provided q ≡ 2 mod 3.

Proof. Note that {(x, 0);x ∈ GF (q3)} is a subspace of dimension
3, which is contained in the quadric. Hence, the Witt index 3 (maxi-
mum dimension of a subspace in the quadric), which implies that the
quadric is hyperbolic. �

Lemma 47. Σ is a 4-dimensional vector space upon which Q induces
an elliptic quadric.

Proof. It suffi ces to show that Σ⊥ is anisotropic. We claim that

{(x, xq);T (x) = 0}
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is in Σ⊥. 〈
(x, xq), (y, z); yq

2

+ z ∈ GF (q)
〉

= T (xz + xqy)

= (xz) + (xz)q + (xz)q
2

+ (xqy) + (xqy)q + (xqy)q
2

=
(

(xz) + (xqy)q
2

)
)

+ ((xz)q + (xqy)) +
(

(xz)q
2

+ (xqy)q
)

= αT (x) = 0.

Since {(x, xq);T (x) = 0} is a subspace of dimension at least 2, it follows
that Σ⊥ = {(x, xq);T (x) = 0}. Let w = (x, xq) and wq = (xq, x) such
that T (x) = 0. Assume that βw = wq, for β ∈ GF (q), so that βx = xq,
so β = xq−1, implying xq

2
= βxq = x2q−1, so that x(q−1)2

= 1. But
(q− 1, q3− 1) = (q− 1), so that xq−1 = 1, and so x ∈ GF (q). But then
0 = T (x) = 3x, and since q ≡ 2 mod 3, then x = 0. Therefore, we may
assume that Σ⊥ = 〈w,wq〉, for some non-zero w = (x, xq), such that
T (x) = 0.
Now suppose there is a vector w = (x, xq) ∈ Σ⊥ such that Q(w) =

T (xq+1) = 0, and thenQ(wq) = T (xq(q+1)) = 0. Consider α, β ∈ GF (q)
and a vector αw + βwq of Σ⊥. Then Q(αw + βwq) = α2Q(w) +
β2Q(wq) + αβ 〈w,wq〉. It follows that

〈w,wq〉 = T (x1+q2

) + T (x2q) = T (x1+q2

) + T (x2)

= T (x(xq
2

+ x) = T (x(x+ xq + xq
2

))− T (x1+q)

= T (xT (x)) = T (x)T (x) = 0.

Hence, if there is a singular vector in Σ⊥ then Σ⊥ is totally singular.
If Σ⊥ is totally singular, then for each x inGF (q3) so that T (x) = 0,

then Q(x, xq) = 0 = T (xq+1). Choose any element v of GF (q3) and
notice that T (T (v)) = 3T (v), which implies that T (v − T (v)

3
) = 0, and

thus shows that

(∗) : T ((v − T (v)

3
)q+1) = 0, for all v ∈ GF (q2).

Now a short calculation, which the reader is encouraged to complete,
shows that

(v − T (v)

3
)q+1 =

1

9
(−2v2 + 5vq+1 − 2v2q − vq2+1 − vq2+q + v2q2

).

Note that T (v2) = T (v2q) = T (v2q2
) and T (vq+1) = T (vq

2+q) =

T (v1+q2
). Hence, (∗) shows that

(∗∗) :
1

9
(−3T (v)− 3T (vq+1)) = −1

3
(T (v) + T (vq+1) = 0.
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But, then
v + vq + vq

2

+ vq+1 + vq
2+q + v1+q2

= 0

for all v ∈ GF (q3). However, since q2 + q < q3, the coeffi cients of this
polynomial in v must all be zero, a contradiction.
Hence, Σ⊥ is anisotropic, which proves the lemma. �
Lemma 48.

Pq2 = {(huΣ) ∩Q} , hu ∈ G,
is a partition of Q.

Proof. Assume not! Then there is an element u of order dividing
1 + q + q2 such that Σ ∩ huΣ ∩Q is non-empty. Note that

(huΣ)⊥ ∩ Σ⊥ =

{
(ux,

xq

u
);T (x) = 0

}
∩ {(x, xq);T (x) = 0}

= {(0, 0)} ,
since an intersection (ux, xq/u) = (x, xq) if and only if u1+q = 1, a
contradiction as (1 + q, 1 + q + q2) = 1, if u is not 1. This means that
(huΣ)⊥ ∪ Σ⊥ has dimension 4, which implies that ((huΣ)⊥ ∪ Σ⊥)⊥ =
Σ ∩ huΣ has dimension 2.
We claim that〈

(
uq

uq − uq2+q
,
−u

u− uq+1
+ 1), (

uq − 1

uq − uq2+q
,
−u+ 1

u− uq+1
+ 1)

〉
= Σ ∩ huΣ.

The two elements are easily seen to be linearly independent overGF (q),
assuming that u is not 1. To check that the two vectors are in Σ∩huΣ,
consider ( uq

uq−uq2+q
, −u
u−uq+1 + 1). Then(

uq

uq − uq2+q

)q2

+
−u

u− uq+1
+ 1 = 1,

so that this vector is in Σ. Then(
uq

uq − uq2+q
,
−u

u− uq+1
+ 1

)
=

(
u

(
u−1

1− uq2

)
,

1

u

(
−uq+1

1− uq

))
and (

u−1

1− uq2

)q2

+
−uq+1

1− uq = 0,

showing the element is also in huΣ. Similarly, the second vector is
in Σ ∩ huΣ. The proof is complete if it can be shown that for z =
( uq

uq−uq2+q
, −u
u−uq+1 +1) and w = ( uq−1

uq−uq2+q
, −u+1
u−uq+1 +1) then Q(αz+βw) 6=

0, for all α, β ∈ GF (q), not both zero.
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Since

Q(αz + βw) = α2Q(z) + β2Q(w) + αβ 〈z, w〉 ,

it remains to calculate Q(z), Q(w), and 〈z, w〉. Since

Q(z) = T

(
− u2q+1

(u− uq+1)q+1

)
,

the reader is challenged to complete this straightforward but lengthy
calculation, which shows that Q(z) = 1. Similarly,

Q(w) = T

(
(uq − 1)(1− uq+1)

(u− uq+1)q+1

)
,

and a much shorter calculation than that as above determines this trace
as 3, and similarly

〈z, w〉 = T

(
uq(1− uq+1)

(u− uq+1)q+1

)
+ T

(
−uq+1(uq − 1)

(u− uq+1)q+1

)
= 3.

Therefore,

Q(αz + βw) = α2Q(z) + β2Q(w) + αβ 〈z, w〉
= α2 + 3αβ + 3β2,

which is equal to 0 for β = 0 if and only if α2 = 0 and hence α = 0.
Therefore, assume that β 6= 0 so that α2 + 3αβ + 3β2 = 0 if and
only if t2 + 3t + 3 = 0, for t = α

β
. If q is even, then the equation

becomes t2 + t + 1, which has trace over GF (2) of T2(1) = rmod 2, if
q = 2r, and since r is odd, and since q ≡ 2 mod 3, then there are no
non-zero solutions in even order. If q is odd then the discriminant is
−3. However, −3 is a non-square in GF (q), where q ≡ 2 mod 3, and q
is odd. This completes the proof. �

Hence, using the fact that all finite hyperbolic quadrics are equiv-
alent, the Klein mapping establishes a regular parallelism of PG(3, q).
Taking a polarity of PG(3, q), there is an associated ‘dual parallelism’
obtained, where the corresponding spreads are the dual spreads of the
original parallelism. Penttila-Williams show that these two parallelisms
are never isomorphic by a detailed analysis of the collineation groups.
The reader is directed to [174] for details on the group theory.
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5.1. The New SL(2,q)×C1+q+q2 Planes. We then have com-
pleted the proof of the Penttila-Williams construction of regular paral-
lelisms. We note, of course, that there are then two infinite classes of
translation planes of order q4 with spreads in PG(7, q), that are cov-
ered by 1+q+q2 derivable nets that share a fixed regulus net of degree
1 + q, so that the planes admit SL(2, q) × C1+q+q2 , as a collineation
group, where C1+q+q2 is a cyclic group acting transitively on the set
of 1 + q + q2 derivable nets. As mentioned previously, three of these
classes of parallelisms in PG(3, 2), PG(3, 8), and PG(3, 5) were known
previously, the latter two being constructed by Denniston and Prince,
respectively, and the first two parallelisms in PG(3, 2) corresponding
to the Lorimer-Rahilly and Johnson-Walker planes of order 16 admit-
ting PSL(2, q). The remaining parallelisms and their corresponding
translation planes are then completely new.



CHAPTER 27

Beutelspacher’s Construction of Line Parallelisms

In this chapter, we give the important construction of Beutelspacher
of parallelisms of PG(2r − 1, q), and generalize the construction to
arbitrary skewfields. This chapter is a modification of the author’s
work [108].
In 1974, Buetelspacher [16] gave a construction of parallelisms in

PG(2r − 1, q), for any positive integer r and for any prime power q =
pt > 2. We offer a generalization of Buetelspacher’s construction to
arbitrary projective spaces over skewfields and construct a variety of
new parallelisms.

We first somewhat generalize the notion of a geometric spread as
used by Buetelspacher as follows. It will be assumed that all vector
spaces are ‘left’vector spaces and skewfield extensions are always con-
sidered to be on the left.
We recall from Chapter 3 the ideas of a Desarguesian line spread.
The following proposition is straightforward and left for the reader

as an exercise.

Proposition 6. Let K1 ⊆ K2 be skewfields, K2 is 2-dimensional
vector space over K1 and let V be a K2-vector space. Let R denote the
set of all 1-dimensional K2-subspaces of V . Then, R is a Desarguesian
line spread of PG(V − 1, K1).

Notation 3. In the following, we shall adopt the following nota-
tion: Let R denote a Desarguesian line spread in PG(V − 1, K1). If
g and h are distinct elements of R, let 〈g, h〉 denote the 2-dimensional
K2-vector subspace generated by g and h, which is also considered a
4-dimensional K1-vector subspace and projectively as isomorphic to
PG(3, K1).
If L is a subfield containing K1 and z1, z2, .., zs ∈ V , the L-vector

subspace generated by {zi; i = 1, .., s} shall be denoted by 〈zi; i = 1, .., n〉L.
The following propositions are analogous to similar ones in Bue-

telspacher [16].

Proposition 7. R as a set of ‘points’and {〈g, h〉K2
; g, 6= h} ∈ R

as ‘lines’is isomorphic to PG(V − 1, K2).

387
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Let L be a line of PG(V − 1, K1) − R. If L nontrivially inter-
sects 〈g, h〉 for g, h ∈ R, then L ⊆ 〈g, h〉K2

and there exists a unique
〈g∗, h∗〉K2

, for g∗, 6= h∗ in R containing L.

Proof. Let PQ = L, where P and Q are points of PG(V −1, K1).
Since R is a spread, there exist unique lines g and h containing P
and Q, respectively, and g 6= h since L is not in R. Let g = 〈eg〉K2

and h = 〈eh〉K2
, 1-dimensional K2-subspaces. P in g means that P =

〈aeg〉K1
where a ∈ K2. Similarly, Q = 〈beh〉K1

, where b ∈ K2. Then
L, as a 2-dimensional K1-subspace, is 〈aeg, beh〉K1

, which clearly is in
〈eg, eh〉K2

= 〈g, h〉.
Let L = P ∗Q∗ = PQ, let g∗ = 〈eg∗〉K2

, h∗ = 〈eh∗〉K2
contain

P ∗ and Q∗, respectively. Then L = 〈a∗eg∗ , b∗eh∗〉K1
, for some a∗, b∗

in K2. Hence, 〈a∗eg∗ , b∗eh∗〉K1
= 〈aeg, beh〉K1

. This implies that a∗e∗g
is in 〈aeg, beh〉K1

, implying that eg∗ is in 〈eg, eh〉K2
. By symmetry,

〈g, h〉K2
= 〈eg, eh〉K2

= 〈eg∗ , eh∗〉K2
= 〈g∗, h∗〉K2

. �
Proposition 8. R | 〈g, h〉K1

is a line spread of 〈g, h〉K1
as a pro-

jective space isomorphic to PG(3, K1), for each ‘line’〈g, h〉K2
of R.

Proof. When an element M of R nontrivially intersects 〈g, h〉K2
,

it is contained in 〈g, h〉K2
since M is a 1-dimensional K2-subspace and

〈g, h〉K2
is a 2-dimensional K2-subspace as well as a 4-dimensional K1-

subspace. SinceR is a spread, each point of 〈g, h〉K2
is covered uniquely

by some element N of R. �

1. Extension of Beutelspacher’s Theorem

Since we are dealing with arbitrary skewfields, we begin with some
elementary properties of spreads and parallelisms.

Proposition 9. Let W be any vector space of finite dimension d >
3 over a skewfield L, let S1 and S2 be line spreads of PG(W−1, L), and
let P1 and P2 be parallelisms of PG(W −1, L). Then cardS1 = cardS2

and cardP1 = cardP2.

Proof. Since the proposition is trivial when L is finite, assume
that L is infinite. The proof of this result simply uses fundamental
properties of the cardinalities of infinite sets and is left to the interested
reader to complete. �
Theorem 171. Let K1 ⊆ K2 be skewfields, K2 is 2-dimensional

over K1 and let V be a K2-vector space. Let R denote the set of
all 1-dimensional K2-subspaces; an associated Desarguesian spread of
PG(V − 1, K1). Let P be a line parallelism of PG(V − 1, K2) and for
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each PG(3, K1), 〈g, h〉, g 6= h of R, letM〈g,h〉 denote a parallelism of
〈g, h〉 containing R | 〈g, h〉.
More generally, index the spreads of the parallelism P by Ω, so that

P = ∪{Ms ; s ∈ Ω}.
Let Λ be a set of cardinality the cardinality minus 1 of any parallelism
of line spreads of any PG(3, K1) and let ∆ be a set of cardinality the
cardinality of lines of any spread of lines of PG(V − 1, K2).
For each spread Ms of P in PG(V − 1, K2);(the points are those

of R), for s ∈ Ω, index the spread lines by ms,k by k ∈ ∆.
Assume that eachms,k as a projective space isomorphic to PG(3, K1)

admits a parallelism containing the parallelism induced by R, and let
Pms,k denote the set of spreads not equal to the induced spread. Denote
by SP

ms,k

Λ the symmetric group on Pms,k permuting the spreads, a set
of cardinality Λ, and let ms,k

t , for t ∈ Λ, denote the spreads of Pms,k .
For i ∈ Λ, denote by λP

ms,k

(i) the action of the associated permu-
tation on the element i. Hence, we are considering a family of groups
isomorphic to SΛ and acting on Λ considered as Pms,k .
(1) For each ms,k choose a permutation λP

ms,k ∈ SPm
s,k

Λ . Denote by

ms,k

λP
ms,k

(i)
, the spread ms,k

j in Pm
s,k
chosen by j = λP

ms,k

(i).

Then, for each s ∈ Ω and spread Ms of P in PG(F − 1, K2) for

each λP
ms,k ∈ SPm

s,k

Λ , and for each i ∈ Λ,

ΓM
s

{λPm
s,k

(i)}
=

{
ms,k

λP
ms,k

(i)
;ms,k ∈Ms

}
is a line spread of PG(V − 1, K1).
(2)

Γ
{λPm

s,k
}

= R∪i∈Λ,s∈Ω

{
ΓM

s

{λPm
s,k

(i)}

}
is a line parallelism of PG(V − 1, K1).
(3) From each parallelism of PG(V − 1, K2), and for each paral-

lelism of each line as a projective space isomorphic to PG(3, K1) con-
taining the induced spread of each spread not equal to R, there is a
corresponding line parallelism of PG(V − 1, K1). The cardinality of
line parallelisms obtained is this way is

((card SΛ)card ∆)card Ω.

Proof. To prove (1), we need to show that every point P of
PG(V − 1, K1) is incident with a unique line of ΓM

s

{λPm
s,k

(i)}
. Every
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point P is incident with a unique line gP of R, which is, as a point, on
a unique linem ofM. Nowm is isomorphic to PG(3, K1) and contains
gP . Furthermore, mi is a spread inm and each point P is incident with
exactly one line of each spread mi for each i ∈ λ. Hence, ΓM

s

{λPm
s,k

(i)}
is

a line spread, which proves (1).
We note, by the index assumption, that no line of mi is in R.
To show that Γ

{λPm
s,k
}

= R ∪i∈Λ,s∈Ω

{
ΓM

s

{λPm
s,k

(i)}

}
is a line paral-

lelism, we need to show that every line L that is not in R is in a unique
spread of the form ΓM

s

{λPm
s,k

(i)}
. We know that L is in a unique 〈g, h〉K2

for g, 6= h of R. Moreover, since 〈g, h〉K2
is a line of R, and P is a par-

allelism of R, where R is the set of points of PG(V − 1, K2), it follows
that there is a unique spread M of P containing 〈g, h〉K2

= m as a
line. But, m is isomorphic to PG(3, K1) and the assumed parallelism
of m contains R | m. Since L is a line not in R, it follows that there
is a unique spread mj of m containing L. This completes the proof of
part (2).
To obtain a line parallelism, we choose a fixed permutation from

each symmetric group of each parallelism of PG(3, K1) arising from
each line of each spread not equal to R of the parallelism P. This
proves (3). �
The following corollary shows how parallelisms ‘grow’ using the

construction.

Corollary 37. In the finite case and K1 isomorphic to GF (q),
Λ = q+q2 (the number of spreads minus 1 in a parallelism of PG(3, q))
so that Sq+q2 has cardinality ((q + q2)!). WithK2 isomorphic to GF (q2)
and V a 2d-dimensional GF (q2)-space, a line spread in PG(d− 1, q2)
has (q2d − 1)/(q4 − 1) lines and a parallelism has(

(q4d − 1)(q4d − q2)
)
/
(
(q4 − 1)(q4 − q2

)
)

line spreads. Hence,

card ∆ = (q4d − 1)/(q4 − 1)

and
card Ω = ((q4d − 1)(q4d − q2))/((q4 − 1)(q4 − q2)).

Then
(1) the number of possible line parallelisms of PG(4d − 1, q) con-

structed as above is

(((q + q2)!)

(
q4d−1

q4−1

)(
q2(2d−1)−1

q2−1

)
.
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(2) Assume that for d = 2, there is a parallelism of PG(3, q2) con-
taining a regular spread R and there is a parallelism of PG(3, q) con-
taining a regular spread. Then there are

((q + q2)!)

(
q8−1

q4−1

)(
q2(3)−1

q2−1

)
= ((q + q2)!)(q

4+1)(1+q2+q4).

parallelisms in PG(23−1, q), each of which contains the regular spread
induced from R. Let q = h2 and reapply the process constructing in
PG(24 − 1,

√
q), then from each of

((q + q2)!)

(
q8−1

q4−1

)(
q2(3)−1

q2−1

)

parallelisms of PG(23 − 1, q), there are

((h+ h2)!)

(
h4d−1

h4−1

)(
h2(2d−1)−1

h2−1

)
= ((
√
q + q)!)(q

2+1)(1+q+q2)

line parallelisms of PG(24 − 1,
√
q).

Hence, there are

((
√
q + q)!)(q

2+1)(1+q+q2))((q+q2)!)(q
4+1)(1+q2+q4)

possible line parallelisms of PG(24 − 1,
√
q).

2. Applications of Beutelspacher’s Construction.

The previous section gives a construction of a large variety of line
parallelisms in PG(3, K1), where K1 is an arbitrary field that admits
a quadratic field extension K2. Furthermore, there are classification
results using collineation group that may potentially be used in the
extension of parallelisms in higher-dimensional projective spaces.
Using the extension theorem, we can construct line parallelisms in

projective spaces as follows:
Assume that there is a set of fields K1 ⊆ K2 ⊆ K3 ⊆ ... ⊆ Kk

⊆ Kk+1 such that Ki+1 is a quadratic extension of Ki for i = 1, 2, .., k.
To begin, assume that k = 5.
To construct a line parallelism of PG(23 − 1, K1), we consider K4

as a K2-vector space and take the Pappian spread of all 1-dimensional
K2-subspaces of K4. This becomes a Pappian spread S4 of PG(23 −
1, K1). Any two components g and h of S4 generate a 2-dimensionalK2-
subspace, which becomes a PG(3, K1) and S4 induces a Pappian spread
in PG(3, K1) coordinatizable by K2. By the method of the previous
section, we may first choose any line parallelism of such a PG(3, K1)
that contains a Pappian spread coordinatizable by K2 and consider
that spread induced by S4. We then may choose any line parallelism
P2 of PG(22− 1, K2). Since K3 exists, our previous method allows the
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existence of a line parallelism here. Hence, we have obtained a variety
of parallelisms in PG(23 − 1, K1) by the extension of Beutelspacher’s
construction.
Since k = 5 in our initial situation, we may also construct a variety

of parallelisms in PG(23− 1, K2). To continue, take K5 as a K2-vector
space of dimension 23 and form the set of 1-dimensional K2-subspaces
of K5, which then becomes a Pappian line spread S5 of PG(24−1, K1).
This Pappian line spread also induces in any associated PG(3, K1)
determined by two components g and h the Pappian line spread co-
ordinatizable by K2. Another application of the extension theorem
produces a line parallelism in PG(24 − 1, K1).
So, in the general case z = 1, 2, .., k, we may similarly construct

line parallelisms in PG(2a− 1, K1), for a = 2, 3, .., k− 1 and the reader
is encouraged to complete this argument in the arbitrary and general
case.

Theorem 172. (1) Let K1 be a field and K1 ⊆ K2 ⊆ K3 ⊆ ... ⊆
Kk ⊆ Kk+1 such that Ki+1 is a quadratic field extension of Ki for
i = 1, 2, .., k. Assume that Vz is a 2z-dimensional Kz-vector space.
Then, there exist line parallelisms in PG(2z− 1, K1) for all z = 2, .., k.

(2) If there is an infinite sequence of fields, each a quadratic exten-
sion field of the previous, then exist line parallelisms in PG(2z−1, K1)
for all positive integers z.
(3) If there is another sequence K1 = K ′1 ⊆ K ′2 ⊆ K ′3 ⊆ ... ⊆ K ′k

⊆ K ′k+1, such that K
′
i+1 is a quadratic field extension of K

′
i, then,

there exist another set of line parallelisms in PG(2z − 1, K1), for all
z = 2, 3, .., k.
If K2 is not isomorphic to K ′2 and the parallelisms are chosen so

that there is a unique Pappian spread R and R′ in each parallelism,
respectively, using the corresponding sequence then none of these con-
structed line parallelisms can be isomorphic to their analogues of (1).

Proof. Assume that there is an infinite sequence of fields. When-
ever there is a construction of a line parallelism in PG(2a − 1, K1),
there is an analogous construction in PG(2a − 1, K2). Then using the
line parallelism in PG(2a − 1, K2), together with a choice of paral-
lelism for each associated PG(3, K1) containing a spread induced from
a Pappian line spread of PG(2a+1 − 1, K1) taken as constructed from
the 1-dimensional K2-subspaces of Ka+2, there is a constructed line
parallelism in PG(2a+1 − 1, K1).
If we have a parallelism of PG(2a − 1, K1) containing R and a

parallelism of PG(2a − 1, K1) containing R′ but all other spreads are
non-Pappian, then an isomorphism from one to the other must map R
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onto R′, implying that PG(V −1, K2) is isomorphic to PG(V −1, K ′2),
for an appropriate vector space V , which, in turn, implies that K2 is
isomorphic to K ′2. �

Example 4. Let K1 be the field of rational numbers. Then there are
κo-distinct infinite sequences of fields each a quadratic extension of the
previous field. Each such sequence provides a set of line parallelisms
as above. Furthermore, there are choices of infinitely mutually non-
isomorphic subfields K2 quadratic over K1. Any such sequence with the
choice of exactly one Pappian spread within the parallelism produces an
infinite number of mutually non-isomorphic line parallelisms.



CHAPTER 28

Johnson Partial Parallelisms

In this chapter, we construct a variety of parallelisms in PG(3, K),
where K is an arbitrary field, finite or infinite. In the following, we
shall let R be a regulus in PG(3, K), where K is a field. This class
also appears in the Subplane’s Text [114]. Here we somewhat modify
the construction for this text and is given here for convenience and
completeness.
We first note the following fundamental property concerning Pap-

pian spreads.

Remark 53. If K is any field that has a quadratic extension field
K ′, then every element e of K ′ − K defines an irreducible quadratic
x2 − xf − g exactly when e2 = ef + g.
If K is not GF (2), there exist two fields of matrices in GL(2, K),

which share exactly the matrix field
{[

u 0
0 u

]
;u ∈ K

}
. Hence, there

exist two distinct Pappian spreads containing a regulus.

Proof. If K is not GF (2), then there exist at least two elements
e and e′ in K ′−K that satisfy distinct irreducible quadratic equations
over K. Let e2 = ef + g and e′2 = e′f ′+ g′. Then the two matrix fields
are {[

u− tf tg
t u

]
;u, t ∈ K

}
and {[

u− tf ′ tg′

t u

]
;u, t ∈ K

}
.

These fields define Pappian spreads containing the regulus given by{
x = 0, y = x

[
u 0
0 u

]
;u ∈ K

}
.

�
Lemma 49. Assume that there are two Pappian spreads Σ and Σ′

that contain a regulus R.
Let L be any line of R and let G denote the central collineation group

of the Pappian affi ne plane associated with Σ, which fixes L pointwise.

395
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Then G acts semi-regularly on the set of all lines of PG(3, K) that
are skew to L and not in Σ.

Proof. We consider the associated Desarguesian affi ne planeA(Σ).
Let L′ be any line of PG(3, K) which is not in Σ and which is skew
to L. Then L′ is a 2-dimensional K-vector subspace. The intersection
subspaces with L′ and the spread lines of Σ define a spread for L′.
Hence, L′ becomes a Baer subplane of Σ incident with the zero vector,
which is skew to L. Let g be in the central collineation group G of
A(Σ) with axis L. Then, L′g 6= L′ since otherwise, the center must be
in the Baer subplane, whereas L′ and L are disjoint. Hence, the group
G is semi-regular. �
Lemma 50. GR fixes any Pappian spread Γ containing R and acts

as a collineation group of the associated Pappian affi ne plane A(Γ),
which acts regularly on the partial spread Γ−R.
Proof. Any Pappian spread that containsR admits, as a collineation

group, any group that fixes the opposite regulus linewise and which is
generated by a central collineation group of the regulus net. But any
central collineation of the ambient Pappian spread that fixes R and
has center and axis in R projectively must induce a central collineation
group of the net. Moreover, the subgroup GR that leaves R invariant
acts transitively on the components of the spread that are not in R. �
Lemma 51. Σ′g and Σ′h, for g, h ∈ G, share a line skew to L and

not in Σ if and only if Σ′g = Σ′h.

Proof. Since GR also is semi-regular on the images of L′, it follows
that the spread for Σ′ = R ∪ {L′g; g ∈ GR}. Assume that Σ′g and Σ′h
for g, h ∈ G share a line skew to L and not in Σ. Then Σ′gh−1 and Σ′

share a line M ′ that is not in Σ and skew to L. But all lines not in R
of Σ′ are images of L′ under the group GR. Hence, M ′ = L′w, for some
element w ∈ GR. Moreover, M ′ in Σ′gh−1 is the image under gh−1 of
a line N ′ of Σ′. If N ′ is in R, then N ′gh−1 is a line of Σ, which implies
that gh−1 is in GR. If N ′ is not in R, then M ′ = L′sgh−1, where s is
in GR and N ′ = L′s. Thus, L′sgh−1 = L′w but the group acts semi-
regularly so this implies that sgh−1 = w. Since s and w are in GR, this,
in turn, implies that gh−1 is in GR, which implies that Σ′gh−1 = Σ′ or
equivalently that Σ′g = Σ′h. Hence, if two images share a line skew to
L and not in Σ then they are equal. �
Theorem 173. Let Σ be any Pappian spread in PG(3, K) where

K is a field. Let R be any regulus in the spread and L any line of R.
Assume there exists a second Pappian spread Σ′ in PG(3, K) containing
R (i.e., K not GF (2)).
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Let L′ denote a line of Σ′ that is not in the spread of Σ.
Let G denote the full central collineation group of Σ with axis L.
Then, {Σ′g; g ∈ G} is a set of Desarguesian partial spreads that

cover the lines that are skew to L and not in Σ.

Proof. It remains to show that every line M ′, which is skew to
L and not in Σ, is in the same G-orbit. Represent Σ in the form

x = 0, y = x

[
u+ ρ1t γ1t
t u

]
, for all u, t ∈ K, where K is a field and

u2 + uρ1t− γ1t
2 = 0 if and only if u = t = 0. Let M ′ be a line skew to

L. This means that as a 2-dimensional K—subspace we may write M ′

in the form y = xA for A any 2 × 2 K-matrix, A =

[
a b
c d

]
. Note,

for example, a basis for M ′ may always be taken in the form:

{(1, 0, a, b), (0, 1, c, d)}

so the M -space L′ may be written as y = x

[
a b
c d

]
. We consider the

image of y = x

[
0 1
0 0

]
first under the affi ne homology group elements

(x, y) 7−→
(
x

[
u+ ρ1t γ1t
t u

]
, y

)
for all u, t, (u, t) 6= (0, 0) to obtain 2-subspaces of the following form:

y = x

[
m+ ρ1s γ1s
s m

] [
0 1
0 0

]
for all m, s ∈ K − {(0, 0)}. We then follow these images under the
affi ne elation group elements:

(x, y) 7−→
(
x, x

[
u+ ρ1t γ1t
t u

]
+ y

)
for all u, t ∈ K. Hence, we need to show that[

m+ ρ1s γ1s
s m

] [
0 1
0 0

]
+

[
u+ ρ1t γ1t
t u

]
=

[
a b
c d

]

has a unique solution (m, s, u, t), where (m, s) 6= (0, 0) if y = x

[
a b
c d

]
is not a component of Σ. Thus, we obtain the equivalent system of
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equations:

u+ ρ1t = a,

t = c,

m+ ρ1s+ γ1t = b,

s+ u = d,

which clearly has a unique solution

(m, s, u, t) = (b− ρ1(a− ρ1c)− γ1c, d− (a− ρ1c), a− ρ1c, c).

Now (m, s) = (0, 0) if and only if
[
a b
c d

]
=

[
u+ ρ1t γ1t
t u

]
if and

only if M ′ ∈ Σ. �

Theorem 174. Let Σ be a Pappian spread in PG(3, K), for K a
field. Assume that there exists a regulus R, which is contained in at
least two distinct Pappian spreads Σ and Σ′. Let ` be a fixed component
of Σ and let G denote the full group of central collineations of the affi ne
translation plane A associated with Σ with axis `.

Consider the set of spreads {Σ′g; g ∈ G} and form the Hall spreads
Σ′g by derivation of each Rg.

(1) Σ′g = Σ′g; there is a group of Σ acting transitively on the set
of Hall spreads.
(2) Σ ∪ { Σ′g ; g ∈ G} is a parallelism consisting of one Pappian

spread and the remaining spreads are Hall spreads.

Proof. It is not diffi cult to show that the infinite Hall planes may
be constructed by derivation of Pappian planes. It remains only to
show that the lines are all uniquely covered by the indicated spreads.
A line skew to L and in Σ is, of course, covered by Σ. The lines of Σ′g,
which are not in Rg, are not in Σ and the set of such lines is covered
by the set of lines of Σ′g’s that are not in any of the Rg’s. A Baer
subplane of Rg cannot be a Baer subplane of any Rh unless Rg = Rh
since a Baer subplane within a Desarguesian affi ne plane completely
determines the regulus net containing it as a Baer subplane. Now take
any line ` that does intersect x = 0. Then there exists a unique regulus
net R1 defined by ` that lies in A. The question is whether any regulus
net R1 is the image of R under a collineation g on G. Take a regulus R1

containing x = 0. Choose two distinct lines L1 and L2 of R1 not equal
to x = 0. Since the group of central collineations is doubly transitive
on the components of Σ, it follows that there is a central collineation g
with axis x = 0 that mapsR ontoR1. Hence, we have a parallelism. �
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Using the previous construction, we may obtain another parallelism
by the derivation of Σ and Σ′.

Theorem 175. Under the assumptions of the previous theorem, let
Σ denote the Hall spread obtained by the derivation of R.
Then Σ ∪ Σ′ ∪ {Σ′g for g 6= 1 of G} is a parallelism of PG(3, K).

Proof. Note that R is in Σ and Σ′ so R∪R′ is a set of lines of
PG(3, K), which is covered by Σ ∪ Σ′. Hence, this set is covered also
by Σ ∪ Σ′. �
Thus, there are parallelisms in PG(3, K) of Johnson type, for every

field K 6= GF (2) that admits a quadratic extension.

1. Isomorphisms

In this section, we determine the possible isomorphisms of a paral-
lelism constructed as in the previous section as well as a determination
of the collineation group.
We begin with discussion of the collineation group of a Hall plane

in both the finite and infinite settings.

Theorem 176. Let π be a Pappian plane with spread in PG(3, K)
for K a field. If |K| > 3, then the full collineation group of a Hall
plane constructed from π by derivation of a regulus net R is the group
inherited from π; leaves the regulus net R invariant.

Proof. Let σ be a collineation of the Hall plane π∗ constructed
from π by the derivation of R and let R∗ denote the opposite regulus
net. We note that if π = R∪M thenMσ−R∗ ⊆M . Assume first that
K is finite and isomorphic to GF (q). Then |M ∩Mσ| ≥ q2−q−(q+1),
which is > q + 1 if and only if q2 > 3q + 2 if and only if q > 3.
Then |πσ ∩ π| > q + 1 so that πσ and π are Desarguesian planes

of order q2 that share strictly more than q + 1 components. Since
any two Desarguesian affi ne planes on the same points sharing at least
three components contain a subnet coordinatized by a subfield of each
coordinatizing field, it follows that π = πσ. That is, each collineation of
π∗ is a collineation of π and thus must leave R∗ and hence R invariant.
Now assume that K is infinite.
Basically, it is possible to give the same proof as in the finite case

without counting. For this, we appeal to the representation of the
spread sets and leave the proof of the infinite case to the reader to
complete. �
Corollary 38. Let π∗ and ρ∗ denote two Pappian affi ne planes

with spreads in PG(3, K), for K a field, and let π and ρ denote the
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associated Pappian planes that construct the indicated planes, respec-
tively, by derivation of the regulus nets Rπ and Rρ with opposite regulus
nets R∗π and R∗ρ.
If |K| > 3 and π∗ is isomorphic to ρ∗ by a mapping σ, then σ maps

the regulus net R∗π onto the regulus net R∗ρ.

Proof. The full collineation group of ρ∗ leaves the net R∗ρ and
admits a collineation group isomorphic to GL(2, K) which acts transi-
tively on the remaining components. Since there is a collineation group
of ρ∗ which acts transitively on ρ∗−R∗πσ, it follows thatR∗ρ = R∗πσ. �

Remark 54. We note that we shall distinguish notationally between
a spread S and the affi ne plane defined by the spread by using πS to de-
note the plane. More generally, the translation net defined by a partial
spread Z shall be denoted by πZ .

Theorem 177. LetK be a field of cardinality > 3 and let Σ, Σ′, and
Σ
′′
denote Pappian spreads containing a regulus R, where Σ′ and Σ′′

are distinct from Σ, and let ` denote the axis of the central collineation
group G of πΣ.
Let PΣ,Σ′ = Σ ∪ { Σ′g ; g ∈ G} and PΣ,Σ′′ = Σ ∪ { Σ

′′
g ; g ∈ G} be

parallelisms in PG(3, K).
If σ is an isomorphism from PΣ,Σ′ onto PΣ,Σ′′ , then σ is a collineation

of the Pappian plane πΣ, which leaves invariant ` and may assumed to
leave πR invariant and map Σ

′
onto Σ

′′
.

Furthermore, we may assume that σ leaves at least three parallel
classes of πR invariant, which implies that σ is an element of a group
isomorphic to ΓL(1, K2)/GL(1, K), where K2 denotes the quadratic
extension of K corresponding to the Pappian plane πΣ.

Proof. An isomorphism σ, by definition, is a mapping from the
spreads of PΣ,Σ′ onto the spreads of PΣ,Σ

′′ and since there is exactly one
Pappian spread in both parallelisms, it follows that σ must map Σ onto
Σ and hence induce a collineation of Σ. Since G acts transitively on the
the spreads not equal to Σ of each parallel parallelism, we may assume
that σ maps Σ′ onto Σ′′ . The collineation group of π

Σ′′
leaves πR′′

invariant and acts transitively on the components not in πR∗, where R∗

denotes the opposite regulus of R. Since the collineation group of π
Σ′

leaves πR∗ invariant and acts transitive on the remaining components,
it follows that π

Σ′
σ leaves πR∗σ invariant and acts transitively on the

remaining components. Hence, it follows that πR∗σ = πR∗, from which
it follows that R∗σ = R∗ and hence that Rσ = R.
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Now assume that σ maps ` to `1. Assume that ` 6= `1. Let Gσ

denote the central collineation group of πΣ with axis `1. It follows that
G and Gσ are collineation groups of the parallelism PΣ,Σ′′ .

Therefore, for every element g of G, there exists a corresponding
element hg of Gσ such that Σ′′g = Σ′′hg. Note that the previous result
on the collineation groups of Hall planes of orders >9 shows that two
Hall planes are isomorphic (equal) if and only if the associated Pappian
planes are isomorphic (equal).
Hence, it must be that πΣ′′g = πΣ′′hg and furthermore, it can only

be that Rg = Rhg. Thus, each regulus involved in the construction
shares both components ` and `1, which is a contradiction. So, `σ = `.
It remains to show that σ may be considered to leave at least three
components of πR invariant.
The subgroup of G, GR, which leaves R invariant also acts 2-

transitive on the components of πR different from `. Moreover, every
collineation group that fixes each component of the opposite regulus
net πR∗ acts as a collineation group of any Pappian plane that contains
πR. Therefore, it follows that GR is a collineation group of each plane
Σ
′
and Σ

′′
. Hence, we may assume that σ fixes three components of

πR. Coordinatize πΣ by K2 and assume that σ fixes x = 0, y = 0, and
y = x, with respect to some basis choice. Then, σ may be represented
in the following form:

σ : (x, y) 7−→ (xτa, yτa) for all τ ∈ AutK2 and for all a ∈ K2 − {0}.
Therefore, σ is a group isomorphic to ΓL(1, K2). Note that all

Pappian spreads are coordinatized by quadratic field extensions ofK so
that the mappings (x, y) 7−→ (xα, yα), for α ∈ K−{0} are collineations
of each Pappian plane and hence are collineations of each correspond-
ing Hall plane. Therefore, the group GL(1, K) fixes each Hall and
Pappian plane so that the permutation group induced is a subgroup of
ΓL(1, K2)/GL(1, K).
This completes the proof of the theorem. �
Corollary 39. Let K be any field for which there exists a qua-

dratic field extension K2. Let Q denote the set of all quadratic field
extensions of K.
Then the group ΓL(1, K2)/GL(1, K) acts as a (not necessarily faith-

ful) permutation group on Q and the orbits not equal to K2 define the
isomorphism classes of the parallelisms PΣ,Σ′, where Σ is the Pappian
spread defined by K2.

Proof. Let ρ be an automorphism of K2. Then kρ ∈ K provided
k ∈ K, which implies that the standard regulus net πR is left invariant
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under the group (x, y) 7−→ (xρ, yρ), for all elements ρ ∈ AutK2. Fur-
thermore, the group elements (x, y) 7−→ (xa, ya) are kernel homology
elements of the Pappian plane πΣ, which implies, in particular, that
such elements leave invariant the regulus net πR. It then follows di-
rectly that any such mapping of ΓL(1, K2) must leave invariant the set
of Pappian spreads containing the regulus R, when considered acting
in the projective space and since the set of such Pappian spreads cor-
respond bijectively to the set of quadratic field extensions of K, we see
that ΓL(1, K2) acts as a permutation group on Q. Furthermore, since
GL(1, K) leaves invariant such field extension, the group induced is a
subgroup of ΓL(1, K2)/GL(1, K).
We have seen that the set of parallelisms containing a given Pappian

spread Σ may be partitioned into isomorphism classes by the group
ΓL(1, K2). This completes the proof of the corollary. �

In the finite case and, for example, when K is the field of real
numbers, all quadratic field extensions are isomorphic. Since any such
Pappian spread may be embedded into PG(3, K), we see that the iso-
morphisms may be taken within ΓL(4, K). However, when there exist
non-isomorphic quadratic extensions, we obtain other non-isomorphic
parallelisms.

Corollary 40. Let Σ and ∆ denote Pappian spreads in PG(3, K),
for K a field of cardinality >3. Let RΣ and R∆ denote reguli in Σ and
∆, respectively. Let Σ′ and ∆′ denote Pappian spreads distinct from Σ
and ∆, respectively, and containing RΣ and R∆, respectively. Form the
parallelisms PΣ,Σ′ and P∆,∆′ .
Then the two parallelisms are not isomorphic in any of the following

situations:
(1) The field K2

Σ coordinatizing πΣ is not isomorphic to the field
K2

∆ coordinatizing π∆,
(2) assuming Σ and ∆ are isomorphic, the field K2

Σ′
coordinatizing

πΣ
′ is not isomorphic to the field K2

∆′
coordinatizing π∆′ , or

(3) assuming Σ and ∆ are isomorphic, identify Σ and ∆ under
the isomorphism, the field K2

Σ′
coordinatizing πΣ

′ and the field K2
∆′

coordinatizing π∆
′ are in distinct ΓL(1, K2)/GL(1, K) orbits.

Proof. We have seen that there is exactly one Pappian spread in
each parallelism. If the two parallelisms are isomorphic, then the two
Pappian spreads must be isomorphic and hence the associated fields
must be isomorphic. This proves (1).

If Σ and ∆ are isomorphic, then by use of the central collineation
groups, it follows that we may assume that Σ

′
maps onto ∆

′
(using the
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fact that if the associated Hall spreads map to each other then so do
the corresponding Pappian spreads).
Hence, if Σ

′
maps to ∆

′
, then the corresponding coordinatizing

fields must be isomorphic. This proves (2) and we have seen previously
that (3) is valid. �
Theorem 178. Consider GL(1, K2) acting on Q. If σ ∈ GL(1, K2)

leaves an element of Q− {K2} invariant, then σ2 ∈ GL(1, K).
Hence, if K is a characteristic two perfect field, then GL(1, K2)

acts semi-regularly on Q− {K2}.
Proof. Acting on the associated Pappian spread, σ fixes all com-

ponents. Assume that σ fixes a second quadratic extension or equiv-
alently fixes a second Pappian spread. Since σ is then in ΓL(2, L2),
for a quadratic extension L2 of K and furthermore, the regulus R is
in each such Pappian spread, it follows that σ has the following form
acting on the second Pappian spread: (x, y) 7−→ (xρb, xρb), where the
automorphism is the unique automorphism of GalKL2 and juxtaposi-
tion denotes multiplication in L2. Thus, σ2 is in the kernel homology
group of the second Pappian spread. In other words, σ2 fixes all compo-
nents of both Pappian spreads. However, any component of the second
is a Baer subplane of the first Pappian spread so that σ2 induces a
kernel homology group on such Baer subplanes that are coordinatized
naturally by K. That is, σ2 is in GL(1, K).
This implies that there exists an element a ∈ K2 such that a2 ∈ K.

If the field is perfect and of characteristic two, then the mapping x 7−→
x2 is an automorphism, which implies that a is in K. This completes
the proof. �
Hence, we have immediately,

Corollary 41. For finite parallelisms, GL(1, K2), K ' GF (q),
has orbits of lengths

(q + 1)/2 or (q + 1) if q is odd and

(q + 1) if q is even.

Proof. For q odd, under GL(1, K2) there are exactly a + b mu-
tually non-isomorphic parallelisms, where a + 2b = q − 2, for a and b
non-negative integers. �
Corollary 42. For q even, under GL(1, K2), there are exactly

q/2− 1 mutually non-isomorphic parallelisms.

Proof. Since any two quadratic field extensions of K are now iso-
morphic, and we know that there are exactly q(q−1)/2 Pappian spreads
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in PG(3, K) containing a given regulus, the group ΓL(1, K2) permutes
q(q − 1)/2− 1 = ((q2 − 1)− (q + 1))/2 spreads distinct from Σ.
We consider the orbits under GL(1, K2). If q is even, then the orbit

lengths are all q+ 1 so that there are exactly ((q− 1)− 1)/2 = q/2− 1
mutually non-isomorphic parallelisms.
If q is odd, then the orbit lengths are of length q+1 or (q+1)/2. Let

a denote the number of orbits of length (q + 1)/2 and b the number of
orbits of length q+1. Then, a(q+1)/2+b(q+1) = ((q2−1)−(q+1))/2
so that a+ 2b = q − 2. �
For the next analysis, we shall require a fundamental result that

gives an unusual construction of the q(q−1)/2 Pappian spreads contain-
ing a given regulus or equivalently the quadratic extensions of GF (q).

Theorem 179. Let K be GF (q) and K2 be any quadratic extension
of K. If K2 is defined using the irreducible quadratic x2 + ax− b, then
let {[

u+ at bt
t u

]
∀u, t ∈ K

}
denote the associated 2× 2 matrix field over K.
Let the spread Σ be denoted by

x = 0, y = x

[
u+ at bt
t u

]
∀u, t ∈ K

and note that the regulus R is given by

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K.

Then there is a Baer group B of πR of order q(q− 1) such that the
set of Pappian spreads containing R is given by ΣB.
By choice of coordinates, B has the following form:


u v 0 0
0 1 0 0
0 0 u v
0 0 0 1

∀v, u 6= 0 of K

 .
Then, ΣB has the following form:

x = 0,

y = x

([
u v
0 1

]−1 [
a b
1 0

] [
u v
0 1

])
+wI2


∀v, u 6= 0, w ∈ K.
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Furthermore, the associated quadratic extension fields are
[
w + ((a− 2v)/u)t (v(a− v) + b)/u2)t

t w

]
∀t, w ∈ K


∀v, u 6= 0 ∈ K.
Note that there are exactly q(q − 1)/2 images, as there is always a

unique non-trivial solution, namely, (−1, a) = (u, v), to

(a− 2v)/u = a and (v(a− v) + b)/u2 = b.

Hence, if x2 + ax− b is irreducible, then so is
x2 + ((a− 2v)/u)x− ((v(a− v) + b)/u2) for all v, u 6= 0 of K.

Proof. The group of a regulus contains a group isomorphic to
GL(2, q) ·GL(2, q), where the product is a central product and the in-
tersection of the two groups is the scalar group of order q − 1. One of
these groups is generated by central collineations, and one is generated
by Baer groups. It follows that there is a Baer group of order q(q − 1)
acting. By appropriate choice of coordinates, we choose a Baer sub-
plane to be given by {(0, x2, 0, y2);x2, y2 ∈ K}, when considering the
planes in a 4-dimensional K-vector space. The form of the associated
Baer group is now immediate.
To determine the images of the Pappian spreads, we may take the

image set of y = x

[
a b
1 0

]
, which with R completely determines the

image spread. We note that if an element of a Baer group leaves in-
variant a Pappian spread then the element must have order 2 since the
element induces an element of GalKK2, for some quadratic extension
K2 of K. Hence, each orbit has length q(q − 1)/2, which implies that
the group B acts transitively on the set of Pappian spreads containing
the regulus R.

To see that the fields are as maintained, note that([
u v
0 1

]−1 [
a b
1 0

] [
u v
0 1

])

=

[
a− v (v(a− v) + b)/u
u v

]
.

Now adding
[
v 0
0 v

]
and dividing by

[
u 0
0 u

]
, we obtain:[

(a− 2v)/u (v(a− v) + b)/u2

1 0

]
,



406 Johnson Partial Parallelisms

which defines the quadratic extension uniquely.
To see which elements fix which quadratic extensions, consider the

system of equations:

(a− 2v)/u = a and (v(a− v) + b)/u2.

It is not diffi cult to verify the following:
For characteristic even or odd, the unique solution for (u, v) =

(−1, a). (Note when a is not zero, one obtains:
a2(1 − u2) = −4b(1 − u2). But, a2 6= −4b as the discriminant of

x2 + ax− b is a2 + 4b.) We note that the element
[
−1 a
0 1

]
has order

2 when the order is odd or even). �

Corollary 43. When q is odd, let Σ be denoted by
[

0 γ
1 0

]
, where

γ is a non-square.
There is an orbit length of (q+ 1)/2 of the Pappian spread given by[
−2v/u (γ − v2)/u2

1 0

]
under GL(1, K2) if and only if

(−2v/u, (γ − v2)/u2) = (−2v/u,−γ).

Hence, the number of orbits of length (q+1)/2 is exactly the number
of irreducible polynomials of the form

(x2 + cx+ γ)/((q + 1)/2),

where γ is a fixed non-square in GF (q).

Proof. There is a element of GL(1, K2) that fixes the given Pap-
pian spread if and only if σ2is in GL(1, K). Hence, it follows that

modulo GL(1, K); we may assume that σ =

[
0 γ
1 0

]
.

Therefore, [
0 γ
1 0

]−1 [
c d
1 0

] [
0 γ
1 0

]
is [

0 γ
d/γ c

]
,

which becomes [
−cγ/d γ2/d

1 0

]
.

So, (−cγ/d, γ2/d) = (c, d) if and only if either c = 0 and d = −γ
(since it cannot be γ) or c 6= 0 and d = −γ. �
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Corollary 44. The number of orbits of length (q + 1)/2 under
GL(1, K2) is exactly one; call this orbit the ‘short orbit.’ Thus, the
number of orbits of length q + 1 is (q − 3)/2. We call any such orbit
a ‘long orbit.’ Hence, the number of mutually non-isomorphic paral-
lelisms under GL(1, K2) is (q − 1)/2.

Proof. First assume that −1 is a non-square. Then, the polyno-
mial x2 + c + γ is irreducible if and only if c2 − 4γ is a non-square.
Choosing γ = −1, we have to ask how many c′s force the polynomial
to be irreducible.
Hence, we are reduced to asking how many elements d have the

property that d2 + 1 is non-square. By Dickson [47] p. 48, Theorem
67, the number of nonzero elements d2 is (q+1)/4 and hence the number
of elements c is (q + 1)/2 as c is never zero in this case.
If −1 is a square, then c2−4γ is non-square if it has the form −γa2

for some a. This is true if and only if γ(1 + a2) = c2. The number of
non-zero elements a2 and hence the number of non-zero elements c2 is
the number of non-squares 1 + a2 which is, by Dickson [47], Theorem
67, (q− 1)/4 which gives (q− 1)/2 possible non-zero elements c. Since
c can be zero in this situation, the number of irreducible polynomials
is (q − 1)/2 + 1 = (q + 1)/2.

Since in each orbit of length (q+1)/2 of Pappian spreads, there are
(q + 1)/2 Pappian spreads fixed by an element of GL(1, K2), we have
that there must be exactly one orbit of length (q + 1)/2.

Hence, there are exactly 1+dmutually non-isomorphic parallelisms,
where (q + 1)/2 + d(q + 1) = (q2 − 1) − (q + 1))/2, so it follows that
d = (q−3)/2, and therefore, we have 1+(q−3)/2 = (q−1)/2 mutually
non-isomorphic parallelisms under GL(1, K2). �

Remark 55. We shall refer to the Pappian spreads and/or the fields
coordinatizing the associated translation planes by (a, b) if and only if
the associated irreducible polynomial is x2 + ax− b.
If a = 0 so that b is a non-square distinct from γ in K, we shall

call the spreads 0-spreads and the associated fields, 0-fields.

Theorem 180. If q is odd, then the orbit of (a, b) under GL(1, K2)
is
(1)

{(au,t, bu,t);u, t ∈ K, for u, t not both zero}
where au,t = a(u2 + t2γ) + 2(b− γ)ut)/∆,

bu,t = (bu2 − γ2t2 + aγut)/∆),

and ∆ = u2 − t2b− atu.
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(2) In an orbit of a 0-spread (0, b) of length q+ 1 under GL(1, K2),
there are exactly two 0-spreads, namely, (0, b) and (0, γ2/b). Hence,
the number of orbits of length q + 1 of 0-spreads is

(q − 3)/4 if − 1 is a nonsquare and
(q − 5)/4 if − 1 is a square.

(3) ΓL(1, K2) permutes the set of orbits of length q+1 of 0-spreads.
More generally, let K[θ] = K2, where θ2 = γ and if τ denotes an
automorphism of K2, then

τ : (a, b) 7−→ (aτ/ρ, bτ/ρ2), where θτ = ρθ (thus ρ2 = γτ−1).

Hence, a 0-orbit of (0, b) is fixed by τ if and only if

bτ−1 = γτ−1 or bτ+1 = γ2ρ2 = γτ+1.

More generally, an orbit containing (a, b) is fixed by τ if and only
if

(aτ/ρ, bτ/ρ2) = (au,t, bu,t) for some u, t ∈ K.

Proof. Form
[
u γt
t u

]−1 [
a b
1 0

] [
u γt
t u

]
=

[
a∗ b∗

c∗ d∗

]
.

Then, form{[
a∗ b∗

c∗ d∗

]
+

[
−d∗ 0

0 −d∗
]}[

c∗
−1

0

0 c∗
−1

]
to obtain[

au,t bu,t
1 0

]
, thus defining (au,t, bu,t).

The reader may easily verify that au,t and bu,t are as maintained.
This proves (1).
Now assume that a = 0. Then a(u2 +t2γ)+2(b−γ)ut) the ‘a’-entry

is zero if and only if ut = 0 as b 6= γ. If t = 0, then (0, b) is obtained
and if u = 0, then (0, γ2/b) is obtained. Now γ2/b = b if and only if
b = ±γ, and if b = −γ, then (0,−γ) is a field if and only if −1 is a
square but then (0,−γ) defines the unique orbit of length (q + 1)/2 of
GL(1, K2).
If −1 is a non-square, there are therefore exactly

((q − 1)/2− 1)/2 = (q − 3)/4

orbits of length q + 1 of 0-spreads and if −1 is a square, there are
exactly

((q − 1)/2− 2)/2 = (q − 5)/4

orbits of length q + 1 of 0-spreads. (Count the number of possible
non-squares b defining orbits of (0, b)’s of length q + 1.)

This proves (2).
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Letting the (0, γ) field be defined by K2 = K[θ] such that θ2 = γ,
if x 7−→ xτ defines an automorphism of K2, then θτ = γ(τ−1)/2θ.

Hence, if we represent vectors (x1θ + x2) as (x1, x2), it follows that
the automorphism can be represented 4-dimensionally over K as fol-
lows:

(x1, x2, y1, y2) 7−→ (xτ1, x
τ
2, y

τ
1 , y

τ
2 )


γ(τ−1)/2 0 0 0

0 1 0 0
0 0 γ(τ−1)/2 0
0 0 0 1

 .
From here, we assert that

(a, b) 7−→ (aτ/γ(τ−1)/2, bτ/γ(τ−1))

defines the image of (a, b) under τ . To see this, we note that[
a b
1 0

]
7−→

[
γ(τ−1)/2 0

0 1

]−1 [
aτ bτ

1 0

] [
γ(τ−1)/2 0

0 1

]
.

This gives [
aτ bτ/γ(τ−1)/2

γ(τ−1)/2 0

]
,

from which the assertion follows.
Since GL(1, K2) is normal in ΓL(1, K2), the orbits of length q + 1

are permuted by ΓL(1, K2). An orbit containing (0, b) is left invariant
if and only if bτ/γ(τ−1) = b or γ2/b if and only if

bτ−1 = γτ−1 or bτ+1 = γτ+1.

If τ leaves invariant the orbit containing (a, b), then clearly each of the
images of (a, b) is some (au,t, bu,t).

This completes the proof of the theorem. �
Corollary 45. The automorphism defined by x 7−→ xq fixes all

GL(1, K2) orbits, when q is odd.

Proof. In this case, ρ = −1 and cτ = c for all c in K. Hence,
the orbit containing (0, b) is mapped to (0, b/(−1)2). If a 6= 0, then
we consider the possible solution to (−a, b) = (au,t, bu,t). If t = 0,
then au,0 = a and bu,0 = b so this does not occur. Hence, assume that
t 6= 0. Then, we need to verify the following equations: (i) : −a =
a(u2 + t2γ)+2(b−γ)ut)/∆ and (ii) : b = (bu2−γ2t2 +aγut)/∆), where
∆ = u2 − t2b− atu.

Letting s = u/t, the first equation implies that s = a/2 or s =
(γ − b)/2. The second equation implies γ2 − b2 = as(γ + b). If
b = −γ, then (a,−γ) is in the orbit of length (q + 1)/2. Hence, s =
(γ − b)/a is the unique solution solving both (i) and (ii). Thus, this
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automorphism fixes all orbits under GL(1, K2). This completes the
proof of the corollary. �

Theorem 181. If K ' GF (q), for q odd, then the number of mu-
tually non-isomorphic parallelisms is at least 1 + [(q − 3)/2r], where
q = pr for r a positive integer and p a prime.

Proof. We note that there is a unique orbit of length (q + 1)/2
so that ΓL(1, K2) must leave this orbit invariant. Furthermore, the
automorphism of order 2 of K2 fixes all GL(1, K2)-orbits. There can
be at least 1 + [(q − 3)/2r] mutually non-isomorphic parallelisms. �

Corollary 46. If q = p, an odd prime, then the number of mutu-
ally non-isomorphic parallelisms is exactly (p− 1)/2.

1.1. The Full Collineation Group. In this subsection, the full
collineation group of a Johnson parallelism may be determined.

Theorem 182. The full collineation group of HP of a parallelism
of Johnson type {Σ,Σ′} in PG(3, q = pr) contains the full central
collineation group G of Σ of order q2(q2 − 1) with a fixed axis and

q2(q2 − 1) | |HP | | q2(q2 − 1)2r, if Σ′ is in a long orbit,

q2(q2 − 1) | |HP | | q2(q2 − 1)4r, if Σ′ is in a short orbit.

Proof. The full collineation group of a parallelism of Johnson type
is a subgroup of ΓL(2, q2) and depends on whether the second Desar-
guesian spread Σ′ is in a short or long orbit. Indeed, since

|GΣ′ | = q(q − 1) |Gx=0,y=0,y=x,R,Σ′| ,
where Σ′ contains the regulus R, it follows the order of this last group
divides (q2 − 1)2r. The result now follows immediately. �

1.2. Infinite Johnson Parallelisms. First, assume that we have
an infinite field K admitting non-squares, and let γ be a non-square so
thatK[γ] = K2 is a field coordinatizing a Pappian spread in PG(3, K).
All of the previous results of finite fields of odd order basically apply

in this setting. In particular, the mutually non-isomorphic parallelisms
are the orbits under ΓL(1, K2).
Furthermore, we have seen that ΓL(1, K2) preserves the 0-orbits of

GL(1, K2). However, since K is infinite, it is not clear what the orbits
of GL(1, K2) are.
Never the less, we see that the corresponding orbits of elements

(a,−γ) must be permuted by ΓL(1, K2). The actuall number or car-
dinality of the set of such orbits depends on the field K.
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It is still true that the orbit structure under of GL(1, K2) still has
the same form mapping (a, b) onto (au,t, bu,t). Furthermore, in each
such orbit under GL(1, K2) of a 0-spread, for b not −γ or γ, there are
exactly two 0-spreads.
Considering the orbits of 0-spreads (0, b) for b not ±γ, then the

number of such GL(1, K2)-orbits is at least

(card K − 2)/2 = card K.

Note that if γ is a non-square then a2γ is also a non-square, so there
are card K non-squares.
Hence, we have

Theorem 183. Let K be an infinite field that admits a non-square.
Let the automorphism group have cardinality Ao.

Then there are at least card K/Ao mutually non-isomorphic paral-
lelisms.

Corollary 47. Let K be any subfield of the reals. Then there are
at least cardK mutually non-isomorphic parallelisms.
In particular, if K is the field of real numbers, then there are 2κ0

mutually non-isomorphic parallelisms.

2. The Derived Parallelisms

We now consider parallelisms of the second class of parallelism con-
structed. That is, let Σ denote the Hall spread obtained by the deriva-
tion of R, and let P denote the previously constructed parallelism.

Then Σ∪Σ′ ∪{P−{Σ, Σ′}} is a parallelism of PG(3, K). We shall
call this a parallelism P∗ ‘derived’from P.

We first note that any such parallelism P∗ admits a collineation
group isomorphic to GR.

Theorem 184. Any parallelism Σ∪Σ′∪{P−{Σ, Σ′}} = P∗ admits
GR as a collineation group that fixes Σ and Σ′.

Furthermore, the full collineation group must leave Σ and Σ′ invari-
ant and permute the set of reguli {Rg; g ∈ G}.

Proof. We note that GR must fix Σ and Σ′ and permute the
remaining spreads of P. It then follows that GR fixes also Σ and Σ′ and
permutes {P−{Σ, Σ′}}, which implies that the group is a collineation
group of the parallelism P∗.

Clearly, Σ′ is invariant under the full collineation group, as it is the
only Pappian spread of the parallelism.
Assume that g is a collineation that maps Σ onto Σ′g for some

g ∈ G. Then it follows from Corollary 38 that R maps to Rg and
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hence that R maps to Rg. But since Σ′ maps to Σ′ it follows that Σ′

contains R and Rg, both of which are reguli of Σ. Since Σ 6= Σ′, it
follows that R = Rg, which implies that g ∈ GR, a contradiction as
then Σ′ and Σ′ would be in the parallelism. It similarly follows that
the set of derived reguli are permuted so the original set of reguli is left
invariant under the full collineation group.

Hence, Σ is left invariant by the full collineation group. �
Corollary 48. Assume that |K| > 3.
Let Σ′ and Σ′′ be Pappian spreads distinct from Σ and containing

R.
Form the two parallelisms Σ ∪ Σ′ ∪ {P−{Σ, Σ′}} = P∗Σ′ and Σ ∪

Σ′′ ∪ {P−{Σ, Σ′′}} = P∗Σ′′.
Then any isomorphism from P∗Σ′ onto P∗Σ′′ must map Σ′ onto Σ′′

maps Σ onto Σ, permutes the set {Rg ; g ∈ G} and leaves the axis of
G invariant.

Proof. The proof of the previous theorem shows that Σ is left
invariant, which implies that Σ is also left invariant under any such
isomorphism. Furthermore, it also follows from the previous theorem
that the set of reguli with given axis ` are permuted by any isomor-
phism. Since these reguli are permuted and Σ is left invariant, it follows
that the axis must also be left invariant under any isomorphism. �
Corollary 49. Two derived parallelisms are isomorphic if and

only if the two original parallelisms are isomorphic.
That is, P∗Σ′ is isomorphic to P∗Σ′ if and only if the parallelism PΣ′

is isomorphic to PΣ′′.

Proof. Let σ be an isomorphism from P∗Σ′ onto P∗Σ′ . Since Σ′ maps
onto Σ′′ and Σ onto Σ, and σ permutes the set {Rg ; g ∈ G} and
leaves the axis of G invariant, it follows that σ induces an isomorphism
mapping Σ′ onto Σ′′ and maps Σ onto Σ and maps the set

{
Σ′g ; g ∈ G

}
onto

{
Σ′′g ; g ∈ G

}
. This proves that there is an induced isomorphism

from PΣ′ onto PΣ′′ . �
Theorem 185. A derived parallelism P∗ cannot be isomorphic to

P.

Proof. If a derived parallelism is isomorphic to P, then P∗ ad-
mits a collineation group of the unique Pappian spread Σ′ that acts
transitively on the remaining spreads, which is contrary to the above
theorem. �
We then have directly the following theorem.
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Theorem 186. Let P∗ be a derived Johnson parallelism in PG(3, q)
for q > 3.
(1) Then the full projective collineation group HP∗ of P∗ is a sub-

group of ΓL(2, GF (q2)), which fixes a derivable net R and a component
` of R. This group contains a central collineation group C of order
q(q−1) with axis ` that acts 2-transitively on the components of R− `.
(2) HP∗is a subgroup of C ·GalGF (q2).

Hence, we have the following conclusions:

Conclusion 1. If q is odd pr for p an odd prime, then there are at
least 2(1+[(q−3)/2r] mutually non-isomorphic parallelisms in PG(3, q)
constructed as above. If q is an odd prim, then there are exactly p− 1
mutually non-isomorphic parallelisms in PG(3, q) obtained by the group
and derivation constructions.

Conclusion 2. If q is even, there are at least 2[(q/2−1)/2r] mutu-
ally non-isomorphic parallelisms obtained by the group and derivation
constructions.

Conclusion 3. If K is the field of real numbers, then there are
2χo mutually non-isomorphic group parallelisms and 2χo mutually non-
isomorphic derived parallelisms in PG(3, K).

2.1. Characterization. In this subsection, we ask if a ‘full’cen-
tral collineation group acting on a parallelism and fixing a spread char-
acterizes the parallelism.
In this regard, the following structure theorem may be obtained.

Theorem 187. Let K be a skewfield and Σ a spread in PG(3, K).
Assume that there exists a partial parallelism P containing Σ that ad-
mits as a collineation group a central collineation group G of Σ with
axis ` that acts 2-transitively on the remaining lines of Σ.
Then
(1) Σ is Pappian,
(2) the spreads of P−{Σ} are Hall, and
(3) P is a Johnson parallelism.
Proof. We recall that the central collineation group is transitive

on the components of Σ−{`}, so that the associated translation plane
is minimally a semifield plane. Moreover, the stabilizer of two compo-
nents is also transitive, which implies that the translation plane is also
a nearfield plane. This will force the spread Σ to be at least Desargue-
sian. To show that is Pappian, we see that the spread for Σ is covered
by derivable nets, which are actually pseudo-regulus nets. That is, the
components are left 2-dimensionalK—subspaces and the Baer subplanes



414 Johnson Partial Parallelisms

are right 2-dimensional K—subspaces. The central collineation group
that fixes one of these pseudo-regulus nets must fix all Baer subplanes
of the net (incident with the zero vector), and at least two of these Baer
subplanes are both right and left 2-dimensional subspaces. There is a
‘Baer group’that fixes one of the Baer subplanes and acts transitively
on the remaining Baer subplanes incident with the zero vector of this
net. This forces all Baer subplanes to be left 2-dimensional subspaces.
What this means is that the pseudo-regulus net is a regulus net, imply-
ing that K is a field. From here, the reader should be able to complete
the proof showing that the spreads other than Σ are Hall and that the
parallelism is of Johnson type. �



Part 7

Parallelism-Inducing Groups



In this part, we give a variety of techniques for the construction of
parallelisms, all based on what are called ‘parallelism-inducing groups.’
The basic idea is to try to construct parallelisms that arise by finding
a group that fixes a given spread and which acts transitively on the
remaining spreads. The basic ideas work for both finite and infinite
parallelisms. Once it is seen how to construct such ‘deficiency one
transitive partial parallelisms,’we see that the fixed spread is forced to
be Desarguesian in the finite case. The process constructing the John-
son parallelisms used two distinct Pappian spreads that share exactly a
regulus in PG(3, K), and the group used is a central collineation group
of one of these spreads thus permuting the remaining Pappian spreads
to create a regulus. However, the spreads in the transitive orbit are not
disjoint form the original Pappian spread but derivation of the reguli in
the transitive group will make the corresponding Hall spreads disjoint
on lines, thus creating a parallelism with one Pappian spread and the
remaining spreads Hall. This can be generalized by taking a sequence
of Pappian spreads sharing a regulus and using cosets of the group.
This creates the idea of an m-parallelism. In the sequence of m Pap-
pian spreads if there are n distinct spreads, this produces what is called
an ‘(m,n)-parallelisms.’ The results of this part are modifications of
results of the author and R. Pomareda [153],[154][152],[150].

We study the type of collineation groups that can act in this tran-
sitive manner and analyze the groups in the finite case in basically
three ways: First, as subgroups of ΓL(2, q2), or GL(2, q) and as a
nearfield group both in the infinite and infinite cases. We then ask
what a ‘minimal parallelism-inducing group’might look like and show
the existence of such groups. It will turn out in the finite case that the
Kantor-Knuth semifield planes will play a significant role in parallelism-
inducing group. Similarly, as in the two Desarguesian spread situation
mentioned above, the spreads involved in the parallelisms will be the
Desarguesian spread and a derived Kantor-Knuth semifield spread.
One particularly nice feature of this method of parallelism-inducing

groups is the ability to determine isomorphic parallelisms. It might be
initially thought that two deficiency one transitive partial parallelism
with all Hall planes are necessarily isomorphic if the same group is used.
However, this is not the case as the isomorphism of the parallelisms
generated depend strictly on the choice of the original two Desarguesian
planes sharing a regulus.
We then consider two arbitrary spreads Σ and Σ′, where Σ is De-

sarguesian in the finite case, where Σ′ is an arbitrary spread sharing
a regulus with Σ, but where there subgroup of the central collineation
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group of Σ that is transitive on the reguli, which suggests ideas of
minimal parallelism-inducing groups.

Finally, in terms of our group actions, we consider what is called
‘coset switching,’ which generalizes the ideas of m-parallelisms and
(m,n)-parallelisms. This may be accomplished in both the finite and
infinite cases. In particular, we consider all of this over the field of real
numbers.
Every finite parallelism in PG(3, K) has a ‘dual parallelism,’which

is a parallelism in the finite case, obtained by taking the dual spreads to
all of the spreads in the parallelism. For example, for the known regular
parallelisms (see Chapter 26), the dual parallelism is not isomorphic to
the original spread. It is a very intricate problem to determine whether
a given dual parallelism in PG(3, q) is isomorphic to its parallelism. In
this part, all of the parallelisms originate from deficiency one transitive
partial parallelisms. We end this part by showing (with the exception
of two sporadic cases) that the dual of the parallelism arising from a
deficiency one transitive partial parallelism can never be isomorphic to
the original parallelism.



CHAPTER 29

Parallelism-Inducing Groups for Pappian Spreads

In the construction of the parallelisms of Johnson (see Chapter 28),
for K a field that admits a quadratic extension, there are two Pap-
pian spreads Σ and Σ′ in PG(3, K) that share a regulus R and the
full central collineation group G with fixed axis ` of R of one of these
spreads Σ. If Σ′∗ denotes the associated Hall spread obtained by the
derivation of R, then the parallelism is Σ ∪ {Σ′∗g; g ∈ G}. Hence, the
parallelism is essentially determined by the two spreads Σ, and Σ′, and
the group G. In a sense that we shall make clear below, the group G
is ‘parallelism-inducing.’ The technique that we shall be discussing is
suitable for when the base planes are Pappian, whereas, eventually we
shall consider a generalization of the parallelism-inducing technique.
When we consider ‘elation-switching,’ the generalization shall be es-
sentially complete. Basically, the idea of the construction arises from
the consideration of the proof that there is a cover of Baer subplanes
of Σ disjoint from the axis of a central collineation group by images of
another Pappian spread under the central group G. This group acts
sharply doubly transitively on the components of Σ− {axis} and acts
sharply transitively on the Baer subplanes of Σ incident with the zero
vector and which are disjoint from the axis of G.

Definition 108. Let K be a field. Let Σ and Σ′ be any two distinct
spreads in PG(3, K) that share exactly a regulus R, and let ` be a line
of R. Further assume that Σ is Pappian.

Let G be a collineation group of the affi ne plane associated with Σ
that leaves ` invariant and has the following properties:
(i) G is sharply 2-transitive on the set of components of Σ distinct

from ` (condition ‘sharp’),
(ii) G is regular on the set of Baer subplanes of the affi ne plane

associated with Σ which are disjoint from ` ( condition ‘Baer’),
(iii) GR fixes Σ′ and acts regularly on the components of Σ′ − R

(condition, ‘fix’). (In the finite case, if GR fixes Σ′, then the group is
regular on Σ′ −R by (ii).)
So, if G satisfies conditions sharp, Baer, and fix, the group is said

to be ‘Pappian parallelism-inducing’with respect to Σ and Σ′.
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Theorem 188. Let G be a parallelism-inducing group with respect
to Σ and Σ′, spreads in PG(3, K), for K a field that admits a quadratic
field extension.
Then Σ ∪ {Σ′∗g; g ∈ G} is a parallelism in PG(3, K), where Σ′∗

denotes the spread obtained by the derivation of R.

Proof. We first consider the set of all ‘lines’of PG(3, K), which
are not in Σ and which are disjoint from `. These are Baer subplanes
of the affi ne plane πΣ associated with Σ. Since the group is regular on
this set of lines (condition ‘Baer’), it follows that this set is covered by
∪g∈GΣ′g. If two spreads Σ′g and Σ′k share a component, then so do Σ′

and Σ′gk−1. Let nh = m, where n,m ∈ Σ′ and h = gk−1.
If n and m are both not in R, then there exists an element in GR

say, j, such that n = mj. But then, nh = mjh = m and m is a Baer
subplane of Σ, as Σ and Σ′ share exactly the derivable partial spread R.
But G is regular on such Baer subplanes (again condition ‘Baer’) so,
it follows that jh = 1, which implies that h is in GR, so that Σ′ = Σ′h
(condition ‘fix’), which, in turn, implies that Σ′∗ = Σ′∗h.
Now assume that n is in R but m is not in R. Then, nh = m and

G a collineation group of Σ implies that m is a common component of
both Σ and Σ′. Hence, we have a unique cover by the spreads Σ′g, for
g ∈ G, of all lines not in Σ and disjoint from `.
Since the remaining lines intersect ` nontrivially, they are poten-

tially Baer subplanes of a regulus net corresponding to Rg for some
g ∈ G. Let πo be such a Baer subplane and let `,M, and N be three
distinct components intersecting πo. Then there exists a collineation g
of G such that `,Mg, and N g are components of R. Hence, there is a
unique regulus net of Σ containing πog, and therefore, there is a unique
regulus net containing πo. These regulus nets are in an orbit under G.
Thus, if we derive these nets, we obtain a parallelism in PG(3, K). �

Actually, properties sharp, Baer, and fix are almost suffi cient to
prove that Σ is necessarily Pappian. Also, note that it is not necessary
to know that Σ is Pappian to prove that under the conditions of sharp,
Baer, and fix, we obtain a parallelism.

Theorem 189. Let K be a field. Let G be group satisfying sharp,
Baer and fix with respect to Σ and Σ′ spreads in PG(3, K). Let R
denote the common regulus of Σ and Σ′.
(1) If either K is finite or G contains a non-trivial affi ne elation

then the full elation group E with axis ` is a subgroup, Σ′ is a conical
flock spread, and GΣ′ acts regularly on the lines of Σ′ not in the regulus
R.
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(2) Under the conditions of (1), Σ is Pappian.

Proof. Because of the existence of reguli sharing `, it follows that
Σ is both a union of a set of reguli that mutually share ` (a ‘conical
spread’) and Σ is a union of a set of reguli that mutually ` and another
line `1 (a ‘ruled spread’). But Since K is a field, we assert the only
possibility is that Σ is Pappian. This is left to the reader to verify.
Since Σ is Pappian and the group is sharply 2-transitive on the

components not equal to `, the elation group E with axis ` must be
normal in G, and since the group is 2-transitive, it follows that either
E is trivial or transitive. The structure of the regulus nets implies
that there is an elation group E− of Σ that fixes each regulus and
acts regularly on the components different from ` (see Johnson [114],
Chapters 23 and 26). However, we don’t know that E− is a subgroup
of G. Also, the stabilizer of R must act sharply 2-transitively on the
components of R different from `.
In the finite case, the group G is a subgroup of ΓL(2, q2) of order

q2(q2 − 1) and the p-subgroup of order q2, where ps = q acts on ` as a
subgroup of ΓL(2, q). Let rp denote the p-th part of s. Since q2 > rpq
for q > 2, it follows that there must be an elation with axis ` in G.
If there is an elation, then there is an elation group E acting regu-

larly on the components not equal to `. Hence, the stabilizer GR acting
on Σ′∗ contains a Baer group that acts regularly on the Baer subplanes
distinct from ` in the corresponding regulus net. By the Johnson,
Payne-Thas Theorem, there is a partial conical flock of deficiency one,
which, in this case, implies that the plane Σ′ is a conical flock plane
admitting a collineation group acting regularly on the components of
Σ′ −R. �

Remark 56. Assume that Σ and Σ′ are both Pappian spreads in
PG(3, K). If GRS, where S is the scalar group, contains the full central
collineation group of Σ with axis ` that fixes R, then property (iii),
condition ‘fix’of Definition 108 is satisfied.

Definition 109. Assume we have a subgroup G of a Pappian
spread Σ and G satisfies conditions sharp and Baer. If Σ′ is a Pap-
pian spread containing a regulus R of Σ, and (iii)′ GRS, where S is
the scalar group, which contains the full central collineation group with
axis ` of Σ that fixes the regulus R, we shall refer to this condition as
‘central fix.’

Theorem 190. Let K be a field. Let Σ and Σ′ be distinct Pappian
spreads in PG(3, K) that share a regulus R. Then any collineation
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group G of Σ that fixes a line ` of R and has conditions ‘sharp,’‘Baer,’
and ‘central fix’is a Pappian parallelism-inducing group.

Proof. It remains to show that GR acts regularly on the lines of
Σ′ − R; condition fix is satisfied. Note every central collineation of
Σ that fixes R and has axis in R also acts as a collineation of any
Pappian spread that contains R. Since the actions of GR and GRS on
the components of Σ′ are identical, it remains to show that the full
central collineation group that fixes R has this property. However, this
is built into the argument for the construction of Johnson parallelisms
in Chapter 28. �

Definition 110. Any collineation group G of a Pappian spread Σ
with properties ‘sharp,’‘Baer,’and ‘fix,’which produces a parallelism
relative to two Pappian spreads Σ and Σ′ is said to be a ‘parallelism-
inducing group for Pappian spreads.’

We shall see, in due course, that there are Pappian parallelism-
inducing groups, which do not satisfy condition ‘central fix.’ This sit-
uation arises when there is a finite non-linear subgroup that produces
a nearfield plane. For example, the elements of a group of a particu-
lar Desarguesian affi ne plane fixing a regulus could have the following
form:

(x, y) 7−→ (xσmmi, yσmmi+1) for all m ∈ GF (q)− {0},

where is i a fixed integer, and σm is an automorphism depending on
m. It will turn out that any second Desarguesian spread sharing the
standard regulus will automatically admit the group

(x, y) 7−→ (xmi, ymi+1) for all m ∈ GF (q)− {0},

although this group does not necessarily act on the induced paral-
lelism. However, the second Desarguesian spread does not necessarily
admit the collineation corresponding to the Frobenius automorphism.
When this does occur, we obtain a group, which is parallelism-inducing
but does not have the property that GRS contains the full central
collineation group with a fixed axis. Also, there are more general groups
than the ones mentioned above, which may not satisfy such properties.
In general, we note that the absence of the full central collineation

group does not obstruct the basic construction procedure if we assume
that we have an elation in the group. In the finite case, condition
‘sharp’ implies that we have an associated nearfield group acting on
the infinite points of Σ not equal to (∞). We consider what occurs if
there is, in fact, an associated nearfield group.
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Definition 111. Let a group G acting on a Pappian plane Σ act
sharply 2-transitive on the set of components of Σ distinct from a fixed
component ` and correspond to a nearfield (K2,+, ∗), and Z ∗ m =
Zσmm, for a family of automorphisms of K2, σm corresponding to m,
and if {w ∗ m + εn;m,n ∈ K} ⊆ {wm + εn;m,n ∈ K}, then {w ∗
m + εn;m,n ∈ K} = {wm + εn;m,n ∈ K}, for ε = 0 or 1 (the
‘ε-condition’).
(i)′ In this situation, we shall say that the group satisfies the con-

dition ‘sharp nearfield.’
In particular, G is sharply 2-transitive on the set of components of

Σ distinct from ` and corresponds to a nearfield group defined by

Z 7−→ Zσmm+ b ∀b,m 6= 0 of K2 coordinatizing Σ,

where σm is an automorphism that depends on m. (G is assumed to
contain the full elation group E with axis `.)
Note that in the finite case, since we have a nearfield, the ε-condition

is automatically satisfied by cardinality.
(iii)′′ Let Σ′ be a Pappian spread containing the regulus R of Σ and

assume that

〈GR, {(x, y) 7−→ (xσm , yσm);m ∈ K − {0}} , S〉 ,
where S is the scalar group, contains the full central collineation group
with axis ` of Σ, which fixes the regulus R. Furthermore, assume that
Σ′ admits

{(x, y) 7−→ (xσm , yσm);m ∈ K − {0}}
as a collineation group. We shall call this condition ‘nearfield fix.’

Theorem 191. Let K be a field. Let Σ and Σ′ be distinct Pappian
spreads in PG(3, K) that share a regulus R. Then any collineation
group G of Σ that fixes a line ` of R and has the conditions ‘sharp
nearfield,’‘Baer,’and ‘nearfield fix’is parallelism-inducing for Pappian
spreads Σ and Σ′.

Proof. We note that the assumptions, say, in particular, that we
have an elation in G, and hence, we have the full elation group E with
axis `. Thus, in GR, we have the regulus-inducing group E−. So,
we may assume that an element in GR fixes x = 0 and y = 0 and
has the following form σm : (x, y) 7−→ (xσma, yσmb), for elements a, b
in K2. However, since (y/x) 7−→ (y/x)σm(b/a), we may assume that
(b/a) = m, since we are assuming we obtain a nearfield group acting
on the line at infinity minus (∞). But, GR is fixed and y = x maps
onto y = x(b/a) = xm. Hence, m ∈ K. So,

σm : (x, y) 7−→ (xσma, yσmam), for m ∈ K − {0}.
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If τm : (x, y) 7−→ (xσ
−1
m , yσ

−1
m ), then

τmσm : (x, y) 7−→ (xaσ
−1
m , yaσ

−1
m mσ−1

m ).

Since, we obtain in

〈GR, {(x, y) 7−→ (xσm , yσm);m ∈ K − {0}} , S〉 ,

h
mσ
−1
m

: (x, y) 7−→ (x, ymσ−1
m ),

we then have in

〈GR, {(x, y) 7−→ (xσm , yσm);m ∈ K − {0}} , S〉 ,
the kernel homology element of Σ:

ka : (x, y) 7−→ (xaσ
−1
m , yaσ

−1
m ).

Since, we have a nearfield group induced, we have σmσn = σmσnn. Now
since, GR is generated by E− and the σ′ms, it follows that hmσ−1

m
is in

〈GR, {(x, y) 7−→ (xσm , yσm);m ∈ K − {0}} , S〉 ,
only if it is the product of element τmσm and an element of S. However,
this implies that aσ

−1
m is in K − {0}, only if a itself is in K − {0}.

Hence, we obtain that

σm : (x, y) 7−→ (xσma, yσmam), for m ∈ K − {0},
and a also in K − {0}. Now since GR and GRS have the same action
on the components of any spread in PG(3, K), we may assume that
a = 1.
Now we know that any Pappian spread Σ′ containing R admits the

full central collineation group fixing x = 0 pointwise and fixing R. If
Σ′ admits the collineations (x, y) 7−→ (xσm , yσm) for all m ∈ K − {0},
then Σ′ admits E 〈σm;m ∈ K − {0}〉 as a collineation group. We note
that E 〈σm;m ∈ K − {0}〉 is sharply 2-transitive on the components
of R − {x = 0}. If GR is not E 〈σm;m ∈ K − {0}〉 , then there is an
element in GR that fixes three components of Σ in R, a contradiction.
Hence,

GR = E 〈σm;m ∈ K − {0}〉
fixes Σ′. Moreover, it now follows that

〈GR, {(x, y) 7−→ (xσm , yσm);m ∈ K − {0}} , S〉
is a collineation group of Σ′ and the group of central collineations of Σ
within

〈GR, {(x, y) 7−→ (xσm , yσm);m ∈ K − {0}} , S〉
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is regular on the components of Σ′ − R. Let σ denote the involution
in GalKK2 and note that a component of Σ′ − R must have the form
y = xσn+ xt for some n 6= 0 and t ∈ K2. It then follows that

Σ′ −R = {y = (xσn+ xt)α + xβ;α 6= 0, β ∈ K}.
But, GR maps y = xσn+ xt onto

{y = (xσnσm + xtσm)m+ xδ;m 6= 0, δ ∈ K}.
Also, {nσmm = n ∗m;m ∈ K} ⊆ {nα;α ∈ K} and
{tσmm+ δ = t ∗m+ δ;m 6=, δ ∈ K} ⊆ {tα + β;α 6= 0, β ∈ K}.

Note that the ε-condition implies equality of the previous two inequal-
ities.

Thus, GR is sharply transitive on the components of Σ′ − R. This
proves the theorem. �
Definition 112. A group G satisfying ‘sharp nearfield,’ ‘Baer,’

and ‘nearfield fix’is a parallelism-inducing group for Pappian spreads Σ
and Σ′ as above. We shall refer to such groups as ‘nearfield parallelism-
inducing groups’for Pappian spreads.
A special case of the above is when the nearfield is a field (i.e.

K2), so the conditions become ‘sharp,’‘Baer,’and ‘central fix.’ In this
case, we refer to the group as a ‘linear parallelism-inducing group’for
Pappian spreads.



CHAPTER 30

Linear and Nearfield Parallelism-Inducing Groups

In this chapter, we consider the possible groups of ΓL(2, K2) that
are Pappian parallelism inducing, where K2 denotes the quadratic field
extension of K coordinatizing πΣ. We begin with the linear groups in
GL(2, K2). In this setting, we need to find subgroups that satisfy the
conditions: Sharp, Baer, and central fix, and we begin with this last
condition.
Let K2 − {0} = Px ⊗ Py be a group direct product decomposition

of the multiplicative group of K2 that also decomposes K − {0} as a
group. Assume also that the decomposition is invariant under GalKK2

(automatic if finite). Furthermore, we choose the notation that K −
{0} = P−x ⊗P−y for P−x ⊆ Px and P−y ⊆ Py. We coordinatize a Pappian
affi ne plane using K2 and consider the following homology groups:

Hx :

〈
τh =

[
1 0
0 h

]
;h ∈ Px

〉
and

Hy :

〈
ρk =

[
k 0
0 1

]
; k ∈ Py

〉
.

Let

E =

〈[
1 a
0 1

]
; a ∈ K2

〉
.

Lemma 52. EHxHy satisfies the central fix condition.

Proof.

〈(EHxHy)R, S〉 =

{[
kβ α
0 hβ

]
; k ∈ P−1

x , h ∈ P−1
y , α, β 6= 0, in K

}
.

Letting β = h−1, we have the set of elements{[
kh−1 α

0 1

]
; k ∈ P−1

x , h ∈ P−1
y , α in K

}
.

Since we have a group partition, we obtain the full central collineation
group with axis x = 0 that fixes R. �
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Theorem 192. The group EHxHy satisfies conditions ‘sharp,’‘Baer,’
and ‘central fix.’ Therefore, the group is a linear parallelism-inducing
group for Pappian spreads.

Proof. Let σ denote the unique automorphism of K2 that fixes
K pointwise. Again, recall that any Baer subplane of πΣ disjoint from
x = 0 may be written in the form y = xσa+xb for unique a 6= 0, b ∈ K.

We note that E is transitive on the components distinct from x = 0.
Furthermore, y = x maps to y = xk−1h under τhρk. Hence, the group
is sharply doubly transitively on the components of πΣ distinct from
x = 0.
Furthermore, y = xσ maps under E as follows:
(x, xσ) 7−→ (x, xa+ xσ) so that y = xσ maps to y = xσ + xa, for all

a ∈ K2. Then y = xσ + xa maps as follows:
(x, xσ + xa) 7−→ (xk, (xσ + xa)h) so that y = xσ + xa maps onto

y = xσk−σh+xahk−1. Now since the decompositionK2−{0} = Px⊗Py
is invariant under σ, it follows that Px = P−σx . Hence,

{k−σh; k ∈ Px and h ∈ Py} = Px ⊗ Py = K2 − {0}.
Since a is arbitrary inK2, it follows that {ahk−1; a ∈ K2} = K2. Thus,
y = xσ maps onto all possible elements of the form y = xσa + xb for
a 6= 0. So, the group EHxHy is transitive on the set of Baer subplanes
of Σ disjoint fromx = 0. Now let

y = xσk−σh+ xahk−1 be equal y = xσk∗−σh∗ + xa∗h∗k∗−1.

Then k−σh = k∗−σh∗ and ahk−1 = a∗h∗k∗−1. Since we have a group
partition, it follows that k−σ = k∗−σ, implying that k = k∗and h = h∗.
This then implies that a∗ = a. Hence, we have that EHxHy acts
regularly on the Baer subplanes disjoint from x = 0. Therefore, the
group EHxHy satisfies conditions sharp, Baer, and central fix implying
by Theorem 69 that the group is parallelism-inducing. �
From the group HxHy given by〈[

h 0
0 k

]
;h ∈ Px, k ∈ Py

〉
,

we construct the following group:

Hj,i =

〈[
hjki+1 0

0 hj+1ki

]
;h ∈ Px, k ∈ Py

〉
where j, i are fixed integers.

Lemma 53. Use definitions given above, for EH i,j.
(1) The group EHj,i satisfies condition ‘sharp.’
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(2) Furthermore, the group EHj,i satisfies condition ‘Baer’provided{
h−σj+j+1k−σ(i+1)+i;h ∈ Hx, k ∈ Hy

}
= K2 − {0}, and

h−σj+j+1 = 1 = k−(−σ(i+1)+i if and only if

h = k = 1.

(3) The group EHj,i satisfies the condition ‘central fix.’

Proof. Note that (hjki+1)−1(hj+1ki) = hk−1. This implies that
the group H i,j maps y = x onto y = xhk−1. Since E maps y = 0 onto
y = xa for all a ∈ K2, it follows that we have condition ‘sharp.’ This
proves (1)

We consider the image set of y = xσ under the group EH i,j. It
follows that

y = xσ 7−→ y = xσh−σj+j+1k−σ(i+1)+i + xa

for all h ∈ Px, k ∈ Py and all a ∈ K2. The conditions given guarantee
that the image set contains all possible Baer subplanes. But since σ
leaves the decomposition invariant, the mappings Z 7−→ Z−σj+j+1 map
Px into Px and W 7−→ W−σ(i+1)+i maps Py into Py. The condition
given implies that we have surjective and injective mappings so that
EH i,j is regular on the set of Baer subplanes of Σ that are disjoint from
x = 0. Hence, we obtain the ‘Baer’condition, so we have the proof of
(2).
The group originated from a group partition of K2 − {0} that in-

duces a group partition on K − {0}. So,

h−(j+1)k−iI2

[
hjki+1 0

0 hj+1ki

]
=

[
h−1k 0

0 1

]
.

Hence, we have the homology group (x, y) 7−→ (xu, y) for all u ∈
K −{0} as a collineation group of the parallelism. Since, we also have
ER, it follows that the group EH i,j satisfies the condition central fix.
This completes the proof of (3). �

So, applying Theorem 69, we obtain the following result.

Theorem 193. The group EH i,j is a linear parallelism-inducing
group for Pappian spreads, provided{
h−σj+j+1k−σ(i+1)+i;h ∈ Hx, k ∈ Hy

}
= K2 − {0}, and

h−σj+j+1 = 1 = k−(−σ(i+1)+i if and only if

h = k = 1.
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Corollary 50. In the finite case, EHj,i is a linear parallelism-
inducing group for Desarguesian spreads if and only if

(qj − j − 1, |Px|) = 1 = (q(i+ 1)− i, |Py|).
In particular, we obtain a parallelism-inducing group for Desargue-

sian spreads if

(qj − j − 1, q2 − 1) = 1 = (q(i+ 1)− i, q2 − 1).

Proof. Since any group GF (q2)− {0} is cyclic, of order q2 − 1 =
Πk
i=1u

αi
i , where ui are the distinct prime factors of q

2−1, for i = 1, .., k,
it follows, by re-indexing, if necessary, that Px is the set of elements of
orders dividing Πs

i=1u
αi
i , and Py is the set of elements of orders dividing

Πk
j=s+1u

αj
j . Since q−1 divides q2−1, there is an induced group partition

of GF (q) − {0} so that P−1
x is the set of elements of orders dividing

Πs
i=1u

βi
i and P

−1
y is the set of elements dividing Πj=s+1u

βj
j , by inserting

βk = 0, when uk is not a divisor of q − 1. Since σ is the automorpism
defined by x 7−→ xq, the partitions are invariant under σ.
We need to verify that we obtain the condition{

h−σj+j+1k−σ(i+1)+i;h ∈ Hx, k ∈ Hy

}
= K2 − {0}, and

h−σj+j+1 = 1 = k−(−σ(i+1)+i if and only if h = k = 1, with σ = q.
However, if

(qj − j − 1, |Px|) = 1 = (q(i+ 1)− i, |Py|),
we obtain the required partition. Since surjective mappings are injec-
tive, in this case, we have proved the result.
We note that

(qj − j − 1, q2 − 1) = 1 = (q(i+ 1)− i, q2 − 1)

implies the requirement. �

In the finite case, we will show that all partitions may be obtained
when Px = K2 − {0} and Py = 〈1〉 and the groups H0,j. That is, the
group 〈[

mj 0
0 mj+1

]
;m ∈ K2 − {0}

〉
.

In the general case, for arbitrary fields K2, we obtain group partitions
of K2 − {0} that are σ-invariant and induce group partitions on K −
{0}. Hence, we obtain linear parallelism-inducing groups for Pappian
spreads if and only if{

h−σj+j+1;h ∈ Px
}

= K2 − {0}, and



Combinatorics of Spreads and Parallelisms 431

h−σj+j+1 = 1 if and only if h = 1, if and only if the mapping on K2

Z 7−→ Z−σj+j+1 is bijective.
The next remark is left to the reader as an exercise.

Remark 57. In the finite case,

Z 7−→ Z−qj+j+1

is bijective on GF (q2)− {0} if and only if
(2j + 1, q + 1) = 1.

1. Parallelism-Inducing Subgroups of GL(2, q2)

Suppose that a Desarguesian parallelism-inducing group G is a sub-
group of a Pappian affi ne plane with spread in PG(3, q). Then G fixes
a component and has order q2(q2 − 1). Assume that G is linear in
GL(2, q2). Then, it follows immediately that there must be a normal
subgroup E of G, which is the full elation group, with axis x = 0.
This group acts regularly on the components other than x = 0. Hence,
there is a subgroup of order q2−1 that fixes a second component y = 0.
Since the group is linear, the second group is in the direct product of
two homology groups: one with axis x = 0 and one with axis y = 0.
Since the group is sharply transitive on the components not equal to
x = 0 or y = 0, given an element m of GF (q2) − {0}, there exists a
unique element of the form (x, y) 7−→ (xam, yamm) mapping y = x
onto y = xm.
We know that the restriction of this group to either x = 0 or y = 0

is cyclic. If m has order q2−1, then am = mi for some integer i. Hence,
the group is cyclic and generated by[

mi 0
0 mi+1

]
.

Such a group maps y = xq onto y = xqm−qi+i+1. Therefore, we require
(2i+ 1, q + 1) = 1.
Suppose that the order of mi is ti dividing q2− 1. Then, we obtain

a homology subgroup with axis x = 0 of order (i, q2 − 1), where ti =
(q2 − 1)/(i, q2 − 1), as we note that

(mi+1)ti = m(i+1)(q2−1)/(i,q2−1) = m(q2−1)/(i,q2−1) = mti.

Similarly, if the order of mi+1 is si = (q2 − 1)/(i + 1, q2 − 1), we
obtain a homology subgroup with axis y = 0 of order (i+1, q2−1).We
note that it is possible that ti = 1 = si so that there are no homology
groups within this group. However, note that if m is in GF (q) then
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multiplication by the kernel homology element
[
m−i 0

0 m−i

]
, shows

that we obtain the homology group with axis x = 0 of order q− 1 that
fixes the standard regulus. So, we see that we have the conditions of
sharp, Baer and central fix so we obtain a linear parallelism-inducing
group by theorem 69.
Hence, we obtain:

Theorem 194. (1) G is a finite linear Desarguesian parallelism-
inducing group for Desarguesian spreads if and only if G = EH i where
E is the full elation group with axis x = 0 andH i is cyclic and generated

by
[
mi 0
0 mi+1

]
, where m is a generator of GF (q2) − {0} and (2i +

1, q + 1) = 1, for a fixed integer i ≤ q2 − 1.
(2) There is an affi ne homology group with axis x = 0 and co-axis

y = 0 of order (i + 1, q2 − 1) and an affi ne homology group with axis
y = 0 and co-axis x = 0 of order (i, q2 − 1). Furthermore, there are
always homology groups of order q − 1 with either axis within GS.

Definition 113. We use the notation EH i to denote the above
parallelism-inducing linear group. Let Pi denote the corresponding par-
allelism using the same initial Desarguesian spread Σ and Desarguesian
spreads Σi for i = 1, 2, respectively.

The proof of the following is left to the reader as an exercise.

Lemma 54. Pi ' Pi+(q+1).

Theorem 195. If Pi is isomorphic to Pj then∣∣(〈H i, Hj
〉
S)
∣∣ | (2, q − 1)(q2 − 1)(q − 1).

This is valid if and only if either
(i) i ≡ j mod (q + 1) when q is even and (2i + 1, q + 1) = (2j +

1, q + 1) = 1, or
(ii) q is odd and

(a) if one of the second Desarguesian spreads is left invari-
ant under a kernel homology group of Σ of order 2(q − 1), then i ≡
j mod(q + 1)/2,

(b) or if one of the second Desarguesian spreads is not left
invariant by a kernel homology group of Σ of order 2(q − 1), then i ≡
j mod(q + 1) and (2i+ 1, q + 1) = (2j + 1, q + 1) = 1.

Proof. We may assume that an isomorphism ρ fixes the standard
regulus R and fixes three components x = 0, y = 0, y = x. Let ρ have
the form in Σ1 of (x, y) 7−→ (xτa, yτa). Clearly, ρ normalizes both H i



Combinatorics of Spreads and Parallelisms 433

and Hj. Hence, the first assertion follows as previously. Note that we
have seen that Pi ' Pi+(q+1). Furthermore, HjS has index dividing 2
in H iHjS, where S is the kernel homology group of order q − 1. Since
the orbit structures of H iS and H i are identical, it follows either we
have that i ≡ jmod(q + 1)/2 and we have a group H iHjS of order
2q2(q2 − 1)(q − 1), in which case the Desarguesian plane Σ′ is fixed by
a collineation group of order 2(q − 1), or, the group H iHjS has order
q2(q2 − 1)(q − 1), and i ≡ jmod(q + 1). �

2. The General Nearfield Parallelism-Inducing Group

We now return to the general cases and consider nearfield groups.
For nearfield parallelism-inducing groups for Pappian spreads, we need
a group nHf with elements

φm : (x, y) 7−→ (xσmf(m), yσmf(m)m)

for all m ∈ K2 − {0}, for some function f : K2 − {0} 7−→ K 2 − {0},
since the group EnHf will act sharply transitively on the components
of the Pappian spread not equal to x = 0. In order that we have a
group, we must have the following condition holding:

f(m ∗ n) = f(m)σnf(n), ∀m,n ∈ K2 − {0}.
To see this, note that φmφn = φmσnn, since we have a nearfield. Then,

φmφm = φmσnn : (x, y) 7−→ (xσmf(m)σnf(n), yσmf(m)σnf(x)mσnn).

We note that f is an homomorphism of (K2 − {0}, ∗) if and only if
σn = σf(n), for all n ∈ K2 − {0}. In the previous cases, where f(m) =
mi, the condition is automatic.
Note that it is not necessarily the case that f restricted to K−{0}

is a function on K − {0}. When this is the case, we would obtain con-
dition ‘nearfield fix’analogously as previously, as follows: If (x, y) 7−→
(xσm , yσm) leaves Σ′ invariant, then the subgroup 〈φm;m ∈ K − {0}〉,
also leaves Σ′ invariant.

〈GR, {(x, y) 7−→ (xσm , yσm);m ∈ K − {0}} , S〉 ,
contains the group elements

(x, y) 7−→ (xf(m)σ
−1
m , xf(m)σ

−1
m mσm−1),

implying that we obtain the central collineations

(x, y) 7−→ (xm−σ
−1
m , y)

for all m ∈ K − {0}. Now conjugate by
(x, y) 7−→ (xσmf(m), yσmf(m)m) :
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(x, y) 7−→ (xσ
−1
m f(m)−σ

−1
m , yσ

−1
m (f(m)m)−σ

−1
m )

7−→ (xσ
−1
m f(m)−σ

−1
m m−σ

−1
m , yσ

−1
m (f(m)m)−σ

−1
m )

7−→ (xm−1, y), ∀m ∈ K − {0}.
The image of y = xσ under φm is y = xσf(m)1−σm. Hence, we

would require the mapping m 7−→ f(m)1−σm to be bijective. The
analogous and more general theorem is as follows.

Theorem 196. Let Σ and Σ′ be Pappian spreads, where K2 coordi-
natizes the affi ne plane determined by Σ. If G is a nearfield parallelism-
inducing group satisfying nearfield fix, then there is a function f on
K2 − {0} whose restriction to K − {0} is a function on K − {0}, sat-
isfying f(mσnn) = f(m)σnn, for all m,n ∈ K2 − {0} and G = EnHf .

Then G is a nearfield parallelism-inducing group for the Pappian
spreads Σ and Σ′ if and only if for the corresponding nearfield (K2,+, ∗)
and associated automorphisms, we have the following three conditions
holding:
(1) if

{w ∗m+ εn;m,n ∈ K} ⊆ {wm+ εn;m,n ∈ K}
then

{w ∗m+ εn;m,n ∈ K} = {wm+ εn;m,n ∈ K},
for ε = 0 or 1 (the ε-condition),
(2) m 7−→ f(m)1−σm is bijective on K2 − {0}, and
(3) Σ′ admits the corresponding collineations (x, y) 7−→ (xσm , yσm).

3. Isomorphisms of Group-Induced Parallelisms

In Chapter 28, there was a considerable discussion on the set of
isomorphisms of Johnson parallelisms. The ideas given in that chap-
ter can be made more general and applicable for parallelism-inducing
groups for Pappian spreads.

Theorem 197. Let K be a field of cardinality > 3. Let Gi be
parallelism-inducing groups for the Pappian spreads {Σ,Σi} for i = 1, 2
in PG(3, K), where K2 is a quadratic extension and let PΣ,Σi = Pi
denote the corresponding parallelisms. Let ` denote the unique line of
Σ fixed by Gi, i = 1, 2. Assume that Σi and Σ share a regulus R
containing `.
(1) If ρ is an isomorphism from PΣ,Σ1 onto PΣ,Σ2 , then ρ is a

collineation of the Pappian plane πΣ, which leaves ` invariant and may
be assumed to leave R invariant, fix three components of R, and map
Σ1 onto Σ2.
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(2) Let Gi for i = 1, 2 be any two finite linear parallelism-inducing
groups for Desarguesian spreads such that Gi,RS contains the full cen-
tral collineation group of Σ with fixed axis ` that leaves invariant the
regulus R (Gi satisfies sharp,Baer, and central fix conditions), where S
denotes the scalar homology group of order q − 1.
Then G2S has index dividing (2, q− 1) in 〈Gρ

1, G2〉S. Furthermore,
if the spread for Σ2 is

{x = 0, y = (xqm+ xn)α + β;

α, β ∈ GF (q) and n /∈ GF (q)}

then 〈Gρ
1, G2〉S = G2S.

(3) For any parallelism-inducing group G, let L denote the sub-
group of GL(2, q2) that can act on a parallelism given by a parallelism-
inducing group. Then

|L| | (2, q − 1)q2(q2 − 1)(q − 1).

Furthermore, if the spread for Σ2 is

{x = 0, y = (xqm+ xn)α + β;α, β ∈ GF (q)}

and n /∈ GF (q) then

|L| | q2(q2 − 1)(q − 1).

Proof. (1) Recall that if an isomorphism turns ρ maps Σ∗1g1 to
Σ∗2g2 then Σ1g1 maps onto Σ2g2 for gi ∈ Gi. (If the associated Hall
planes are isomorphic, then the corresponding Pappian planes are iso-
morphic.) Then Σ ∩ Σ1g1 is mapped to Σ ∩ Σ2g2; the reguli of Σ
containing ` are permuted and hence ` is left invariant. Since G2 is
sharply 2-transitive on the components of Σ, it follows that we may
assume that ρ fixes ` (chosen as x = 0) and two other components, say,
y = 0 and y = x. Hence, we may assume that ρ fixes the regulus R
containing these three components. Since there are exactly the Pap-
pian spreads Σ1 and Σ2 that share R with Σ, it follows that we may
assume that ρ maps Σ1 onto Σ2. This proves (1).

(2) If the assertion is not true, then there exists a linear collineation
g in Σ acting on P2, which fixes at least three components of R and
hence fixes R. Also, g is a collineation of the parallelism so must leave
Σ2 invariant (as there are exactly two Pappian spreads, Σ1 and Σ2,
containing R) such that g2 is not in S. The stabilizer of R in Σ that
can act on Σ2 and fix at least three components and be in GL(2, q2)
has order dividing 2(q−1). To see this, note that g must have the form
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(x, y) 7−→ (xa, ya) and Σ2 has the form

(y = xqm+ xn)α + βI ∀α, β ∈ K, for m 6= 0, n ∈ GF (q2).

But, g maps y = xqm + xn onto y = xqma1−q + xn implying that
a(1−q)2

= 1. Therefore,

((1− q)2, q2 − 1) = (1− q, q + 1)(q − 1) = (2, q − 1)(q − 1).

Hence, the order of a divides (2, q − 1)(q − 1). Moreover, if n is not in
GF (q), then we have

ma1−qα = mα∗ and nα + β = nα∗ + β∗

for α, β, α∗, β∗ ∈ GF (q), so that a1−qα = α∗ = α. So, the order of a
is this case divides q − 1. This proves the theorem, as the proof of (2)
implies (3). �

4. Nearfield Parallelism-Inducing Groups

Previously, we have constructed theEH i,j parallelism-inducing groups
for Pappian spreads. We have seen that the group EH i,j satisfies the
central fix condition. We may also construct similar non-linear groups.
The idea is to use the nearfield multiplication to construct a direct
product of what would be homologies in the nearfield plane, with axes
x = 0 or y = 0 but acting in the Desarguesian plane Σ. We first restrict
the discussion to the groups EH0,j or EH i,0. Referring to Theorem 191,
we adopt the notation developed there.
We may form the corresponding non-linear groups nH i

y and nH
j
y as

follows:
If we have the group nHy with elements (x, y) 7−→ (xσm , yσmm),

we form the associated group nH i
y with elements: φm : (x, y) 7−→

(xσmmi, yσmmi+1).
Similarly, considering the group nHx with elements: (x, y) 7−→

(xσmm, yσm), we form the associated group nHj
x with elements (x, y) 7−→

(xσmmj+1, yσmmj).
The question is whether the indicated groups admit conditions

‘sharp nearfield,’‘Baer,’and ‘nearfield fix.’
Note that the group nH i

y maps y = x onto y = xm for all m ∈
K2 − {0} and E maps y = 0 onto y = xa for all a ∈ K. Hence, we
have the condition ‘sharp nearfield’provided if

{w ∗m+ εn;m,n ∈ K} ⊆ {wm+ εn;m,n ∈ K}
then

{w ∗m+ εn;m,n ∈ K} = {wm+ εn;m,n ∈ K},
for ε = 0 or 1 (the ε-condition)
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Letm ∈ K−{0}. Then, y = xu maps onto y = xuσmm so that such
elements leave R invariant. We need to show that GR leaves invariant
the second Pappian spread Σ′ containing R. If (x, y) 7−→ (xσm , yσm)
leaves Σ′ invariant then the subgroup 〈φm;m ∈ K − {0}〉, also leaves
Σ′ invariant.

〈GR, {(x, y) 7−→ (xσm , yσm);m ∈ K − {0}} , S〉
contains the group elements (x, y) 7−→ (xmiσ−1

m , xm(i+1)σ−1
m ), implying

that we obtain the central collineations (x, y) 7−→ (xm−σ
−1
m , y), for all

m ∈ K − {0}. Now conjugate by
(x, y) 7−→ (xσmmi, yσmmi+1) :

(x, y) 7−→ (xσ
−1
m m−iσ

−1
m , yσ

−1
m m−(i+1)σ−1

m )

7−→ ((xσ
−1
m m−iσ

−1
m m−σ

−1
m , yσ

−1
m m−(i+1)σ−1

m )

7−→ (xm−1, y).

Thus, we obtain the full central collineation group; we obtain condition
‘nearfield fix.’
We consider the images of y = xσ under nH i

y, and obtain: y =

xσm−σi+i+1. If the mapping Z 7−→ Z−σi+i+1 is bijective, we have the
‘Baer’condition.
Hence, we obtain the following theorem.

Theorem 198. Let Σ and Σ′ be Pappian spreads, where K2 coor-
dinatizes the affi ne plane determined by Σ, and let G = EnH i

y.
Then G is a nearfield parallelism-inducing group for the Pappian

spreads Σ and Σ′ if and only if for the corresponding nearfield (K2,+, ∗)
and associated automorphisms, we have the following three conditions
holding:
(1) if

{w ∗m+ εn;m,n ∈ K} ⊆ {wm+ εn;m,n ∈ K},
then

{w ∗m+ εn;m,n ∈ K} = {wm+ εn;m,n ∈ K},
for ε = 0 or 1 (the ε-condition),

(2) Z 7−→ Z−σi+i+1 is bijective on K2, and
(3) Σ′ admits the corresponding collineations (x, y) 7−→ (xσm , yσm).

The following corollary is now clear.

Corollary 51. Let Σ and Σ′ be Desarguesian spreads, where K2

is isomorphic to GF (q2) and coordinatizes the affi ne plane determined
by Σ, and let G = EnH i

y.
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Then G is a nearfield parallelism-inducing group for the Pappian
spreads Σ and Σ′ provided (2i+ 1, q + 1) = 1 and Σ′ admits the corre-
sponding collineations (x, y) 7−→ (xσm , yσm).

Corollary 52. Let Σ and Σ′ be Desarguesian spreads, where K2

is isomorphic to GF (q2) and coordinatizes the affi ne plane determined
by Σ, and let G = EnH i

y. Let the nearfield have Dickson pair (h, r),
where hr = q2.

(1) If r is an odd prime power suppose that q2 = p2rw, so that
h = p2w and q = prw, and assume that (

√
h, r) is a Dickson pair.

(2) If r is 2, assume that q is odd.
Then G is a nearfield parallelism-inducing group for the Pappian

spreads Σ and Σ′ provided (2i+ 1, q + 1) = 1.

Proof. (1) First assume that q is odd. The group F generated by
(x, y) 7−→ (xh, yh) leaves invariant the orbit of length (q + 1)/2. Let
s be a prime divisor of r. Then, s divides

√
h − 1 = pw − 1. Also,

(pw − 1, q + 1 = pwr + 1) = (pw − 1, pwr − 1 + 2) = 2. Since r is
odd, s cannot divide (q + 1) so it cannot divide (q + 1)/2. Since r is a
prime power, the group F generated by (x, y) 7−→ (xh, yh) must leave
a Desarguesian spread containing R invariant.
Now assume that q is even. Hence, the indicated group permutes

the set of q/2 − 1 orbits of length q + 1. Since s divides 2w − 1 and
(2w−1, 2rw−1−1) = (2(w,rw−1)−1) = 1, it follows that the group F must
fix one of the orbits of length q+1. Therefore, since (2w−1, 2rw +1) =
(2w − 1, 2rw − 1 + 2) = 1, it follows that F must fix one of the spreads
of the orbit.
The proof to (2) will be given more generally in the proof to the

following example. �
Also, in this section, we provide an example of a nearfield parallelism-

inducing group, which is valid for certain infinite and finite fields.

Example 5. Let K be a field such that K −{0} contains an index
two subgroup of squares, and let K2 be a quadratic extension of K such
that K2−{0} contains an index two subgroup of squares. Let σ denote
the involution in GalKK2.
Define xσmm = x∗m = xσm if m is non-square in K2 and x∗m =

xm if m is square in K.
(1) Then, (K,+, ∗) is a nearfield.
(2) Furthermore, any group EnH i

y is a nearfield parallelism-inducing
group for Pappian spreads provided Z 7−→ Z−σi+i+1 is bijective on K2.
(3) If i = 0 or −1, then EnH i

y is a nearfield parallelism-inducing
group.
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Proof. We need to verify the ε-condition: if

{w ∗m+ εn;m,n ∈ K} ⊆ {wm+ εn;m,n ∈ K},

then
{w ∗m+ εn;m,n ∈ K} = {wm+ εn;m,n ∈ K},

for ε = 0 or 1. However, m is a square in K2 since it is in K. Hence,
we have equality.
If i = 0 or −1, we have the mapping Z 7−→ Z or Z 7−→ Zσ,

respectively, so that the mapping is bijective on K2.
It remains to show that we can find a Pappian spread Σ′ containing

R and admitting (x, y) 7−→ (xσ, yσ) as a collineation group. Choose
the Baer subplane y = xσm such that m1+σ is non-square. Choose a
basis {1, e} for K2 such that e2 = γ is non-square in K. Note that

{y = xσmα + xβ;α, β ∈ K}

is a quadratic field extension of K if and only if xσmα + xβ is non-
singular. If xσomα = −xoβ for xo 6= 0, then mσ+1 = βσ+1 = β2, a
contradiction. Note that this then defines a Pappian spread containing
R and distinct from Σ. The image of y = xσmα+ xβ under the group
element (x, y) 7−→ (xσ, yσ) is y = xσmσα + xβ. But, since mσ = −m,
it follows that the image of y = xσmα + xβ is y = xσ(−mα) + xβ.
Thus, we have the required Pappian spread. �

5. Finite Regular Nearfield Groups

If we have a sharply 2-transitive group on q2 points on the line at
infinity of a Desarguesian affi ne plane, there is a corresponding regular
nearfield group. That is, the group induced on the line at infinity is
a regular nearfield group. We then are concerned with the possible
preimage groups in ΓL(2, q2).
We see that any regular nearfield of order hr = q2 with kernel

GF (h) admits a sharply 2-transitive group of order hr(hr − 1) acting
in ΓL(2, q2) and so has the potential to be parallelism inducing.

However, we have noted previously that the most general group
has the form EnHf for some function f on GF (q2) − {0}, such that
f(mσnn) = f(m)σnf(n). Since f is not necessarily a homomorphism,
we need to assume that f induces a function on GF (q) − {0} so that
the condition nearfield fix is satisfied.

Theorem 199. (1) Any nearfield parallelism-inducing group for
Desarguesian spreads has the form EnHj

f , for some function f on
GF (q2)−{0} satisfying f(mσnn) = f(m)σnf(n) for all n,m ∈ GF (q2)−
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{0}. If the nearfield has kernel GF (h) such that hr = q2 let σm = hλ(m).
The group is, in fact, parallelism-inducing provided:

(a) the function f induces a function on GF (q)− {0},
(b) the second Desarguesian spread admits〈

(x, y) 7−→ (xh
λ(m)

, yh
λ(m)

);m ∈ GF (q)− {0}
〉

as a collineation group, and
(c) m 7−→ f(m)1−qm is an injective mapping on GF (q2)−{0}.

If particular, if f(m) = mi, then the injective condition is equivalent
to (2i+ 1, q + 1) = 1, where hr = q2.
(2) In an EnHj

ygroup, there are homology groups of orders (i +

1, (q2 − 1)/r) and (i, (q2 − 1)/r) with axes x = 0 (respectively, y = 0)
and coaxes y = 0 (respectively, x = 0).

Proof. By Theorem 191, we need to verify that the conditions
nearfield sharp, Baer, and nearfield fix hold. We note that y = x maps
onto y = xm and y = xq maps onto y = xqf(m)1−qm, so that nearfield
sharp and Baer hold. The argument given in Theorem 191 shows that
nearfield fix holds provided the second Desarguesian spread admits the
collineation group〈

(x, y) 7−→ (xh
λ(m)

, yh
λ(m)

);m ∈ GF (q)− {0}
〉
.

Hence, we obtain a nearfield parallelism-inducing group.
We note that λ(m) = 0 for a subgroup of order exactly (q2 − 1)/r.

Moreover, the order of mi is ((q2 − 1)/r)/(i, (q2 − 1)/r); we obtain a
homology group with axis y = 0 and coaxis x = 0 of order (i, (q2 −
1)/r), since if the order of mi divides ((q2 − 1)/r)/(i, (q2 − 1)/r), then
mi+1 = m. Similarly, there is a homology group with axis x = 0
and coaxis y = 0 of order (i + 1, (q2 − 1)/r), since if the order of m
divides (i + 1), (q2 − 1)/r), then mi = mi+1−1 = m−1 and there is a
corresponding homology group. This completes the proof. �
We now provide another isomorphism type theorem for finite nearfield

parallelism-inducing groups of type EnH i
y.

Theorem 200. (1) There is a linear subgroup of nH i
y corresponding

to the Dickson pair (h, r) of order (q2 − 1)/r.
(2) Let nH i

y and nH
j
y define isomorphic parallelisms corresponding

to Dickson pairs (h1, r1) and (h2, r2), respectively, and using the same
two Desarguesian spreads Σ1 and Σ2. There are linear groups of orders
(q2− 1)/r1 and (q2− 1)/r2 acting on either parallelism. Let Ii,j denote
the order of the intersection of these two linear groups and let si,j =
|S ∩H iHj|.
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Then, (q2 − 1)/Ii,j divides 2r1r2si,j.
(3) Let EnH i

y and EnH
j
y define isomorphic parallelisms, with the

second group corresponding to the Dickson pair (h, r).
Then, (q2 − 1)/I1,j divides 2r2s1,j.
(4) In particular, when the Dickson pairs are the same (q, 2), we

have (q2 − 1)/Ii,j divides 8si,j. In this case,

i ≡ j mod (q2 − 1)/8si,j.

In particular,
i ≡ j mod(q + 1)/(8, q + 1).

(5) If one of the groups is linear and one has Dickson pair (q, 2),
then

i ≡ j mod (q + 1)/(4, q + 1).

Proof. Since λ(m) = 0 for (q2− 1)/r elements, we have the proof
of part (1). Combining (1) and (2) proves part (3). Parts (4) and (5)
are immediate consequences of the previous. �
Remark 58. Two nearfield groups with different kernels will, nor-

mally, induce non-isomorphic parallelisms.

6. m-Parallelisms

In this section, we generalize the previous construction and instead
of using two Pappian spreads and an associated group, we choose in-
stead m such Pappian spreads. These ideas will lead us eventually to
the concept of elation-switching. In the present setting, by a choice
of cosets of a particular subgroup of G, we are able to construct a
tremendous variety of parallelisms. The parallelisms that we obtain
are called ‘m-parallelisms’ and, in the finite case, admit a central
collineation group (of the original Desarguesian spread in PG(3, q))
of order q2(q2 − 1)/m. If m is not n, then an m-parallelism cannot be
isomorphic to an n-parallelism.
In a sense, m-parallelisms are generated using a particular set of

m Pappian spreads. If n of the m spreads are distinct, we call such
parallelisms (m,n)-parallelisms. The original construction uses map-
pings from a particular second Pappian spread for the construction.
Such spreads are subject to a choice of coset representations so further
subclasses are obtained.
The construction of the Johnson parallelisms produced parallelisms

in PG(3, q) using a Desarguesian spread Σ1 equipped with a central
collineation group of Σ1, G, with fixed axis `, of order q2(q2 − 1). It
turns out that the set of Baer subplanes incident with the origin of Σ1,
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which are disjoint from the axis ` are in a single orbit under G and
the number of such Baer subplanes is exactly q2(q2 − 1). That is, the
group G is regular on this set of Baer subplanes.

The construction also depends on the choice of an initial regulus
R within Σ1 and containing `. Choose a second Pappian spread Σ2

containing R and let G denote the full central collineation group with
axis ` of Σ1. If s2 is any line of Σ2−R, then we note that Σ2 = s2GR∪R.
Let S be a normal subgroup of G containing GR, let h ∈ S − R.
We note that Σ2S ∪ Σ2hS is a partial parallelism. More important,
if Σ3 is any Pappian spread distinct from Σ1 that contains R, and
g ∈ S−GR, then Σ3 = gs2GR∪R. Note that this says that Σ3S = Σ2S
as a set, and furthermore, it is also true that Σ3S ∪ Σ3hS is a partial
parallelism. Hence, it follows immediately that Σ2S ∪ Σ3hS is also a
partial parallelism. These remarks basically prove the following lemma.

Lemma 55. Under the assumptions above, let S denote any normal
subgroup of G that contains GR. Let Σ2 and Σ3 be Desarguesian spreads
distinct from Σ1 that contain R. Assume that there is an element g of
S −GR that maps an element s2 of Σ2 −R onto an element s3 of Σ3.
(1) Then s3 is not in R and Σ3 −R = s2gGR = s3GR.
(2) Let h ∈ G−S, then Σ2w and Σ3hu share no line for all w, u ∈ S;

Σ2S ∪ Σ3hS is a partial parallelism.

Corollary 53. We denote the derived spreads of Σiw by deriva-
tion of Rw by (Σiw)∗ = Σ∗iw.
(1) Then Σ1 ∪ Σ∗2w ∪ Σ∗3hk, for h fixed in G − S and for all w, k

∈ S is a partial parallelism in PG(3, q).
(2) If the order of the S is q2(q2 − 1)/m, where m divides q + 1,

then there are 1 + 2(q(q+ 1)/m spreads in the partial parallelism. Note
that we do not require Σ2 and Σ3 to be distinct.

Corollary 54. Under the above assumptions, further assume that
there are t Desarguesian spreads Σi for i = 2, .., t+ 1 distinct from Σ1

and sharing R with the property that for each Σi i > 2, there is a line
s2,i of Σ2 −R and an element gi of S such that s2,igi is a line of Σi.

Assume that S is a normal subgroup of G. Let hi, for i = 2, 3, .., t+1
belong to mutually distinct cosets of S.
(1) Then ∪t+1

i=2Σihiki, for all k2, .., kt+1 ∈ S is a set of spreads t |S|
spreads that share no line of PG(3, q) not in Σ1 and disjoint from the
axis ` of G (of S).
(2) Σ1 ∪t+1

i=2 Σ∗ihiki, for all k2, .., kt+1 ∈ S is a partial parallelism in
PG(3, q) of 1 + t(q(q+ 1)/m spreads provided the order of S is q2(q2−
1)/m (we note below that any such group of this order is normal).
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Proof. Suppose that Σihiki and Σjhjkj share a component. Then
Σihihik

−1
j h−1

j and Σj also share a component tj.
We know that there exist elements s2,i and s2,j of Σ2 − R, and

elements gi and gj of S such that s2,igi and s2,jgj are in Σi − R and
Σj − R respectively. Let g̃ = hihik

−1
j h−1

j . Let ti be in Σi such that
tig̃ = tj. It is immediate that ti and tj cannot be in R. Hence, there
exist elements wi and wj of GR such that ti = s2,igiwi and tj = s2,jgjwj.
Hence, we obtain: s2,igiwig̃ = s2,jgjwj.
Furthermore, since s2,i and s2,j are both in Σ2 −R, it follows that

there is an element r of GR such that s2,i = s2,jr. We, in turn, obtain
s2,jrgiwig̃ = s2,jgjwj.
Now since the group G acts regularly on Baer subplanes of Σ1,

which do not intersect the axis, it follows that rgiwig̃ = gjwj and thus
rgiwihihik

−1
j h−1

j = gjwj.

Note that all group elements other than hi and h−1
j involved in the

above expression are in S. But this says that hi and hj are in the same
coset of S since S is a normal subgroup. Hence, this contradiction
completes the proof of the corollary with the exception of the existence
of a normal group of order q2(q2 − 1)/m containing GR provided m
divides q + 1.
The full central collineation group G = EH, where E is the full

elation group of order q2 and H is a homology group of order q2 − 1.
Note that E is a normal subgroup and H is cyclic. Let H− denote the
unique cyclic subgroup of order (q2 − 1)/m provided m divides q2 − 1.
Then we assert that EH− is a normal subgroup of EH and if m

divides q+ 1, it contains GR. Let g = eh ∈ EH = G, where e ∈ E and
h ∈ H.

We recall that

h−1e−1EH−eh = h−1EH−eh = Eh−1H−eh ⊆ Eh−1H−Eh,

which is Eh−1EH−1h = Eh−1H−h = EH. Hence, EH− is normal in
EH. Since E is in EH−, then E ∩GR is in EH−. It remains to show
that there is a subgroup of order q−1 in GR∩EH−. However, H− has
order (q2 − 1)/m and is cyclic, so it contains a group of order q − 1 if
and only if q − 1 divides (q2 − 1)/m if and only if m divides q + 1. �

Hence, we obtain the following theorem.

Theorem 201. Let Σi, for i = 1, 2, ..,m + 1, be Desarguesian
spreads of PG(3, q) containing a regulus R and assume that the spreads
Σj for j 6= 1 are distinct from Σ1.
Let G denote the full central collineation group of Σ1 with axis ` in

R and assume that m divides q + 1.
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Then there is a normal subgroup G− of G of order q2(q2 − 1)/m
that contains GR.
Assume that for each Σi i > 2, there is a line s2,i of Σ2−R and an

element gi of G− −GR such that s2,igi is a line of Σi.
Choose any coset representative class {hi; i = 2, ..,m + 1} for G−

in G. Let Σ∗i denote the spread obtained by the derivation of R.
Then

Σ1 ∪m+1
i=2 Σ∗ihiki

for all k2, .., kt+1 ∈ G− is a parallelism in PG(3, q).

Proof. We merely note that the number of spreads in the partial
parallelism is 1 + m(q(q + 1)/m) = 1 + q(q + 1) = 1 + q + q2 so we
obtain a parallelism. �
Example 6. In order to specify specific instances of the above theo-

rem, assume that q is odd and assume that Σi are Desarguesian spreads

for i = 1, 2 of the form x = 0, y = x

[
u γit
t u

]
for all u, t ∈ GF (q),

where γi are non-squares in GF (q) and γ1 6= γ2. Let γ3 be any non-
square distinct from γ1 and γ2. Let θ = (γ2 − γ3)/(γ3 − γ1). Now
consider the mapping of any group G− of order q2(q2 − 1)/m in E of
the form 

1 0 0 θγ1

0 1 θ 0
0 0 1 0
0 0 0 1

 .
Then, y = x

[
0 γ2

1 0

]
maps onto y = x

[
0 θγ1 + γ2

1 + θ 0

]
. Now it

follows that

γ3(1 + θ) = γ3(1 + ((γ2 − γ3)/(γ3 − γ1))

= ((γ2 − γ3)/(γ3 − γ1))γ1 + γ2 = θγ1 + γ2.

Hence, we may apply the above theorem for any set of non-squares
distinct from γ1.

We note, however, that the above construction did not actually re-
quire finiteness. So, we obtain the more general result given as follows.

Theorem 202. Let Σi, for i = 1, 2, ..,m+1, denote Pappian spreads
in PG(3, K), for K a field, containing the same regulus R and of the
general form:

Σi : x = 0, y = x

[
u γit
t u

]
,∀u, t ∈ K,
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for any finite set of distinct non-squares γi, i = 1, 2, ..,m+ 1.
Assume that there is an indexm subgroup H− of the homology group

H of Σ1 with axis x = 0. Let E denote the full elation group of Σ1 with
axis x = 0 and form EH−, which is a normal subgroup of index m in
EH. Further, assume that the full group (EH)R ⊆ EH−. In the finite
case, this is accomplished if and only if m divides q + 1.

Let H = ∪m+1
i=2 H

−gi, where g2 = 1. Then ∪m+1
i=2 Σigihi, for all

h2, .., hm+1 ∈ EH− is a set of spreads, which covers all lines of PG(3, K)
which are disjoint from x = 0 and not in Σ1.

Proof. More generally, if Σi is given by

x = 0, y = x

[
u+ ρit γit

t u

]
∀u, t ∈ K,

then the same elation mapping will work provided

(γ2 − γi)s = (γi − γ1)

and
(ρ2 − ρi)s = (ρi − ρ1)

has a unique solution for s. Hence, we have at least the solutions when
either the ρi = ρj for all i, j or when γi = γj for all i, j. �

In particular, we may obtain examples of parallelisms in fields of
any characteristic provided there is a quadratic extension superfield.

Theorem 203. Under the assumptions above,

Σ1 ∪m+1
i=2 Σ∗i gihi ∀h2, .., hm+1 ∈ EH−,

where Σ∗i denotes the derived spread by deriving

Rgihi ∀h2, h3, .., hm+1 ∈ EH−

(i.e., Rg for all g ∈ EH), is a parallelism of PG(3, K).

Proof. The only lines that are missing from the previous set and
not in Σ1 are the lines intersecting x = 0 non-trivially. Since these
are the Baer subplanes of the regulus nets corresponding to Rg for all
g ∈ EH, we have all of the lines covered by q2 + q + 1 spreads so we
obtain a parallelism. �

Theorem 204. Assume that the set of m+ 1 Desarguesian spreads
Σi are mutually distinct and S = EH− is a normal group of index m.

Then the full central collineation group with axis x = 0 of the par-
allelisms constructed above is EH−.
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Proof. Suppose that there is a central collineation g ∈ EH −
EH− that acts on the constructed parallelism. Assume without loss of
generality that g = g3 in the context of the theorem. Then Σ∗3g3g

−1
3 =

Σ∗3 is a spread of the parallelism. However, so is Σ∗2 and both spreads
cover the Baer subplanes ofR and are distinct, which is a contradiction
to the properties of a parallelism. �

Definition 114. Define a parallelism constructed from a group of
index m, an ‘m-parallelism.’
We remark that conceivably different choices of coset representation

sets determine non-isomorphic m-parallelisms.
Hence, with {gi} denoting a coset representation set, we denote the

associated m-parallelism by ‘(m, {gi}).’

Corollary 55. An m-parallelism and an n-parallelism for m 6= n
are non-isomorphic.

6.1. (m,n)-Parallelisms. Given anm-parallelism, we assume that
there are at least m− 1 Pappian spreads containing a given regulus R,
which arise from a given Pappian spread by a mapping from a subgroup
G−. However, this is not necessary for the construction of a parallelism.
Given a normal subgroup G− of G containing GR, assume that we take
m Pappian spreads distinct from Σ1, but of these m, we assume that
only n are distinct. Then, we still obtain a parallelism, but now it is
not entirely clear what the full central collineation group is that acts
on the parallelism. To be clear on this construction, first assume that
m is finite and that we have n Pappian spreads distinct from Σ1, say,
Σi for i = 2, 3, .., n + 1. Assume further that we have ij spreads equal
to Σi for

∑n+1
i=2 ij = n. Then we obtain the following parallelism: Let

{gi;i = 2, ...., n + 1} be a coset representation set where g2 = 1, then
the parallelism is

Σ1 ∪n+1
i=2

ij∑
j=1

Σ∗i gihi ∀hi ∈ G− ∀i = 2, .., n.

Definition 115. Any such parallelism constructed above shall be
called an (m,n)-parallelism. Since {ij} forms a partition of n, the par-
allelism depends on the partition. Furthermore, the order is important
in this case, so we consider that the partition is ‘ordered.’Moreover, the
parallelism may depend on the coset representation class {gi}. When
we want to be clear on the notation, we shall refer to the parallelism
as a (m,n, {ij}, {gi})-parallelism. When n = m, we use simply the
notation (m, {gi})-parallelism.



Combinatorics of Spreads and Parallelisms 447

Furthermore, since each such parallelism depends on a choice of the
initial Pappian spreads, the non-isomorphic parallelisms are potentially
quite diverse.



CHAPTER 31

General Parallelism-Inducing Groups

In this chapter, a construction technique is introduced that allows
the construction of transitive deficiency one partial parallelisms in a
more general setting than the parallelism-inducing groups for Pappian
spreads.
Let Σ be any Pappian spread in PG(3, K), and let Σ′ any spread,

which shares a regulusR withΣ such that Σ′ is derivable with respect to
R. Assume that there exists a subgroup G− of the central collineation
group G with fixed axis L with the following properties:

(0) : Σ and Σ′ share exactly R,

(i) : Every line skew to L, and not in Σ is in Σ′G−,

(ii) : G− is transitive on the reguli that share L, and

(iii) : a collineation g of G− such that for L′ ∈ Σ′, then L′g ∈ Σ′

implies that g is a collineation of Σ′.

Let (Rg)∗ denote the opposite regulus to Rg.

In this setting, G− is said to be a ‘general parallelism-inducing
group.’

Theorem 205. Assume that G′ is a general parallelism-inducing
group for spreads Σ and Σ′, where Σ is Pappian. Then

Σ ∪ {(Σ′g −Rg) ∪ (Rg)∗ ∀g ∈ G−

is a parallelism of PG(3, K) consisting of one Pappian spread Σ and
the remaining spreads derived Σ′-spreads.

Proof. Assume that there exists two spreads Σ′g and Σ′h for
g, h ∈ G− that share a common line. Then, Σ′gh−1 and Σ′ share a
common line `. But ` in Σ′ and Σ′gh−1 implies that `hg−1 is in Σ′,
which implies by (iii) that Σ′hg−1 = Σ′ if and only if Σ′g = Σ′h. Hence,
every line skew to L and not in Σ is in some unique spread Σ′g for some
g ∈ G. Any other line M is either in Σ or non-trivially intersects Σ.
In this case, M is a Baer subplane of the affi ne plane defined by Σ and
hence lies in a unique regulus R1.

449
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The question becomes given any regulus R1 of Σ containing the
axis of G−, does there exist a collineation of G− that maps R onto R1?
However, this is guaranteed by (ii).
Hence, any line that is not skew to x = 0 lies in some unique regulus

of Σ, which is then in some Rg for g ∈ G−. Specifically, if a Baer
subplane of the regulus net R and the regulus net Rg are equal, then
R = Rg (the defined regulus net of the associated affi ne plane defined
by Σ is unique) so that by (iii), g leaves Σ′ invariant. Hence, every
line of PG(3, K) is uniquely covered by a spread so that a parallelism
is obtained. This completes the proof of the theorem. �
Theorem 206. Assume that

Σ ∪ {(Σ′g −Rg) ∪ (Rg)∗∀g ∈ G−}
is a parallelism. Then

{Σ−R} ∪R∗ ∪ Σ′ ∪ {(Σ′g −Rg) ∪ (Rg)∗∀g ∈ G− − {1}}
is a parallelism. In this case, the spreads are Hall, Σ′ (undetermined),
and derived Σ′ type spreads.

Proof. The lines covered by Σ ∪ {Σ′ − R} ∪ R∗ are the same as
covered by {Σ − R} ∪ R∗ ∪ Σ′. Since the remaining lines are covered
as in the original parallelism, it follows that we have an associated
parallelism. �
Remark 59. (1) Note that in the finite case, there are exactly(

q2

2

)
/ (q1) = q(q + 1) reguli that share x = 0. Hence, the order of

the group G− is divisible by q(q+ 1) and G−Σ′ is a collineation group of
Σ′.
(2) Let G− be any central collineation group and G the full central

collineation group with axis x = 0. Let GR denote the subgroup, which
leaves invariant the regulus R and acts sharply doubly transitively on
the remaining components.
If G−/G− ∩ GR ' G/GR by the mapping that takes gG− ∩ GR to

gGR, then G− acts transitively on the reguli of Σ that share x = 0.
Thus, the idea is to take G− with the properties above and such that

G− ∩GR is as small as possible.

Assume that Σ is a Desarguesian affi ne plane of order p2r = q2

where p is odd. Let γ1 denote a non-square in GF (q). Represent Σ
with components of the following form:

x = 0, y = x

[
u γ1t
t u

]
∀ u, t ∈ GF (q).



Combinatorics of Spreads and Parallelisms 451

Let Σ′ have spread

x = 0, y = x

[
u γ2t

σ

t u

]
∀ u, t ∈ GF (q)

and σ an automorphism of GF (q), where γ2 is a nonsquare in GF (q)
such that γ2t

σ−1 6= γ1, for all nonzero t ∈ GF (q).
For q = pr, let r = 2bz, where it is assumed that z is odd and > 1

and assume that 2a is the largest 2-power dividing q − 1, written 2a ‖
(q − 1). In this setting, we consider those automorphisms σ defined as

follows: σ : x 7−→ xp
2bs
, where s is any factor of z, including 1.

We assert that (q − 1, 2a(q + 1)) = 2a. To see this, note that

(q − 1, 2a(q + 1)) = 2a((q − 1)/2a, (q + 1)),

which is 2a(z, (q + 1)) = 2a since (z, q + 1) = 1 as z divides q − 1 and
is odd.
Furthermore, we assert that 2a divides p2bs − 1 for any integer s.

Since 2a divides

q − 1 = p2bz − 1 = (p2b − 1)

(
z−1∑
i=o

p2bi

)

= (p2b − 1)

p2a(z−1) +

(z−3)
2∑
j=0

p2b+1j(1 + p2b)

 ,

and since (1+p2b) is even and p is odd, it follows that 2a divides p2b−1,
which, in turn, divides p2bs − 1 for any integer s.
Since 2a | p2bs − 1,we also shall use the notation that 2a | (σ − 1).
Let E+ denote the full elation group of Σ with axis x = 0, and let

H denote the homology group with axis x = 0 and coaxis y = 0 of
order 2a(q + 1), where 2a ‖ (q − 1), as above. We note that since Σ is
a Desarguesian affi ne plane of order q2, and 2a(q + 1) divides q2 − 1 if
and only if 2a divides q − 1, we have a cyclic homology group of order
2a(q + 1) in the Desarguesian plane. We let G− = EH.
Hence, the elements of E+ have the following form

1 0 u γ1t
0 1 t u
0 0 1 0
0 0 0 1


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and the elements of H have the form:

τw,s =


w γ1s 0 0
s w 0 0
0 0 1 0
0 0 0 1

 ,
where the upper 2× 2 matrix is nonzero of order dividing 2a(q + 1).

Hence, s = 0 if and only if the element has order dividing q−1 and
2a(q+1). Since (q−1, 2a(q+1)) = 2a, it follows that the order of these
elements divide both q − 1 and 2a(q + 1) if and only if w2a = 1.
Now note that when this occurs, then τw,0 is a collineation of the

Kantor-Knuth semifield plane listed above, since

y = x

[
u γ2t

σ

t u

]
7−→ y = x

[
w−1 0

0 w−1

] [
u γ2t

σ

t u

]
=

(
y = x

[
uw−1 γ2t

σw−1

tw−1 uw−1

])
=

(
y = x

[
uw−1 γ2(tw−1)σ

tw−1 uw−1

])
since w−1 = (w−1)σ if and only if wσ−1 = 1, which is valid since 2a

divides σ − 1.

Note that Σ and Σ′ share x = 0, y = x

[
u 0
0 u

]
, but since γ2t

σ−1 6=

γ1 for non-zero t in GF (q), they share exactly these components.
Now assume that Σ′g and Σ′ share a line ` not in Σ.

Let g =


w γ1s 0 0
s w 0 0
0 0 1 0
0 0 0 1




1 0 m γ1r
0 1 r m
0 0 1 0
0 0 0 1

, which maps the spread
Σ′:

x = 0, y = x

[
u γ2t

σ

t u

]
∀ u, t ∈ GF (q)

onto the spread Σ′g:

x = 0,

y = x

[
w γ1s
s w

]−1([
u γ2t

σ

t u

]
+

[
m γ1r
r m

])
.

The component (line) ` is common to Σ′ and Σ′g, which is not in Σ, if
and only there exists a nonzero t∗ and u∗ in GF (q) such that ` has the
equation, for nonzero t∗:

y = x

[
u∗ γ2t

∗σ

t∗ u∗

]
is in Σ′g of the above form.
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Hence, we have the following implications:[
u∗ γ2t

∗σ

t∗ u∗

]
=

[
w γ1s
s w

]−1 [
u+m γ2t

σ + γ1r
t+ r u+m

] [
w γ1s
s w

] [
u∗ γ2t

∗σ

t∗ u∗

]
=

[
u+m γ2t

σ + γ1r
t+ r u+m

]
.

Thus, we have:[
wu∗ + γ1st

∗ wγ2t
∗σ + γ1su

∗

su∗ + wt∗ sγ2t
∗σ + wu∗

]
=

[
u+m γ2t

σ + γ1r
t+ r u+m

]
.

Hence, we must have the (1, 1) and (2, 2) entries on the left hand
side matrix equal, which implies that γ1st

∗ = sγ2t
∗σ. Therefore, we

must have that s = 0. Then w2a = 1.
Thus, using the (1, 2)-entries, we have

t+ r = wt∗ and γ2t
σ + γ1r = wγ2t

∗σ

= wγ2(
t+ r

w
)σ = w1−σγ2(t+ r)σ.

Since w1−σ = 1, it then follows that γ1r = γ2r
σ, which implies that

r = 0. When r = 0 and s = 0, we have the group element
w 0 0 0
0 w 0 0
0 0 1 0
0 0 0 1




1 0 m 0
0 1 0 m
0 0 1 0
0 0 0 1

 ,
and since both of the elements of the product are collineations of Σ′,
it follows that g is a collineation of Σ′.
In this case, we see that g must leave invariant Σ′ and act as a

collineation group.
Hence, if Σ′ and Σ′g share a common component not in Σ, then

Σ′ = Σ′g.
So, assume that Σ′h and Σ′j for h, j ∈ E+H, share a line M not in

Σ.
Therefore, Σ′ and Σ′jh−1 for jh−1 ∈ E+H share a line Mh−1 that

is not in Σ, since E+H is a collineation group of Σ. Thus, Σ′ = Σ′jh−1

if and only if Σ′h = Σ′j if and only if Σ′h and Σ′j share a common line
not in Σ.
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Now we derive each plane Σ′g by Rg, where R is the regulus

x = 0, y = x

[
u 0
0 u

]
∀ u ∈ GF (q).

There are exactly q(q + 1) reguli in the spread for Σ, which share
x = 0. Suppose some element in E+H fixes one of these. Without loss
of generality, we may assume that it is R. Then, clearly, g ∈ E 〈ρ〉,
where E has elements

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

 and ρ =


w 0 0 0
0 w 0 0
0 0 1 0
0 0 0 1


for a primitive 2a-element w. In other words, the stabilizer of R has
order 2aq. Hence, the q(q + 1) reguli are in an orbit under E+H.

Thus, we have q2 + q distinct spreads Σ′g for g ∈ E+H, and each
such spread shares the regulus Rg with Σ. Since the reguli all share
x = 0 and are in the spread for Σ, the regulus nets can share no
common Baer subplane incident with the zero vector.
Hence, the q(q + 1)2 lines that lie in the opposite reguli lie exactly

in the q(q+1) derived spreads so that the derived spreads share no line
that is not in Σ and share no line, since, if so, such a line would be a
Baer subplane of some opposite reguli that lies in exactly one derived
plane.
Therefore, we have a parallelism of q2 + q planes of derived Kantor-

Knuth type and one Desarguesian plane.

Theorem 207. Let q be odd equal to p2bz, where z is an odd in-
teger > 1. Assume that 2a ‖ (q − 1), then there exists a nonidentity
automophism σ of GF (q) such that 2a | (σ − 1).
Let γ2 and γ1 be non-squares of GF (q) such that the equation γ2t

σ =
γ1t implies that t = 0.
(1) Then, there exists a parallelism Pγ2,σ of derived Kantor-Knuth

type with q2 + q derived Kantor-Knuth planes and one Desarguesian
plane.
(2) The collineation group of this parallelism contains the central

collineation group of the Desarguesian plane with fixed axis ` of order
q22a(q + 1).

1. The Isomorphisms of Kantor-Knuth Type Parallelisms

The full collineation group of a Kantor-Knuth plane is completely
determined in Johnson and Liu [140]. Furthermore, the collineation
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group of any derived semifield plane is known to be the group inherited
from the semifield plane provided the order is not 9 or 16 (see Johnson
[126]).
A Kantor-Knuth spread is covered by a set of q reguli that mu-

tually share a line and it is known that the collineation group acts
2-transitively on this set of q reguli.
Hence, we may assume that any isomorphism between Kantor-

Knuth spreads maps the standard regulus to the standard regulus,
maps any given regulus of the first Kantor-Knuth spread to any given
regulus of the second Kantor-Knuth spread, and fixes a component
corresponding to the elation axis.

Notation 4. We represent the Desarguesian spread by

x = 0, y = x

[
u γ0t
t u

]
∀u, t ∈ GF (q)

and γo is a fixed non-square and the Kantor-Knuth semifield spreads
π1and π2 by

x = 0, y = x

[
u γit

σi

t u

]
∀u, t ∈ GF (q),

for i = 1, 2 respectively, where γi are non-squares and σi are automor-
phisms of GF (q).

Theorem 208. Two such parallelisms Pγ1,σ1 and Pγ2,σ2 are iso-
morphic if and only if one of the following two conditions hold:

(γ2, σ2) =

(
γ2
o

γρ1
, σ−1

1

)
or (γ2, σ2) = (γρ1, σ1)

for some automorphism ρ of GF (q).

Proof. If the parallelisms are isomorphic by an element τ of ΓL(4, q)
then this element is a collineation of the unique Desarguesian spread
Σ, which fixes a regulus R of Σ shared by the Kantor-Knuth semifield
spreads π1 and π2 defined as follows:

x = 0, y = x

[
u γit

σi

t u

]
∀u, t ∈ GF (q),

for i = 1, 2, respectively. An isomorphism τ must fix x = 0, where we
are assuming that R is the standard regulus (net). Since we have an
elation group acting transitively on the nonaxis lines (components) of
the regulus, it follows that we may assume that τ fixes x = 0, y = 0,
fixes the standard regulus net and maps the net when t = 1 in π1 to
the net for t = 1 in π2.
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Note that our construction requires that the Desarguesian spread
be taken in a given manner. Hence, we let Σ have spread:

x = 0, y = x

[
u γ0t
t u

]
∀u, t ∈ GF (q)

and γo is a fixed nonsquare.

Let A =

[
v γ0s
s v

]
and consider that τ may be taken to have the

following form:

τ : (x1, x2, y1, y2) 7−→ (xρ1, x
ρ
2, y

ρ
1 , y

ρ
2)

[
A 0
0 AuoI

]
.

Then, we must have: Let

B11 = (vuρ − γos)v + s(vγρ1 − γosuρ),

B1,2 = (vuρ − γos)γos+ (vγρ1 − γosugr)v,
B2,1 = v(−suρ + v) + s(−sγρ1 + vuρ),

B2,2 = γos(−suρ + v) + v(−sγρ1 + vuρ),

then [
v γ0s
s v

]−1 [
uρ γρ1
1 uρ

] [
v γ0s
s v

]
uoI

=

[
B11 B1,2

B2,1 B2,2

]
,

which must have the general form
[
u2 γσ2

2

1 u2

]
for all u ∈ GF (q).

Equating the (1, 1)- and (2, 2)-entries, we obtain svγρ1 = −svγρ1. Hence,
we must have either s or v = 0.
First, assume that v = 0. Since we have a 1 in the (1, 2)-entry, we

must have: uo = γo
γρo
.

It then follows immediately that γ2
o

γρo
= γ2.

Since y = x

[
0 γ1t

σ1

t 0

]
maps onto y = x

[
0 γ2

o

γρo
tρ

tρσ1 v

]
, it then

follows that σ2 = σ−1
1 . Hence, in this case, we must have (γ2, σ2) =

(γ
2
o

γρo
, σ−1

1 ).

Now assume that s = 0. It then follows similarly that γ2 = γρ1 and
σ1 = σ2. �
The above result allows the enumeration of the isomorphism classes

albeit a bit cumbersome. For example, the following provides the idea.
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Corollary 56. Assume that q ≡ −1 mod 4. Let q = pst, choose
any proper automorphism σ = ps and non-squares γo and γ such that

γot
σ−1 6= γ ∀t ∈ GF (q).

Then, there exist at least[
(q − 1)− ( (q−1)

(ps−1)
− 1)

2st

]
mutually nonisomorphic parallelisms Pγ,σ.

Proof. We note that we obtain a parallelism as in our main the-
orem, since 2 ‖ (q − 1) and 2 | (σ − 1) for any automorphism σ. There
are (q − 1)/2 non-square elements γ and there are (q − 1)/2(ps − 1)
nonsquare elements among the set of elements {tσ−1; t ∈ GF (q)−{0}}.
We may use the same automorphism and obtain at least the number of
parallelisms as orbits under the Galois group. The number indicated
in the result is the minimum number of such orbits. �
Let P be any Kantor-Knuth type parallelism as above. Take the

regulus R within the planes Σ and Σ′. Let R∗ be the opposite regulus
within the derived plane of Σ′, Σ′∗. Now derive R within Σ and R∗

withinΣ′∗ to produce the Hall plane Σ∗ and the Kantor-Knuth plane
Σ′ leaving the remaining derived Kantor-Knuth planes.

Theorem 209. For each parallelism of type Pγ,σ, there is a par-
allelism consisting of one Hall spread, one Kantor-Knuth semifield
spread, and q2 + q − 1 derived Kantor-Knuth spreads. We shall call
such parallelisms the ‘derived’parallelisms of the Pγ,σ-parallelisms.

We may discuss isomorphisms in this setting as well. We note that
any isomorphism is a collineation of the Hall plane and for q > 3, we
recall that the full collineation group of the Hall plane is a collineation
group of the associated Desarguesian plane from which it was derived.
Furthermore, the unique Kantor-Knuth semifield plane must map to
the corresponding Kantor-Knuth semifield plane so we have the same
situation as before.

Theorem 210. Given two parallelisms Pγi,σi for i = 1, 2. Then,
the derived parallelisms are isomorphic if and only if the original par-
allelisms are isomorphic.

2. Finite Regulus-Inducing Elation Groups

We are interested in the construction of parallelisms by groups G
that fix a given spread Σ and act transitively on the remaining spreads.



458 General Parallelism-Inducing Groups

All such groups will contain an elation group E+ of order q2 that fixes
a component ` of Σ and acts transitively on the remaining components.
In this section, we show that in order to construct such parallelisms,
it is necessary that E+ be partitioned into q + 1 ‘regulus-inducing’
subgroups of order q such that G acts transitively on these subgroups
by conjugation.
In Chapter 38, we give a classification of all transitive deficiency

one partial parallelisms in PG(3, q). There is an extension of the par-
tial parallelism by a spread Σ, but it is not known initially that Σ is
or must be Desarguesian. In this section, the reader will note a certain
similarity with the ideas is this later chapter, but here we always ini-
tially assume that Σ is a Desarguesian spread. In particular, the reader
is directed to Theorem 261 for the statement of the main classification
theorem and to Theorem 268, which gives an upper and lower bound
for the order of the full collineation group of any transitive deficiency
one partial parallelism in PG(3, q). We tried to gather the main general
results on ‘transitivity’into one of the main parts of the text.
In the present section, there will be some repetition with the ideas

in Chapter 38, but we decided to develop the material here in order to
discuss the minimal parallelism-inducing groups.

Theorem 211. Let Σ be a Desarguesian spread in PG(3, q), and
let πΣ denote the associated affi ne plane. If G is a collineation group of
the translation complement of πΣ that fixes a component ` of πΣ, then
the following are equivalent:
(1) G is transitive on the q(q + 1) reguli of Σ that share ` and the

p-elements in G are in GL(2, q2),
(2) There is an elation group E+ of order q2 in G, which is uniquely

partitioned into q + 1 subgroups Ei, i = 1, 2, .., q + 1, of order q such
that if m is any component of Σ distinct from `, then Eim ∪ {`} is a
regulus and G is transitive on the q + 1 elation groups.

Proof. Let R be a regulus containing `. Then there is a unique
elation group ER that has axis ` and acts regularly on the components
of R−{`}. Furthermore, ER fixes exactly q reguli of Σ. Thus, the q(q+
1) reguli are partitioned into (q+1) sets of q reguli, each of which is fixed
by a unique elation subgroup of order q. Assume that R1 and R2 are
reguli fixed by the elation subgroups E1 and E2, respectively, E1 and E2

of order q. Without loss of generality, we may assume that R1 and R2

share ` and a second componentm. If R1 and R2 are distinct, then they
cannot share a third component. If g ∈ E1 ∩ E2, then mg is common
to R1 and R2 and g fixes R1 and R2. Hence, g = 1. We see then
that the partition of E+ into such ‘regulus-inducing’elation groups is
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unique. So, any collineation group that permutes the reguli containing
` must also permute corresponding regulus-inducing elations. Hence,
if R and R′ are reguli sharing ` and ER and ER′ the corresponding
regulus-inducing elation groups fixing R and R′, respectively, then

R
g7−→ R′ ⇐⇒ ER

g7−→ Eg
R′ = ERg.

Thus, if G is transitive on the set of q(q + 1) reguli, consider the
stabilizer of a regulus R, GR. R determines a unique set of q reguli
that mutually shares exactly the component ` with R. If R1, R2, R3

are mutually distinct reguli of this set, assume that g23 maps R2 into
R3. There is a unique elation group ER1 of order q that fixes each
of Ri, i = 1, 2, 3. Hence, g23 maps ER1 onto ER1 = ER2. In other
words, g23 normalizes ER1. Thus, there is a set of elements that fix
{Ri; i = 1, 2, , q} and acts transitively on the set of q reguli fixed by
ER1. So, this subgroup H is transitive on q elements, so q divides the
order of H. Since any p-element of G is in GL(2, q2), all p-elements
are of order p and are elations. Thus, there is a set of elations that
generates an elation group Ẽ1 of order at least q. Assume that this
group does not act transitively on the q reguli Ri, i = 1, 2, .., q. Then
the order of p-subgroup must go up since the larger group is transitive.
All of this implies that Ẽ1 must, in fact, act transitively on the q
reguli Ri. Suppose that R1 is fixed by the standard elation group

E1 with elements
[

1 u
0 1

]
;u ∈ GF (q). Then letting the associated

Desarguesian spread be denoted by

x = 0, y = x

[
u+ tα tβ
t u

]
;u, t ∈ GF (q), α, β constants,

with the elation axis being taken as x = 0, we see that there are elations
gt in Ẽ1, such that

gt =

[
I Mt

0 I

]
, where Mt =

[
ut + tα tβ

t ut

]
;

where ut is a function of t. In this setting, R1 is taken with components

x = 0, y = xu;u ∈ GF (q).

For a fixed element n in GF (q2), clearly x = 0, y = xun;u ∈ GF (q) is
a regulus with regulus-inducing elation group En, whose elements are[

I 0
0 n

]−1 [
I Mt

0 I

] [
I 0
0 n

]
=

[
I Mtn
0 I

]
.

Since this is valid for each n in GF (q2), it follows easily that the group
generated by the Ẽn’s is the full elation group of order q2.
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Now assume the that there is an elation group E+ of order q2 in
G and G is transitive on the subgroups Ei of the partition of E+ into
q + 1 regulus-inducing elation groups of orders q. There are q(q + 1)
reguli sharing `, and these are partitioned into q + 1 sets of q, each of
which is fixed by some Ej. Since E+ is transitive on each such set, it
follows immediately that G is transitive on the reguli sharing `. �

Since we are interested in using groups to construct parallelisms
that admit a group fixing one spread and transitive on the other spreads,
the question arises whether a group G that fixes one spread Σ and acts
transitively on the remaining spreads of a parallelism must, in fact, be
transitive on the reguli that share a component ` or, indeed, whether
G need fix a component of Σ at all.

Theorem 212. Let P be a parallelism in PG(3, q) and let Σ be a
spread of P. Let G be a collineation group of Σ that acts transitively
on the remaining q(q + 1) spreads of P. Then Σ is Desarguesian,
the remaining spreads are derived conical flock spreads, and G leaves
invariant a component ` of Σ.

Furthermore, G acts transitively on the reguli of Σ sharing `.

Proof. By the Classification Theorem for transitive deficiency one
partial parallelisms of Chapter 38, it remains to show that G acts tran-
sitively on the reguli of Σ sharing `. Also, we now know from the same
theorem above that there is an elation group E+ of order q2 of Σ con-
tained in G. Since there are q (q + 1) spreads (translation planes), each
translation plane πΣ′ is fixed by an elation subgroup EΣ′ of order q that
acts as a Baer group on πΣ′. The net of degree q + 1, which contains `
as a Baer subplane of πΣ′ , is a regulus net, by the Johnson, Payne-Thas
Theorem. When we derive this net, we obtain a regulus R′∗ containing
` as a component. However, R′∗ need not necessarily be a regulus of Σ.
Still EΣ′ is a ‘regulus-inducing’elation group, in that each component
orbit of Σ union ` defines a regulus of Σ. Since we have E+ acting tran-
sitively on these q reguli, this means that each such elation group EΣ′

defines q reguli of Σ that are in an orbit under E+ and so in an orbit
under G. Even though R′∗ need not be a regulus of Σ, all of the Baer
subplanes incident with the zero vector (the opposite regulus R′) are
fixed by EΣ′. Now EΣ′ fixes a Baer subplane πo of πΣ if and only if the
subplane non-trivially intersects ` and each element of EΣ′ maps some
infinite point of πo back into an infinite point of πo. Each such fixed
Baer subplane defines a regulus of Σ sharing `. Therefore, there are
exactly q(q+ 1) Baer subplanes of Σ fixed by EΣ′ . Hence, R′∗ accounts
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for exactly q + 1 fixed Baer subplanes (whether they line up on a reg-
ulus net or not). These q(q + 1) fixed Baer subplanes show up as lines
of spreads on the parallelism and since EΣ′ is a collineation group of
the spread, they must fix each spread containing a fixed Baer subplane
and there can only be q+ 1 (and must be exactly this number) of such
fixed Baer subplanes (lines of the spread) per fixed spread. Hence, it
follows that EΣ′ fixes exactly q spreads. Since there are q(q+1) distinct
spreads apart from Σ, it follows that there are exactly q + 1 mutually
disjoint regulus-inducing elation groups. It then follows easily that G
is transitive on the regulus-inducing elation groups. However, we have
shown previously that this is equivalent to G acting transitively on the
reguli of Σ sharing `. �

3. Finite General Parallelism-Inducing Groups

Previously, we mentioned that the sharply 2-transitive parallelism-
inducing groups are convenient for the analysis of parallelisms with one
Desarguesian spread and the remaining spreads Hall spreads. In this
section, we generalize these notions and consider subgroups that do not
act 2-transitively on the lines of Σ distinct from `, but never the less
share the feature of essentially generating or inducing parallelisms, but
now such groups are generally applicable to any Desarguesian spread
Σ and any derived conical flock spread Σ′.

Definition 116. Let Σ and Σ′ be two distinct disjoint spreads in
PG(3, q). Assume that Σ is Desarguesian, and let G be a collineation
group of πΣ such that all p-elements of G are in GL(2, q2), and which
is transitive on the reguli of Σ that share a line `.
Then G is said to be ‘parallelism-inducing relative to Σ′’ if and

only if an element g of G that maps a line `′ of Σ′ back into Σ′ is a
collineation of Σ′.

Proposition 10. If G is a parallelism-inducing group relative to
Σ′, then Σ′ admits a Baer group E of order q.

Proof. By the above theorem, G contains an elation group E+

of order q2. Each regulus-inducing Baer group of E+ fixes q(q + 1)
Baer subplanes. Furthermore, any Baer subplane that intersects the
axis x = 0 of E+ in a 1-dimensional GF (q)-subspace is fixed by some
regulus-inducing Baer group. Since Σ and Σ′ are disjoint spreads, then
x = 0 becomes a Baer subplane of Σ′, and there are exactly q + 1
components of Σ′ that non-trivially intersect x = 0. This means that
each of these q + 1 components of Σ′ is fixed by a regulus-inducing
elation group of order q. Under our assumptions, if a component M
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of Σ′ is fixed by an element g of G, then g becomes a collineation of
Σ′. Hence, each of these q + 1 components of Σ′ is fixed by a Baer
group fixing x = 0 pointwise. Since each such component is fixed by a
regulus-inducing elation group of order q, it follows that Σ′ is fixed by
a Baer group of order q, since Baer groups of order q are maximal. �
Proposition 11. If G is a parallelism-inducing group relative to

Σ′, let E denote the unique Baer group of order q acting on Σ′. Then
GΣ′ normalizes E. Furthermore, if g is in GΣ′ and g does not fix a
regulus in Σ sharing x = 0, which is fixed by E, then no element ge for
e in E fixes such a regulus in Σ.

Proof. G fixes x = 0 and Baer groups of order q are maximal.
Hence GΣ′ normalizes E. Hence, g permutes the q reguli fixed by E.
Since E fixes each such regulus, g does not fix a regulus if and only if
ge does not fix a regulus. �
Lemma 56. GΣ′ fixes a regulus R′ of Σ′ containing x = 0 as a Baer

subplane and GΣ′ fixes the derived regulus R′∗ containing x = 0 as a
component and also fixes a regulus RΣ′ of Σ (R′∗ and RΣ′ may not be
equal and R′∗ may not be a regulus of Σ).

Proof. Let g be an element of G that fixes Σ′. We note that by
the result of Johnson, Payne-Thas Theorem, the net of degree q + 1
containing x = 0 as a Baer subplane is a regulus net (components define
a regulus) and furthermore, that a Baer group of order q produces a
deficiency one partial flock of a quadratic cone, which is extendable if
and only if the Baer subplane fixed pointwise by the Baer group lies
in a derivable net. Hence, g fixes R′ but the derived net R′∗ may not
correspond to a regulus in Σ. Suppose that whenever this occurs, g
fixes a regulus of Σ′. Now suppose that g fixes a component M of Σ.
Since g normalizes E, it follows that g fixes EM union `, a regulus of Σ.
So, assume that g fixes no regulus. E is transitive on the components of
R′∗, not equal to x = 0. If any of these are components of Σ, then R′∗ is
a regulus of Σ fixed by all of GΣ′. Hence, assume that each component
of R′∗ is a Baer subplane of Σ, necessarily disjoint from x = 0. Let N
be a component of R′∗, not equal to x = 0, so is a Baer subplane of
Σ. Thus, g is in EGΣ′,N . Assume that g does not fix a component of
Σ and does not fix a regulus of Σ, fixed by E. Then ge does not fix a
regulus of Σ fixed by E and hence does not fix a component of Σ. But
we may assume then that ge, so also, without loss of generality, g fixes
N . We may represent N by y = xqm+ xn, for m 6= 0 and g by

(x, y) 7−→ (xσ, yσ)

[
a b
0 d

]
,
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for σ an automorphism of GF (q2) and a, b, d elements of GF (q2). Since
N fixes y = xqm+ xn, then we obtain that (xσa, xσb+ (xqm+ xn)σd)
is on N . This implies that

xσqaqm+ xσan = xσb+ (xqm+ xn)σd.

By reducing modulo 2r, where q = pr, p a prime, it follows directly
that

aqm = mσd and an = b+ nσd.
Now consider the question of whether g can fix a component y = xz
of Σ. We have (x, xz) map to (xσa, xσb + xσzσd) on y = xz if and
only if az = b + zσd. Thus, we see that g must, in fact, fix y = xn, a
contradiction. Hence, we may assume that g does fix a regulus Rg of
Σ. We need to check that Rg is not dependent upon g. Taking E as
the standard regulus-inducing group, which we may do without loss of
generality, we see that the components of R′∗ are as follows:

y = xqm+ x(n+ u), ∀u ∈ GF (q).

In general, we see that

(xσa, xσb+ (xqm+ xn)σd)

is now on y = xqm+ x(n+ u0) if and only if

aqm = mσd and a(n+ u0) = b+ nσd.

But y = xn will then map to (xσa, xσb + xσnσd), which is on y =
x(n+ u0) if and only if x(n+ u0) = b+ nσd.
This implies that GΣ′ fixes the same regulus of Σ. This completes

the proof of the lemma. �
Our main construction device is contained in the following theorem.

Theorem 213. If Σ and Σ′ are spreads in PG(3, K), for K a field
isomorphic to GF (q), and G is a parallelism-inducing group relative to
Σ′, then

P = {Σ} ∪ {Σ′g; g ∈ G}
is a parallelism.

Proof. The previous lemma shows that GΣ′ fixes a regulus RΣ′ of
Σ sharing x = 0. Since G is transitive on the reguli of Σ sharing x = 0,
it follows that the number of images of Σ′ is at least q(q + 1). But all
of these images are disjoint, since if two share a line l′, we may assume
that l′ is in Σ′ and there is an element g of G that maps l′ into Σ′.
Under our conditions, this means that g is a collineation group of Σ, so
the two images are equal (or disjoint). Hence, by cardinality, we must
have a parallelism of 1 + q(q + 1) spreads. �



464 General Parallelism-Inducing Groups

We have noted previously that the reguli in a given spread Σ′ may
not be the derived version of a regulus of Σ. We formalize this in the
next definition.

Definition 117. A parallelism of the above type, where Σ and Σ′∗

share a regulus, is said to be a ‘parallelism of standard regulus type.’
If Σ and Σ′ share exactly q + 1 Baer subplanes invariant under E but
these q+1 Baer subplanes do not fall into an E-invariant regulus of Σ,
then the parallelism is said to be a ‘parallelism of non-standard regulus
type.’

4. Minimal Linear Parallelism-Inducing Groups

By definition, a parallelism-inducing group G must contain an ela-
tion group E+ of order q2 and act transitively on the regulus-inducing
elation subgroups of order q. The question is, how large mustG actually
be? A ‘minimal parallelism-inducing group G’is a parallelism-inducing
group of minimal order. In this section, we assume that G is contained
in GL(2, q2) and call G a ‘linear’parallelism-inducing group.
We recall that our fixed Desarguesian spread Σ has the following

form:

x = 0, y =

[
u+ tα tβ
t u

]
;u, t ∈ GF (q),

where {1, θ} is a basis for a quadratic extension GF (q2) of GF (q), for
θ2 = θα + β. In this representation, ` is taken as x = 0, and the
components of Σ are

x = 0, y = xm;m ∈ GF (q2), as represented above.

Theorem 214. (1) Aminimal bound for a linear parallelism-inducing
group is q2(q − 1)2(q + 1), where (q − 1)2 denotes the largest power of
2 that divides (q − 1).
(2) A linear parallelism-inducing group of order q2(q − 1)2(q + 1)

may be written in the form E+H, where H is cyclic or a direct product
of cyclic groups.

Proof. Let G be a parallelism-inducing group. Since G must be
transitive on q(q+1) spreads of a parallelism, the order must be divisible
by q2(q + 1), as G must also contain the elation group E+ of order q2.
Since E+ is transitive on the components of Σ not equal to `, taken
as x = 0, then G = E+Gy=0. Let H = Gy=0. Since H is linear, each

element of H has the following form:
[
a 0
0 b

]
; a, b ∈ GF (q2). Assume

that the bound is exactly q2(q+1); that such a group could be transitive
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on q(q + 1) spreads. If q is odd, consider an element g =

[
a 0
0 b

]
of

order 2. Then a2 = b2 = 1, so that both a and b are in {±1}. If
a = b = −1, this is a kernel homology group and hence fixes each
1-dimensional GF (q)-space and thus fixes each spread. So, assume,
without loss of generality, that a = 1 and b = −1. Note that this is a
homology group of Σ and fixes each Baer subplane πo, defined by a 2-
dimensional GF (q)-subspace, such that πo intersects both x = 0, y = 0
non-trivially and two of whose infinite points are permuted by g. Thus,
g must fix (q + 1)2 Baer subplanes, since each such involution will fix
q + 1 reguli that share two components x = 0, y = 0. Each such Baer
subplane appears as a line of some spread of the parallelism, implying
that g must fix spreads of the parallelism. Hence, the group H must
have order at least 2(q + 1). But, now assume that 2a

∗
is the 2-power

dividing q − 1, and consider a Sylow 2-subgroup S2 of H. Note that
H is a subgroup of the direct product of two cyclic groups, and so is
Abelian. Hence, there is a unique Sylow 2-subgroup of H. Assume
that S2 has order 2b

∗
strictly less than 2a

∗+1.
Now consider any element g as above, where a and b are both

in GF (q). Consider the elements gb =

[
1 0
0 b

]
and gb =

[
a 0
0 1

]
of

GL(2, q2). We note that each such group fixes all of the Baer subplanes
of the set of q + 1 reguli of Σ that share x = 0, y = 0 and hence so

does the product. If S2 has order 2b, then for any element
[
c 0
0 d

]
of

H then c2b = d2b = 1. But since 2b
∗
divides 2a

∗
, it follows that c and d

are in GF (q) and hence the group elements must fix Baer subplanes.
So, if 2b

∗
is strictly less then 2a

∗+1, then G cannot be transitive on the
spreads other than Σ of a parallelism. Therefore, a lower bound for the
order of G is then q2(q − 1)2(q + 1). This proves (1).
Now assume that H has order (q−1)2(q+1). Since H is a subgroup

of the direct product of two cyclic groups, either H is cyclic or H is the
direct product of two cyclic subgroups. Hence, part (2) is proved. �

5. Relative Linear Parallelism-Inducing Groups

In this chapter, we develop the possible minimal parallelism-inducing
groups with respect to the Kantor-Knuth spreads.

Theorem 215. Let q be equal to pr. Assume that we may choose an
automorphism σ of GF (q2) such that (q−1)2 divides σ−1, considering
σ as pt for some t. (Note that this condition means that if σ = pt then
r/(t, r) is odd.) Let γ2 and γ1 be non-squares of GF (q) such that the
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equation γ2t
σ = γ1t implies that t = 0. Choose a Desarguesian plane

Σ with the following spread:

x = 0, y = x

[
u γ1t
t u

]
;u, t ∈ GF (q),

and let Σ′ denote the spread derived from the following spread Σ′∗ by
derivation of the standard regulus net:

x = 0, y = x

[
u γ2t

σ

t u

]
;u, t ∈ GF (q).

Let Gi = E+H, where E+ is the elation group of order q2 of Σ with
axis x = 0 and

H =

〈[
W 0
0 W ∗

]〉
,

where

W =

[
w γ1s
s w

]
.

Assume that the order of H is (q−1)2(q+1), and we have the following
conditions:

(i)
〈
W−1W ∗;

[
W 0
0 W ∗

]
∈ H

〉
has order 2a(q+1) (this con-

dition is also necessary to have a parallelism-inducing group).
(ii)H contains a subgroup of order (q−1)2 acting as a collineation

group of Σ′, whose elements
[
W 0
0 W ∗

]
are such that W and W ∗ are

both scalar (note there cannot be any other elements of H whose ele-
ments are scalar matrices since all of these elements have order dividing
(q − 1) and hence fix spreads of the parallelisms).

(iii) If WW ∗ is scalar then W and W ∗ are both scalar.
Then G is a minimal parallelism-inducing group relative to the

Kantor-Knuth spread Σ′.

Proof. We need to show that the group Gi is transitive on the
reguli that share x = 0. We know that there is a unique partition of E
into regulus-inducing subgroups Ec, where

Ec =

〈[
I uc
0 I

]
;u ∈ GF (q)

〉
,

and the set of q+ 1 regulus-inducing elation groups corresponds to the
cosets of cGF (q)∗ of GF (q2)∗/GF (q)∗.
We now consider the group H and conjugate E1 to obtain

H−1
i E1Hi = EW−1W ∗.
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Hence, we obtain that Hi is transitive on the groups Ec if and only if〈
W−1W ∗;

[
W 0
0 W ∗

]
∈ H

〉
has order 2a(q + 1), since the order of W and W ∗ divides 2a(q + 1).

Thus, it remains to check that if a component ` of Σ′ maps under
an element ehi in EHi back into Σ′, then ehi is a collineation of Σ′.

Assume that ` is

y = x

[
u γ2t

σ

t u

]
,

e =


1 0 m γ1k
0 1 k m
0 0 1 0
0 0 0 1

 ,
and

hi =


w γ1s 0 0
s w 0 0
0 0 w∗ γ1s

∗

0 0 s∗ w∗

 .
Hence, if this component maps back into Σ′, it follows that the

(1, 1) and (2, 2)-entries of the associated matrix are equal.
Therefore, the image matrix is as follows:

(∗) :

[
w γ1s
s w

]−1([
m γ1k
k m

]
+

[
u γ2t

σ

t u

])
·

·
[
w∗ γ1s

∗

s∗ w∗

]
=

[
u∗ γ2t

∗σ

t∗ u∗

]
.

Letting ∆ = w2 − γ1s
2, we obtain a matrix with the (1, 1) and

(2, 2)-entries are as follows: the (1, 1)-entry is
1

∆
(w(m+ u)− γ1s(k + t))w∗ + (w(γ1k + γ2t

σ)− γ1s(m+ u))s∗,

and the (2, 2)-entry is
1

∆
(−s(m+ u) + w(k + t))γ1s

∗ + (−s(γ1k + γ2t
σ) + w(m+ u))w∗.

Before we use the previous identity, assume that t = 0 = t∗. Then
since the group Gi permutes the reguli of Σ sharing x = 0, it follows
that the standard regulus R is left invariant by ehi. Since the standard
regulus is left invariant by the regulus-inducing elation group E1, it
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follows that ehi must normalize E1, as E1 is the only regulus-inducing
subgroup of E that leaves R invariant. But, e centralizes E1, implying
that hi normalizes E1. But, as previously

H−1E1H = E w γ1s
s w

−1 w∗ γ1s
∗

s∗ w∗

 = E1.

This implies that the (1, 2)-entry of
[
w γ1s
s w

]
is 0. Since the order

divides 2a(q+1), it follows that s = 0, which, in turn, implies that s∗ =
0 and so then also k = 0. But, then, by our assumptions, the indicated
element ehi is a collineation of the derived plane of Σ′ that fixes the
regulus used in the construction on Σ′, so that ehi is a collineation of
Σ′.
Hence, we have to assume that either t or t∗ is nonzero.
Returning to equations giving (1, 1) and (2, 2), we see that this

reduces to
s∗w(γ2t

σ − γ1t) = −sw∗(γ2t
σ − γ1t).

First assume that t = 0. Then note that all of the indicated 2× 2
matrices on the left side of equation (∗) are in the field coordinatizing
Σ and the right-hand side of the equation defines an element of the
derived plane of Σ′. This implies that t∗ = 0 and we have dealt with
the case t = 0 = t∗ above.
Hence, we may assume that t 6= 0, so that we must have γ2t

σ−γ1t 6=
0, implying that

s∗w = −sw∗.
First assume that s = 0. Then w 6= 0 so that s∗ = 0. Then

(∗)′ :

[
w 0
0 w

]−1([
m γ1k
k m

]
+

[
u γ2t

σ

t u

])
·[

w∗ 0
0 w∗

]
=

[
u∗ γ2t

∗σ

t∗ u∗

]
.

Moreover, we know that such elements define collineations of Σ′∗

and Σ′, so this implies that

γ2(t+ k)σ = γ1k + γ2t
σ ⇐⇒ γkk

σ = γ1k ⇐⇒ k = 0.

In this situation, we know that the indicated collineations are collineations
of Σ′∗; this case is complete.
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Thus, s 6= 0. Now assume that w = 0, implying that w∗ = 0. Also,[
0 γ1s
s 0

]−1 [
0 γ1s

∗

s∗ 0

]
=

[
s∗/s 0

0 s∗/s

]
.

But, by assumption (iii), noting that[
0 γ1s
s 0

] [
0 γ1s

∗

s∗ 0

]
=

[
γ1ss

∗ 0
0 γ1ss

∗

]
,

implies that
[

0 γ1s
s 0

]
is scalar, a contradiction.

Therefore, we may assume that w 6= 0.
Thus, we obtain: s∗ = −sw∗/w.
So, [

w∗ γ1s
∗

s∗ w∗

]
= w∗

[
1 −γ1s/w
−s/w 1

]
.

Furthermore,[
w γ1s
s w

]−1

=
w

(w2 − γ1s
2)

[
1 −γ1s/w
−s/w 1

]
.

All of this implies that[
w γ1s
s w

] [
w∗ γ1s

∗

s∗ w∗

]
=
w∗(w2 − γ1s

2)

w

[
1 0
0 1

]
.

This previous equation is impossible, unless we have s = 0 by as-
sumption (iii), and we have considered this situation previously. Hence,
the theorem is proved. �

We now show that when (q − 1)/2 is odd, we may improve the
previous theorem by removing the condition (iii). In the proof of The-
orem 268, it is shown that if G is any collineation group acting on a
parallelism that fixes a Desarguesian spread Σ and acts transitively on
the remaining spreads, then G ∩ (kernel homology group of πΣ) has
order dividing (2, q− 1)(q− 1) and fixes each spread in the parallelism.
Hence, in the minimal parallelism-inducing group situation, we would
need to require that the only possible kernel homologies that occur in
G are in the kernel homology group of order q − 1. If we assume that
H can only contain the kernel homology groups of order dividing q− 1
at most, then for (q − 1)/2 odd, we may remove condition (iii) in the
previous theorem.

Theorem 216. Let q be odd equal to pr, such that (q− 1)/2 is odd.
Choose any automorphism σ of GF (q2). Let γ2 and γ1 be non-squares
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of GF (q) such that the equation γ2t
σ = γ1t implies that t = 0. Choose

a Desarguesian plane Σ with the following spread:

x = 0, y = x

[
u γ1t
t u

]
;u, t ∈ GF (q),

and let Σ′ denote the spread derived from the following spread Σ′∗ by
derivation of the standard regulus net:

x = 0, y = x

[
u γ2t

σ

t u

]
;u, t ∈ GF (q).

Let Gi = E+H, where E+ is the elation group of order q2 of Σ with
axis x = 0 and

H =

〈[
W 0
0 W ∗

]〉
,

where

W =

[
w γ1s
s w

]
.

Assume that the order of H is (q−1)2(q+1), and we have the following
conditions:

(i)
〈
W−1W ∗;

[
W 0
0 W ∗

]
∈ H

〉
has order 2a(q+1) (this con-

dition is also necessary to have a parallelism-inducing group).
(ii)H contains a subgroup of order (q−1)2 acting as a collineation

group of Σ′, whose elements
[
W 0
0 W ∗

]
are such that W and W ∗ are

both scalar (note there cannot be any other elements of H whose ele-
ments are scalar matrices since all of these elements have order dividing
(q − 1) and hence fix spreads of the parallelisms).

(iii) H∩(kernel homology group of πΣ) has order dividing q−1

and H contains either
[
I 0
0 −I

]
or
[
−I 0
0 I

]
.

Then G is a minimal parallelism-inducing group relative to the
Kantor-Knuth spread Σ′.

Proof. Referring back to the proof of the previous theorem, we
need to argue those situations where we used condition (iii). There are
basically two cases that occur: (1) When WW ∗ is scalar,

W =

[
w γ1s
s w

]
,W ∗ =

[
w∗ γ1s

∗

s∗ w∗

]
, s∗w = −sw∗,

where all elements s, s∗, w, w∗ are nonzero and (2) when w = w∗ = 0.
Consider case (1). Since (q − 1)/2 is odd, then the determinant

of W and W ∗ are both ±1. In the proof above, we have WW ∗ =
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(w∗(w2 − γ1s
2)/w)I2. Let λ = (w∗(w2 − γ1s

2)/w). Then λ2 = ±1,
since both W and W ∗ are in the group of order (q − 1)2(q + 1). But,
λ2 = ±1, and λ in GF (q), implies that λ2 = 1, implying that λ = ±1.
Hence, since (w2 − γ1s

2) = ±1, it follows that w∗ = ±w, so that
s∗ = −(±s). Therefore,

W ∗ =

[
±w γ1(−(±s))
−(±s) ±w

]
.

Now note that

ρ =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


is a collineation of πΣ′ (the reader is invited to perform the calculation
as an exercise). We note that this particular element may not actually
be in H, but since our argument is symmetric with respect to W and
W ∗, we may make this assumption, without loss of generality. This

means we may assume that W ∗ =

[
−w γ1s
s −w

]
. Now reconsider the

situation: WW ∗ =

[
−w2 0

0 −w2

]
. Since (−w2)2 is ±1, it must be 1,

so that −w2 is then ±1, but this implies that w2 = 1, since (q− 1)/2 is
odd. Also, we must have (w∗(w2 − γ1s

2)/w)I2 = (−w2)I2 = −I2, and
(w2 − γ1s

2) = ±1. But, since w2 = 1, and we are assuming that s is
nonzero, we must have γ1s

2 = 2, and w2 − γ1s
2 = −1. With w∗ now

equal −w, we have (w∗(w2 − γ1s
2)/w)I2 = ((−w)(−1)/w)I2 = −I2, a

contradiction.
Now assume that w∗ = w = 0.
Now we have−γ1s

2 = ±1, and since−1 is a non-square, as (q−1)/2
is odd, we have γ1s

2 = −1 and similarly γ1s
∗2 = −1, but this implies

that s∗2 = s2. Hence, s = ±s∗. Thus, the element of H is

h =


0 γ1s 0 0
s 0 0 0
0 0 0 ±γ1s
0 0 ±s 0

 .
Now since we have ρ as a collineation of πΣ′, we may assume that
±1 = 1. But now h is a kernel homology of the Desarguesian plane
πΣ, implying that the order of this collineation must divide (q − 1).
However, squaring and using the fact that γ1s

2 = −1, we see that
the order of the collineation is 4, a contradiction as 4 does not divide
q − 1. �
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Hence, we have basically completely classified all minimal parallelism-
inducing groups relative to a Kantor-Knuth semifield plane.

6. Existence of Minimal Groups

Our examples of relative parallel-inducing groups include the cases
when Σ′ is Desarguesian or a derived Kantor-Knuth semifield plane.
However, this is really no reason at all that there could not be groups
relative to essentially any derived conical flock spread. In fact, when
(q − 1)/2 is odd, G is in GL(2, q2), and G does not contain the kernel
homology group of the associated Desarguesian plane πΣ, and acts on
a parallelism, then basically G always contains a minimal parallelism-
inducing group. Hence, even though a calculation might be quite diffi -
cult to accomplish, it is likely there are many new parallelisms involving
derived conical flock spreads waiting to be found.

Theorem 217. Let P be a parallelism in PG(3, q), let G be a
collineation group in ΓL(4, q) whose p-elements are in GL(4, q), and
assume that q is odd and (q− 1)/2 is odd. If G fixes one spread Σ and
is transitive on the remaining spreads, then Σ is Desarguesian. Let Σ′

a spread of the parallelism not equal to Σ. Σ′ is a derived conical flock
spread whose derived plane has representation

x = 0, y = 0, y = x

[
u+ g(t) f(t)

t u

]
;u, t ∈ GF (q),

where g and f are functions on GF (q).
If G is a subgroup of GL(2, q2), and G does not contain the kernel

involutory homology, but Σ′ is left invariant under an involution of G,
then G contains a minimal linear parallelism-inducing group relative to
Σ′.

Proof. Under the conditions given, we may assume that

σ =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


is a collineation ofG. Since (q−1)2 = 2, we need to find a group of order
2(q+ 1) containing σ that acts transitively on the spreads not equal to
Σ of the parallelism. Assume that the order of G is q2(q + 1)t, where
Theorem 268, the order of G∩GL(2, q2) divides q2(q2−1)(q−1)2, and
GΣ′ ∩ GL(2, q2) has order dividing q(q − 1)22, where Σ′ is a non-socle
plane. Thus, the order ofG divides q2(q2−1)(q−1)4r, where q = pr, but
since we are assuming that G is a subgroup of GL(2, q2), the order of G
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divides q2(q+1)(q−1)22 and is divisible by q2(q+1). Since G contains
a normal elation group E+ of order q2, then G = E+G(y=0), and recall
that we may assume that G fixes the elation axis x = 0 of E+. Since G
is solvable, G(y=0) contains a subgroup of order (q + 1)2′ , of odd order.
Assume that 2b is the order of a Sylow 2-subgroup of G(y=0) and let S2

be a Sylow 2-subgroup of G of order 2c, where b ≤ c ≤ b + 28. Note
that the order of the stabilizer GΣ′ subgroup divides (q−1)22. Assume
that b = c. Let σ be an involution in S2 and since σ is in GL(2, q2),
either σ is a kernel homology or an affi ne homology. In either case, it
is easily seen, since g(−t) = −g(t) and f(−t) = −f(t), that σ leaves Σ′

invariant. Elements of G of odd order dividing (q− 1) are either affi ne
homologies or products of affi ne homologies. Such elements fix all Baer
subplanes of the set of (q + 1) regulus nets of πΣ sharing x = 0 and
y = 0. Any such collineation of G must fix a Baer subplane, which is a
line in some spread. Hence, in this case, G could not act transitively.
Therefore, c > b. There are three possible involutions in G, the kernel
involution, and two affi ne involutory homologies with axis x = 0 and
coaxis y = 0 or with axis y = 0 and coaxis x = 0. Note, of course,
that G contains either exactly one involution or contains all three as a
Klein 4-group.
Case (1): G contains exactly one involution. Then a kernel involu-

tion fixes all Baer subplanes and an affi ne involution fixes q(q+1) Baer
subplanes (at least). In either case, since a Baer subplane becomes a
line of some spread of the parallelism, it follows that any involution
fixes a spread other than Σ.
Cases (2): G contains a Klein 4-group. Then the above note shows

that the affi ne homologies and the kernel homology in the Klein 4-
group will fix some Baer subplanes of πΣ jointly. Therefore, the Klein
4-group will fix a spread.
Also, note in case (2), we have the kernel involution in G, so we

must have case (1).
Note that G(y=0), since G is in GL(2, q2) is a subgroup of a direct

product of two cyclic groups. First, assume Case Cyclic: S2 is cyclic.
Then take the unique subgroup S−2 of order 2b+1. Now let H− denote
the subgroup of order (q + 1)2′ of G(y=0) and consider H = S−2 H

−.
This group has order (q − 1)2(q + 1); it remains to show that E+H
is parallelism-inducing. If an element g of H fixes some spread Σ′′,
then we see that the order of g must divide 2b+1. In this setting, we
must have case (1) above, that G contains a unique involution. In
the Sylow 2-subgroup S2 of G, suppose that there is a cyclic group C4

of order 4 fixing a spread Σ′. Then the order of S2 is at least 2b+2.
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Hence, C4 normalizes a regulus-inducing elation group EΣ′, which, for
purposes of argument, we may take as E1 in the notation previously

considered. Let the generator for C4 be
[
c 0
0 d

]
. Assume without loss

of generality that c has order 4. Then C−1
4 E1C4 = Ec−1d, implying that

c−1d ∈ GF (q), say, α. Hence, d = cα. Since the order of c−1d divides
4, it then divides 2 as (q − 1)/2 is odd. Hence, α = ±1. Therefore,

the generator is
[
c 0
0 ±c

]
. Since S2 is cyclic, let g be a generator

for S2 and note that g has order at least 2b+2. However, note in this
case that g2 is the kernel involution, which is not allowed under our
assumptions. Hence, no cyclic group of order 4 can leave invariant a
spread. Therefore, E+H = S−H− is transitive on the non-socle spreads
so that E+H is a minimal parallelism-inducing group.
Case non-Cyclic: S2 is not cyclic and hence is a direct product of

two cyclic groups C1 and C2, so S2 = C1 × C2. In this case, there are
involutions in both C1 and C2, generating a Klein 4-group, a contra-
diction as before. Hence, G contains a minimal parallelism-inducing
group. �
When q is even, the problem is much easier in one sense, the exis-

tence of potential minimal parallelism-inducing groups is quite limited.

Theorem 218. Let P be a parallelism in PG(3, q), where q = 2r.
Let G be a subgroup of ΓL(4, q), such that all 2-elements are in GL(4, q)
and if q = 8, assume that G is in GL(4, q). If G fixes one spread Σ and
acts transitively on the remaining spreads of P, then Σ is Desarguesian.
If G is in GL(2, q2) acting on Σ, then G contains a minimal parallelism-
inducing group relative to a spread Σ′ of P.
Proof. Just as before, since G is a subgroup of GL(2, q2), then

the order of G divides q2(q + 1)(q − 1)22 and is divisible by q2(q + 1).
Since (q + 1) is odd and G is solvable, there is a subgroup H of order
q + 1. We claim that E+H is a minimal parallelism-inducing group.
The order is correct; we merely need to show that E+H is transitive on
q(q+1) spreads. If not, there is an element of odd order dividing (q+1)
fixing a spread Σ′, a contradiction to the fact that G is transitive. This
completes the proof. �
Now when (q−1)/2 is even, the situation is less satisfactory as there

may not actually be minimal parallelism-inducing groups. Consider the
group G in GL(2, q2) and G of order dividing q2(q + 1)(q − 1)22. The
previous argument when q is odd and the assumption that the kernel
involution of Σ is not in G says that the Sylow 2-subgroup of G, S2 is
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cyclic of order at least (q−1)22. There is a unique subgroup S−2 of this
order. There is a subgroup H− of order (q + 1)/2, since G is solvable.
Hence, consider H = S−2 H

−, which has the correct order. We need to
show that E+H is transitive on the spreads not equal to Σ. Therefore,
by order, we need only consider the Sylow 2-subgroup of order (q−1)22
of H and determine the order of a subgroup fixing a spread other than
Σ′. Notice that if a 2-group has order dividing (q − 1)2, then elements

of the form
[
c 0
0 d

]
will force c and d to have order dividing (q − 1)

so that c and d are necessarily in GF (q) and the corresponding group
elements fix spreads other than Σ. Consider S2 ∩GΣ′ and note that it
has order exactly |S2| /2, since S2 cannot fix Σ′ and any other elements

of the form
[
c 0
0 d

]
that are in GF (q) have order dividing (q − 1)2.

Hence, the stabilizer of Σ′ is S2
2 , the unique subgroup of index 2 in

S2. Since any proper subgroup of S−2 is a subgroup of S
2
2 , there cannot

be a minimal parallelism-inducing group, unless G itself is a minimal
parallelism-inducing group.

Theorem 219. Let P be a parallelism in PG(3, q), and let G be
a collineation group in ΓL(4, q), whose p-elements are in GL(4, q) and
assume that q is odd and (q − 1)/2 is even. If G fixes one spread and
is transitive on the remaining spreads, then let Σ denote the G-fixed
spread, which is Desarguesian, and let Σ′ denote a derived conical flock
spread.
If G is a subgroup of GL(2, q2), and G does not contain the kernel

involutory homology, but Σ′ is left invariant under an involution of G,
then G contains a minimal linear parallelism-inducing group relative to
Σ′ if and only if G is a minimal parallelism-inducing group relative to
Σ′ of P.

The above results are important in that this says that when q is even
or (q−1)/2 is odd then we may always assume that we have a minimal
parallelism-inducing group to begin with and hope to determine the
associated derived conical flock spreads that are relative to this group.
When (q − 1)/2 is even, initially one might also need to consider non-
minimal groups in hopes of constructing parallelisms of this type.

7. Determination of the Minimal Groups

The determination of minimal parallelism-inducing groups E+H
then reduces to finding subgroups H of GL(2, q2)(x=0,y=0) of order
(q − 1)2(q + 1) that act transitively on the regulus-inducing elation
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subgroups of E+. Of course, the actual determination of the groups
depends on the representation of E+, which, in turn, depends on the
representation of the associated Desarguesian affi ne plane. Since we
may choose any representation of the Desarguesian plane up to iso-
morphism, we may fix a representation. When q is odd, it is easier to
consider representations of the following form:

x = 0, y = x

[
u γ1t
t u

]
,

∀u, t ∈ GF (q), γ1 a nonsquare in GF (q),

and for q even, we take

x = 0, y = x

[
u+ t tβ
t u

]
,

∀u, t ∈ GF (q), x2 + x+ β irreducible over GF (q).

Because of the requirement imposed by the theorems of the previous
section, we always assume that a minimal group does not contain the
kernel involution, when q is odd. When q is odd, this implies that the
Sylow 2-subgroup of H is cyclic of order (q− 1)2(q+ 1)2. We note that
O(H), the odd-order subgroup of H, is either cyclic or a direct product
of two cyclic groups. We consider first the cyclic case.

7.1. When O(H) is cyclic. Since S2 is cyclic, when q is odd,
and S2 = 〈1〉 when q is even, we see that H is cyclic. Let g be a
generator of H. Let ω be a primitive element of GF (q2)∗ of order

(q− 1)2(q+ 1). Then, g =

[
ωi 0
0 ωj

]
, for i and j nonnegative integers

< (q − 1)2(q + 1). In this case, at least one of ωi and ωj has order
(q− 1)2(q+ 1). Since H is a subgroup of two cyclic subgroups of order
(q2 − 1) of πΣ, the Desarguesian affi ne plane corresponding to Σ, the
number of cyclic groups of order (q−1)2(q+1) merely depends on i and
j. Assume first that the order of ωi is (q − 1)2(q + 1). Then, in terms
of the group, we may assume that i = 1. Then j could initially be any
nonnegative integer < (q − 1)2(q + 1). However, if E1 is the standard
regulus-inducing elation group of order q, then we would require Eωj−1

to generate all q + 1 regulus-inducing elation groups of order q. This
means that 〈ωj−1〉 produces a set of coset representatives for the group
GF (q2)∗/GF (q). Hence, we require (j − 1, q+ 1) = 1. Note that when
q is odd this implies that j is even. Hence, if ω(q−1)2(q+1)/2 = −1, then
ωj = 1, thus we have ensured our required condition that H does not
contain the kernel homology involution. Now we show that case is
precisely what occurs.
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7.2. O(H) is always cyclic. Under the assumptions above, q is
odd, S2, the unique Sylow 2-subgroup is cyclic and O(H) is a direct

product of cyclic groups H1×H2. Let Hi = 〈gi〉, where g1 =

[
a1 0
0 b1

]
and g2 =

[
a2 0
0 b2

]
. Since the Sylow 2-subgroup ofH is cyclic, assume

that the order of g1 is (q− 1)2(q+ 1)2t1 and the order of g2 = t2, where
t1 and t2 are both odd.
Assume that the prime decomposition for q+1 is 2c

∏k
i=1 u

αi
i , where

ui is an odd prime for i = 1, 2, .., k. Since O(H) is not cyclic, t1
and t2 have non-trivial common factors

∏k
i=1 u

βι
i , where βi could be

zero. Let t1 =
∏k

i=1 u
δi
i =

∏k
i=1 u

βι
i

∏k
i=1 u

δi−βi
i and t2 =

∏k
i=1 u

ρi
i =∏k

i=1 u
βι
i

∏k
i=1 u

ρi−βi
i . The group H1 ×H2 thus has order

(q − 1)2(q + 1)2

k∏
i=1

u
2βι
i

k∏
i=1

u
δi+ρi−2βi
i = 2c

k∏
i=1

uαii .

Hence, the variety of different possible groups depends simply on the
prime decomposition of (q + 1)2′ . For example, we may assume that
either a1 or b1 has order (q − 1)2(q + 1)2t1 and the other element has
order dividing this number. Similarly, either a2 or b2 has order t2,
where the other element has order dividing this number. Thus, there

are four possibilities, one of which is as follows: g1 =

[
ω1 0

0 ωj11

]
,

where ω1 has order (q − 1)2(q + 1)2t1 and j1 is any even integer and

say g2 =

[
ω2 0

0 ωj22

]
, also ω2 has order t2 and j2 is any even integer.

Consider now
〈
ωj1−1

1 , ωj2−1
2

〉
. Since this is a subgroup of GF (q2)∗, it is

cyclic. Consider an odd prime power uβ1
1 dividing both t1 and t2. Since

the group generated by g1 and g2 will have order divisible by exactly
u

2β1
1 , we would require that we have a cyclic subgroup of order u2β1

1 ,
which is impossible.
Hence, we see that there are never elements of common order, so

that the case O(H) non-cyclic never occurs. So, we have proved the
following theorem.
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Theorem 220. The minimal linear parallelism-inducing groups have
the form E+Hj or E+Hj, where

Hj =

〈 [
ω 0
0 ωj

]
;

ω has order (q − 1)2(q + 1) and (j − 1, (q + 1)) = 1

〉
,

or

Hj =

〈 [
ωj 0
0 ω

]
;

ω has order (q − 1)2(q + 1) and (j − 1, (q + 1)) = 1

〉
.

Furthermore, we obtain:

Theorem 221. Assume that q is odd. Let E+H be one of the groups
E+Hj, or E+Hk, where (j− 1, q+ 1) = (k− 1, q+ 1) = 1, where j and
k are odd.
(1) If (q−1)/2 is odd, then any group E+Hj or E+Hk is a parallelism-

inducing group relative to any derived Kantor-Knuth semifield plane.
(2) If (q − 1)/2 is even, then any group E+Hj or E+Hk such that

(j + 1, q + 1) = 1 = (k + 1, q + 1) is a parallelism-inducing group
relative to any derived Kantor-Knuth semifield plane with associated
automorphism σ such that (q − 1)2 divides σ − 1. That is, if q = pr

and σ is pt then r/(t, r) is odd.

Proof. In general, from the theorems in the section on Kantor-
Knuth semifield spreads, we would require 〈wj−1〉 and 〈wj+1〉 for w of
order dividing (q−1)2(q+1) to each generate the groupGF (q2)∗/GF (q).
When (q − 1)/2 is odd and j is even, our results guarantee these con-
ditions. When (q − 1)/2 is even, the stated conditions are suffi cient as
long as (q − 1)2 divides (σ − 1). �

8. General Isomorphisms from Minimal Groups

Assume that we have a parallelism using a minimal parallelism-
inducing group E+Hj or E+Hj, such that (j−1, q+1) = 1 and denote
the parallelism by Pj or Pj, respectively. First, assume that Pj is
isomorphic to Pk, by a mapping g from Pj to Pk, so that j and k are
even integers such that (j − 1, q + 1) = 1 = (k − 1, q + 1). Of course,
we now have Σ, the Desarguesian spread common to both parallelisms,
and since there is a unique Desarguesian spread in the parallelisms, it
follows that g is a collineation of Σ. Moreover, since all collineation
groups of both parallelisms fix the line ` by Theorem 267, and E+,
the elation group of order q2 of πΣ with axis `, is transitive on the
remaining components of πΣ, we may assume that g has the following
form: g : (x, y) 7−→ (xρa, yρb), where ρ is an automorphism of GF (q2)
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and a and b are in GF (q2)∗. Then Hg
j is now a collineation group of

Pk, as is Hk. Note that
[
ω 0
0 ωj

]g
=

[
ωρ 0
0 ωjρ

]
. Hence, we have a

linear collineation group of Pk of order ((q− 1)2(q+ 1))2/
(∣∣Hg

j ∩Hk

∣∣)
(again the reader is directed to Theorem 268). The order of the linear
collineation group G of any such parallelism divides q2(q+ 1)(q− 1)22.
Hence, (q+1)/(2, q+1) divides

∣∣Hg
j ∩Hk

∣∣. In particular, this says when
q is even, the two groups Hj and Hk are equal, so we may assume that
j = k. So, assume that q is odd so that (q + 1)/2 divides

∣∣Hg
j ∩Hk

∣∣.
Thus, we obtain ω2(q−1)2j = ω2(q−1)2k, which implies that

j ≡ k mod (q + 1)/2.

In the case when
∣∣Hg

j ∩Hk

∣∣ = (q + 1)/2, we have a generated group of
order 2(q − 1)2

2(q + 1). In this case, the stabilizer of a spread Σ′ not
equal to Σ has order 2(q − 1)2

2. Hence, in the generated group G and
stabilizing Σ′, we have a group of order 8. The Sylow 2-subgroup of

Hg
j is cyclic of order (q − 1)2(q + 1)2. So, we have elements

[
c 0
0 cj

]
and

[
c 0
0 ck

]
, where the order of c is (q− 1)2(q+ 1)2. Hence, we have

homologies
[

1 0
0 ck−j

]
. Furthermore, the existence of isomorphisms

produces central collineations of πΣ acting on πΣ′, which, in individual
cases, may be shown not to exist.

Definition 118. Let E+H be a minimal parallelism-inducing group
acting on a parallelism and relative to Σ′. If Σ is the associated Desar-
guesian spread of the parallelisms, we shall use the notation PH,Σ,Σ′ to
denote this spread.

Theorem 222. Assume that p is not 3 or 7. Then
(1) The parallelism PHj ,Σ,Σ′ and the parallelism PHk,Σ,Σ′ are never

isomorphic.
(2) If q is even, then the parallelism PHj ,Σ,Σ′ and the parallelism

PHk,Σ,Σ′ are never isomorphic, for j and k distinct. Hence, potentially,
there are 2ϕ(q+1) possible mutually non-isomorphic parallelisms using
minimal parallelism-inducing groups relative to Σ′.
(3) If q is odd and the parallelism PHj ,Σ,Σ′ is isomorphic to the

parallelism PHk,Σ,Σ′, then j ≡ k mod(q + 1)/2 and there is an affi ne
homology group of order at least 2(q − 1)2 of the Desarguesian affi ne
plane πΣ that acts as a collineation of πΣ′ as a Baer collineation group.
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Hence, there are at least ϕ((q+1)/2) possible mutually non-isomorphic
parallelisms using minimal parallelism-inducing groups.

Proof. Consider part (1). If two such parallelisms are isomorphic
then since Σ is the unique Desarguesian spread of both parallelisms,
any isomorphism g from one parallelism to the other may be assumed
to be a collineation of πΣ, which fixes x = 0 (the full collineation group
of such a parallelism leaves x = 0 invariant by Theorem 267. Moreover,
both parallelisms admit the same group E+, which acts transitively on
the components of Σ apart from x = 0. Hence, we may assume that
an isomorphism g has the following form:

g : (x, y) 7−→ (xρ, yρ)

[
a 0
0 b

]
,

where ρ is an automorphism of GF (q2) and a, b ∈ GF (q2)∗. Notice
that Hg

j becomes a collineation group of PHk,Σ,Σ′, assuming that g
maps PHj ,Σ,Σ′ onto PHk,Σ,Σ′. It follows immediately that H

g
j = Hj.

Hence, PHk,Σ,Σ′ admits a linear collineation group G of Σ of order
((q − 1)2(q + 1))2/J , where, J is the order of the intersection of Hj

and Hk. However,
[
ωi 0
0 ωij

]
=

[
ωzk 0
0 ωz

]
, where the exponents

are taken modulo (q − 1)2(q + 1) = N , if and only if z ≡ ij mod N
and i ≡ zk mod N . Thus, i ≡ ijk mod N .
Let j = 2j∗ and k = 2k∗, then i ≡ 4ij∗k∗ mod N . Hence, i(4j∗k∗−

1) = tN . It follows that (q − 1)2(q + 1)2 divides i. Hence, the order
of the intersection can be at most (q + 1)2′. Thus, the order of G is
divisible by ((q− 1)2(q + 1))2/(q + 1)2′ = ((q− 1)2)2(q + 1)2

2(q + 1)2′ =
((q − 1))2

2(q + 1)2(q + 1). However, by Theorem 268, the order of
G must divide 2(q − 1)2(q + 1), since G is a subgroup of GL(2, q2).
Hence, (q + 1)2 = 2 or we are finished. Also, we are finished or the
order of the intersection is exactly (q + 1)2′ = (q + 1)/2. This is the

group generated by
[
ω2(q−1)2 0

0 ω2(q−1)2j

]
and the group generated by[

ω2(q−1)2k 0
0 ω2(q−1)2

]
. However, the (1, 1)-entry for the first generator

has odd order and the (1, 1)-entry for the second generator has even
order as k is even. Hence, these groups cannot be equal. This shows
that these two parallelisms cannot be isomorphic. This proves (1).
Now ωt(j−1) = ωs(j−1) modulo (GF (q2))∗ if and only if ω(t−s)(j−1) is
in GF (q)∗. We note that ω(q+1)(j−1) is in GF (q). So, ω has order
(q − 1)2(q + 1) and so t, s vary from 1, . . . , (q − 1)2(q + 1). Suppose
that (j − 1, q + 1) = 1 and j is even. Then (j − 1, (q− 1)2(q + 1)) = 1.
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Therefore, the order of ωj−1 is actually (q− 1)2(q+ 1). Hence, we may
potentially take j to be any even integer from 1, 2, .., (q−1)2(q+1), such
that (j − 1) is relatively prime to (q − 1)2(q + 1), or equivalently that
(j−1, q+1) = 1, so we may take any odd integer j−1 relatively prime
to q + 1. The previous argument of part (1) but using the parallelism
PHj ,Σ,Σ′ and PHk,Σ,Σ′ as done in the previous remarks shows that j ≡ k
mod (q + 1)/(2, q+ 1). Hence, in the even-order case, and j, k distinct
integers such that (j − 1, q + 1) = 1 = (k − 1, q + 1), the parallelisms
cannot be isomorphic as the order of Hj and Hk is exactly (q + 1).
Combining part (1) for q even and part (2), we see that for fixed Σ′,
the number of isomorphisms is exactly 2ϕ(q + 1).
Now consider part (3). The above argument shows that if paral-

lelisms PHj ,Σ,Σ′ and PHk,Σ,Σ′ are isomorphic then j ≡ k mod (q+ 1)/2.
The number of integers between 1 and (q − 1)2(q + 1) that are con-
gruent to each modulo (q + 1)/2 is 2(q − 1)2/2. Hence, if j and k are
restricted to the even integers between 1 and (q + 1)/2, then there are
ϕ((q + 1)/2)/2 possibilities. Combining this with part (1), we see we
have at least 2ϕ((q + 1)/2)/2 = ϕ((q + 1)/2) mutually non-isomorphic
parallelisms. �

8.1. Non-standard Parallelisms. In our definition of minimal
groups and our subsequent determination of the possible types, when
q is odd, we always assumed that E+H is such that H contains an in-
volutory affi ne homology of the associated Desarguesian plane. Hence,
the stabilizer of πΣ′ will be fixed by a Baer involution g that fixes the
pertinent regulus containing x = 0 considered as a subplane of πΣ′ . We
note that if a Baer subplane of πΣ is fixed by g then the Baer subplane
must share the axis and coaxis of g. Hence, g fixes a unique subspace of
dimension 2 over GF (q) not equal to the component x = 0. Since the
regulus-inducing elation group EΣ′ fixing Σ′ is transitive on the Baer
subplanes not equal to x = 0 of the regulus net in question containing
x = 0, it follows that any such parallelism obtained will always be a
standard parallelism.

Theorem 223. If q is odd, then any minimal linear parallelism-
inducing group relative to a spread Σ′ always produces standard paral-
lelisms.

9. Isomorphic Kantor-Knuth Parallelisms

Previously, we have considered general isomorphisms of putative
parallelisms using minimal parallelism-inducing groups. In this section,
since we know when the parallelisms exist when we use Σ′ as a derived



482 General Parallelism-Inducing Groups

Kantor-Knuth semifield plane, including the Hall plane when σ = 1,
we may more or less determine the isomorphisms in this setting. So, we
assume that q is odd in this section. First, we recall that if Σ′ is denoted
by (γ2, σ), then two Kantor-Knuth type semifield planes and hence two
derived semifield planes (γ2, σ) and (γ∗2, σ

∗) are isomorphic if and only
if σ∗ = σ±1. So, we may select any isomorphism of GF (q), including
the identity, and any non-square γ2 with the property that γ1t = γ2t

σ

implies that t = 0, where γ1 is the non-square corresponding to the
fixed Desarguesian spread Σ. For example, if we do select σ = 1, then
any nonsquare γ2 6= γ1 will suffi ce. Furthermore, we require (q− 1)2 to
divide σ− 1, which is always true if σ = 1 or if (q− 1)/2 is odd. Since
(q − 1)/2 odd is the easiest case to describe, we begin there.
If (q − 1)/2 is odd, then we have shown that any abstract minimal

parallelism-inducing group is actually a minimal parallelism-inducing
group for any derived Kantor-Knuth semifield spread. Let q = pr. If
r− 1 is even, there are 1 + (r− 1)/2 mutually non-isomorphic derived
Kantor-Knuth semifield spreads. If r−1 is odd, then there are 2+(r−
2)/2mutually non-isomorphic derived Kantor-Knuth semifield spreads.
Hence, no E+Hj or E+Hk parallelisms could be isomorphic if they are
relative to mutually non-isomorphic derived Kantor-Knuth semifield
spreads. We note that even though (γ2, σ) and (γ∗2, σ) are isomorphic
derived Kantor-Knuth semifield spreads, this does not say that the
parallelisms that they induce are isomorphic, since any isomorphism
must arise from a collineation of the associated Desarguesian spread,
which is the unique Desarguesian spread in both parallelisms.
We see that if

x = 0, y = x

[
u γ2t

σ

t u

]
;u, t ∈ GF (q)

is the spread for Σ′∗γ2
, the derived spread of Σ′γ2

, used in the construc-
tion, and

x = 0, y = x

[
u γ∗2t

σ

t u

]
;u, t ∈ GF (q)

is the spread for Σ′∗γ∗2 , the derived spread of Σ′γ∗2 , used in the construction
then

θ =


1 0 0 0
0 γ∗2/γ2 0 0
0 0 1 0
0 0 0 γ∗2/γ2


is an isomorphism from Σ′γ2

onto Σ′γ∗2 . Any isomorphism between the
derived spreads is an isomorphism between the spreads by a result of
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Jha and Johnson [86]. Hence, if parallelisms using the same σ but dif-
ferent non-squares γ2 and γ

∗
2 are isomorphic, then there is a collineation

g of πΣ that we may assume fixes x = 0 and y = 0 and has the form

g : (x, y) 7−→ (xρ, yρ)

[
a 0
0 b

]
.

If this mapping is considered to map the (γ∗2, σ)∗ parallelism onto the
(γ2, σ)∗ parallelism, then gθ is a collineation of Σ′∗γ2

, since again the full
collineation group of Σ′ is inherited from the collineation group of Σ′.
Actually, we wish to take θg, which we may assume is a collineation of
Σγ∗2

. Then let {θ, 1} be a basis for GF (q2) over GF (q) so that θ2 = γ
and θq = −θ. Let θρ = θαρ+βρ. Hence, (z1, z2)ρ = (θαρ+βρ)z

ρ
1 +zρ2 =

θαρz
ρ
1 +βρz

ρ
1 + zρ2 = (zρ1 , z

ρ
2)

[
αρ βρ
0 1

]
. Therefore, g has the following

form within ΓL(4, q):

g : (x1, x2, y1, y2) 7→
(

(xρ1, x
ρ
2)

[
αρ βρ
0 1

]
, (yρ1 , y

ρ
2)

[
αρ βρ
0 1

])[
a 0
0 b

]
,

where a and b are represented as 2× 2 matrices over GF (q).

y = x

[
u γ∗2t

σ

t u

]
maps under g to

y = x

([
αρ βρ
0 1

]
a

)−1 [
uρ (γ∗2t

σ)ρ

tρ uρ

]([
αρ βρ
0 1

]
b

)
.

This subspace then maps under gθ to

y = x

[
1 0
0 γ∗2/γ2

]−1([
αρ βρ
0 1

]
a

)−1

·
[
uρ (γ∗2t

σ)ρ

tρ uρ

]([
αρ βρ
0 1

]
b

)[
1 0
0 γ∗2/γ2

]
,

and the element is then of the form y = x

[
u γ∗2t

σ

t u

]
.

We begin by considering the image of y = x under gθ. That is,

taking t = 0 and u = 1, letting a−1b = c =

[
w γ1s0

s0 w

]
, we obtain the

following:[
1 0
0 γ∗2/γ2

]−1 [
w γ1s0

s0 w

] [
1 0
0 γ∗2/γ2

]
=

[
w γ1s0γ

∗
2/γ2

s0γ2/γ
∗
2 w

]
=

[
u γ∗2t

σ

t u

]
.



484 General Parallelism-Inducing Groups

Hence, we must have

γ∗2(s0γ2/γ
∗
2)σ = γ1s0γ

∗
2/γ2 ⇐⇒ (s0γ2/γ

∗
2)σ = γ1s0/γ2,

for some s0. For example, if s0 6= 0, then when σ = 1, we would have
the stipulation that

γ1 6= γ2
2/γ

∗
2.

Note this line of argument can be pushed further since we now
have a collineation of the associated plane. We are content to simply
establish the following theorem.

Theorem 224. Let Pγ2
and Pγ∗2 be parallelisms generated by the

parallelism-inducing group E+Hj or E+Hj relative to the derived Kantor-
Knuth semifield plane

x = 0, y = x

[
u γtσ

t u

]
;u, t ∈ GF (q)

and associated Desarguesian spread

x = 0, y = x

[
u γ1t
t u

]
;u, t ∈ GF (q),

where γ1 and γ are non-squares such that tγ1 = γ2t
σ implies t = 0,

where γ = γ2 or γ
∗
2, respectively. Assume that (s0γ2/γ

∗
2)σ 6= γ1s0/γ2 for

all nonzero elements s0 of GF (q). Furthermore, assume that (q − 1)2

divides σ − 1. Then the two parallelisms are not isomorphic.
If (q − 1)/2 is odd, then the number of mutually non-isomorphic

parallelisms obtained from minimal parallelism-inducing groups relative
to a derived Kantor-Knuth semifield plane is as follows: Assume that
the number of non-zero solutions to

(s0γ2/γ
∗
2)σ − γ1s0/γ2 = 0

is Nσ, as γ2 and γ
∗
2 satisfy the property listed above for γ. There are

at least ∑
σ

ϕ((q + 1)/2)Nσ

mutually non-isomorphic parallelisms.

10. Even Order

So far our examples have been limited to odd-order cases. Our
arguments were made possible because of the representation of the
Kantor-Knuth semifield spread, so we also obtain odd-order examples
when Σ′ is Desarguesian. When q is even, one could potentially try
essentially any even-order conical flock spread. However, there has
been no work done in this direction with one exception. In this section,
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we give an idea of what can be done for at least for some groups when
Σ′ is Hall.

Theorem 225. Let q = 2r for r odd, and let Σ be a Desarguesian
spread of the following form:

x = 0, y = x

[
u+ t t
t u

]
;u, t ∈ GF (q),

and take a second Desarguesian spread Σ′∗ of the form

x = 0, y = x

[
u+ αt t
t u

]
;u, t ∈ GF (q),

where α 6= 1.
Then the group E+H0 is parallelism-inducing relative to the Hall

plane Σ′ (derived from Σ′∗).

Corollary 57. Choose any irreducible polynomial x2+xα+β over
GF (q), for q even. Since β is a square, we may assume that there is a
corresponding irreducible polynomial x2+xα∗+1. There are exactly q/2
irreducible polynomials of this form. Hence, there are at least q/2 − 1
distinct parallelisms using the same group E+H0. Then there are at
least 2(q/2 − 1) = q − 2 distinct parallelisms using the groups E+H0

and E+H0.

Proof. Consider the group E+Hj=0. We need to show that this
group is parallelism-inducing with respect to the Hall spread Σ′. Let l′

be a component of Σ′ and assume that an element g of E+H0 maps l′

into a component of Σ′. We note that E+H0 is a collineation group of
πΣ and as such maps Baer subplanes that non-trivially intersect x = 0
back into such Baer subplanes. So, if l′ non-trivially intersects x = 0
then l′g non-trivially intersects x = 0. This would mean that g would
leave invariant the net used in the derivation process to produce Σ′ from
Σ′∗. Thus, g would leave invariant this regulus net R′ and therefore
would leave invariant the net R :

x = 0, y = x

[
u 0
0 u

]
;u ∈ GF (q).

But in E+H0, then g must be in E1, the regulus-inducing elation group,
which is a collineation group of both Σ′ and Σ′∗. Thus, we may assume
that l′ is a component of Σ′ ∩Σ′∗ and by the same reasoning as above,
we may assume that the image l′g is a component of Σ′ ∩ Σ′∗. Then,
there are an elation and an element of H0, such that the following



486 General Parallelism-Inducing Groups

occurs: ([
u+ αt t
t u

]
+

[
m+ k k
k m

])
=

[
t∗α t∗

t∗ 0

] [
w + s s
s w

]−1

=

[
t∗αw + t∗s t∗αs+ t∗(w + s)

t∗w t∗s

]
,

for tt∗ 6= 0 and for u, t,m, k, w, s, t∗ elements of GF (q). Note that we
may take the (2, 2) element zero in the first matrix of the right side in
this equation by following g by an element e1 of the regulus-inducing
group E1, if necessary, then ge1 would enjoy the same conditions as g.
We then obtain:([

u+ αt+m+ k t+ k
t+ k u+m

])
=

[
t∗αw + t∗s t∗αs+ t∗(w + s)

t∗w t∗s

]
.

This says that the (1, 2) and (2, 1) entries are equal in the matrix to
the right. Therefore, t∗w = t∗αs+ t∗(w+ s), which leads to t∗αs = t∗s,

and since t∗ 6= 0, we have s = 0. Since the order of
[
w + s s
s w

]
divides q + 1, since q is even, and s = 0, then w = 1. Thus, we

obtain
([

u+ αt+m+ k t+ k
t+ k u+m

])
=

[
t∗α t∗

t∗ 0

]
.We arrive at the

following conditions:

t∗ = t+ k, u = m and u+m+ αt+ k = t∗α.

Combining these equations implies the following equation: tα + k =
t∗α = (t + k)α. However, this implies that k = kα, so that k = 0.
But, with k = 0, g becomes an element of the regulus-inducing elation
group E1, which is a collineation group of Σ′, and this completes the
proof of the theorem. �

11. Derived Parallelisms

Since all of the parallelisms that we have constructed are standard,
we may then choose any spread Σ′ of the parallelism, i.e., a derived
Kantor-Knuth semifield plane or a Hall plane, and note that the derived
spread Σ′∗ and Σ share a unique regulus R. If we derive Σ to Σ∗, we
know that the following is a parallelism:

Σ∗ ∪ Σ′∗ ∪
{

Σ′g; g ∈ E+H − {1}
}
,

where E+H is a minimal parallelism-inducing group. Hence, all of
our previously constructed parallelisms produce derived parallelisms,
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where we further know that any two of these derived parallelisms are
isomorphic if and only if the original parallelisms are isomorphic. We
note that these derived parallelisms have one Hall spread, one Kantor-
Knuth semifield spread and the remaining spreads are derived Kantor-
Knuth semifield planes so clearly are not isomorphic to any of the
parallelisms obtained using minimal parallel-inducing groups.



Part 8

Coset Switching



In this part, we formulate a generalization of certain of the construc-
tions of parallelisms, in particular, the m-parallelisms are generalized.
If we recall how m-parallelisms are constructed, we used m Desargue-
sian spreads that share a given regulus with an initial Desarguesian
spread, called the ‘socle.’ We do not use a transitive group on the
spreads but something close to it, and what actually occurs is that
we are formulating what we call ‘coset switching’to find the m De-
sarguesian spreads. In general, from a transitive deficiency one partial
parallelisms, we develop a process of replacing sets of q spreads among
the set of q(q+1) spreads so as to create a number of new parallelisms.
This process could be considered analogous to net replacement in a

Desarguesian affi ne plane of order q2, where it is possible to consider a
set of q− 1 mutually disjoint reguli (disjoint on lines), where the reguli
may be be chosen to be replaced or not by the associated opposite
reguli). In that situation, there would be essentially 2(q−1) possible
replacements leading to distinct translation planes (of course, not all
of which are mutually non-isomorphic).
In the construction technique given here, there are great variety

of what we call ‘E-switches’ (or more simply ‘switches’), whereby a
given set of q-spreads of a parallelism is switched with another set of
q-spreads, so as to create a related parallelism. In general, if there are t
possible switches for each of q+1 sets of q-spreads, there are a possible
tq+1 constructed parallelisms. In this setting, most of these constructed
parallelisms will be new and most mutually non-isomorphic.
All of these ideas may also be considered more generally over infi-

nite fields, and we construct a really vast number of new parallelisms
over the real using these methods. In the finite case, always starting
with a socle Desarguesian spread Σ1, we could consider the Johnson
parallelisms using a given second Desarguesian spread Σ2, but here we
wish to find spreads that ‘switch’with Σ2, in the manner mentioned
above. In this setting, we prove that any other spread that can switch
with a Desarguesian spread Σ2 must be with Desarguesian or Kantor-
Knuth. So, there are also a number of new parallelisms consisting of
Desarguesian spreads and Kantor-Knuth spread. Since we may switch
a Desarguesian spread or a Kantor-Knuth by other such spreads so
as to obtain non-isomorphic parallelisms, this process produces also a
tremendous number of new parallelisms. The theory given here and in
the next chapter is modified from work of Diaz, Johnson, and Monti-
naro [46], [44].
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CHAPTER 32

Finite E-Switching

1. E-and Desarguesian Switches

Let Σ1 be a Desarguesian spread of odd order:

Σ1 =

{
x = 0, y = x

[
u+ ρ1t γ1t

t u

]
;u, t ∈ GF (q)

}
,

where x2 + ρ1x− γ1is irreducible over GF (q). Let the regulus R0 be

R0 =

{
x = 0, y = x

[
u 0
0 u

]
;u ∈ GF (q)

}
.

Let E denote the elation group of order q2 with axis x = 0 of the
associated Desarguesian plane πΣ1. Note that

E =

〈
τu,t =


1 0 u+ ρ1t γ1t
0 1 t u
0 0 1 0
0 0 0 1

 ;u, t ∈ GF (q)

〉
.

Let Γ2 and Γ3 denote two conical flock spreads of odd order distinct
from Σ1 in PG(3, q) that share precisely R0 with Σ1, which may be
represented as:

Γi =

{
x = 0, y = x

[
u+ gi(t) fi(t)

t u

]
;u, t ∈ GF (q)

}
,

i = 2, 3

and assume that for any given t0,

gi(t0) = ρ1t0,

fi(t0) = γ1t0

implies t0 = 0 (this condition simply is that the given spreads share
exactly R0 with Σ1). Note that either of these spreads could also be
Desarguesian. Let E− denote the subgroup of E that fixes R0 and
hence is a collineation group of Σ1, and Γi, for i = 1, 2.

Lemma 57. (1) Γ2E and Γ3E both contain exactly q spreads.
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(2) If Γ2E = Γ3E and Γ3E consists of mutually disjoint spreads,
then Γ2E consists of mutually disjoint spreads.

Proof. Since E− fixes Γi, there are at most q image sets of Γi. For
∆ either Γ2 or γ3, ∆ is a conical flock plane and, as noted, has the
general form

∆ =

{
x = 0, y = x

[
u+ g(t) f(t)

t u

]
;u, t ∈ GF (q)

}
,

where g and f are functions on GF (q), such that g(0) = 0 = f(0).
Assume that an elation τu∗,t∗ of E leaves ∆ invariant. Then

y = x

([
u+ g(t) f(t)

t u

]
+

[
u∗ + ρ1t

∗ γ1t
∗

t∗ u∗

])
∈ ∆.

This means that

g(t+ t∗) = g(t) + ρ1t
∗,

f(t+ t∗) = f(t) + γ1t
∗,

for all t ∈ GF (q). Taking t = 0, our assumption that ∆ shares exactly
R0 with Σ1, implies that t∗ = 0. Hence, there are precisely q mutually
distinct images of Γi for i = 2, 3. Now assume that Γ3E consists of q
mutually disjoint (on lines) spreads. This means that there are exactly
(q2 + 1)q lines of Γ3E and each line is in exactly one spread Γ3e, for
e ∈ E. There are also the same (q2 + 1)q lines of Γ2E if Γ2E = Γ3E.
Suppose that one of these lines ` lie in two distinct spreads Γ2e1 and
Γ2e2, for ei ∈ E, i = 1, 2.
Now ` lies in a unique spread Γ3e3 for e3 ∈ E. Since we are dealing

with orbits under E, we may assume that e3 = 1. Now ` ∈ Γ2e1

and Γ2e2 means that ` ∈ Γ2e1(e−1
1 e2) or rather that Γ3(e−1

1 e2) and Γ3

both contain `. Since Γ3E consists of q mutually disjoint spreads, then
e−1

1 e ∈ E−. Let e−1
1 e2 = α ∈ E−. Then Γ2e2 = Γ2e1α = Γ2e1, since E

is elementary Abelian and E− leaves Γ2 invariant. Hence, Γ2e1 = Γ2e2.
This completes the proof. �
Definition 119. If Γ2 and Γ3 are conical flock spreads (including

the Desarguesian cases) that share exactly a regulus with an associated
Desarguesian spread Σ1 and E is an elation group of order q2 of πΣ1

that contains the regulus-inducing elation group of order q that defines
the spreads Γi, for i = 2, 3, assume that at least one of Γ2E and Γ3E
consist of q mutually disjoint spreads.
If Γ2E = Γ3E, we shall say that Γ3E ‘E-switches’with Γ2E (the

definition is symmetric, so we may say, more simply, that Γ2E and
Γ3E are ‘switches’of each other).
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Remark 60. If Γ3E switches with Γ2E and h is a collineation of
Σ1 that leaves invariant the axis x = 0 of E, then Γ3hE switches with
Γ2hE.

Proof. The proof is left to the reader to complete as an exercise.
�

In the following, we consider the idea of switching in a very general
manner. We note in the following there are exactly (q + 1) regulus-
inducing elation groups of order q in an elation group of order q2.
In the following subsections, we consider finite E-switching, finite

switching, and coset switching of Desarguesian spreads. We also are
able to establish certain bounds for the numbers of Desarguesian t-
spreads.

1.1. Switching Theorem for Parallelisms.

Theorem 226. Let Σ1 be a Desarguesian spread in PG(3, q) and
let E denote the full elation group of the associated Desarguesian affi ne
plane πΣ1 with axis x = 0. Fix a second component y = 0 and let Ri,
for i = 1, 2, .., q+1 denote the set of reguli of Σ1 that share x = 0, y = 0
(a ‘hyperbolic cover’of reguli). Let ρi and τ i for i = 1, 2, .., q + 1 be
conical flock spreads that share precisely Ri with Σ1. Let ρ∗i and τ

∗
i

denote the derived conical flock spreads obtained by the derivation of
Ri. Assume that Σ1 ∪q+1

i=1 ρ
∗
iE is a parallelism of PG(3, q) and further

assume that τ iE = ρiE, for each i = 1, 2, .., q + 1 (so necessarily τ iE
switches with ρiE).
Then Σ1 ∪q+1

i=1 τ
∗
iE is a parallelism in PG(3, q).

Proof. By counting, we see that in

Σ1 ∪q+1
i=1 τ

∗
iE,

there are 1 + q(q + 1) spreads. We need to show that these spreads
are mutually disjoint. So take any line ` of PG(3, q) that is not in Σ1.
This line lies in exactly one set ρ∗iE. If ` is a Baer subplane (element
of R∗i e), then ` is also in γ

∗
iE. So, assume that ` is not in one of the

reguli of Σ1 that share x = 0. Then ` is in some ρiE. Since τ iE = ρiE,
it follows that every line of PG(3, q) is in Σ1∪q+1

i=1 τ
∗
iE, which completes

the proof. �

2. The Switches of Desarguesian Spreads

In this section, we determine the possible switches Γ3E of Γ2E,
where Γ2 is Desarguesian. The quite amazing result is that Γ3 is either
Desarguesian or derived Kantor-Knuth, which relies on the beautiful
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result of Thas that a flock of a quadratic cone whose planes share a
point is either Kantor-Knuth of odd order, or Desarguesian (see Thas
[180]).
Let

Σ1 =

{
x = 0, y = x

[
u+ ρ1t γ1t

t u

]
;u, t ∈ GF (q)

}
,

and

Σ2 =

{
x = 0, y = x

[
u+ ρ2t γ2t

t u

]
;u, t ∈ GF (q)

}
,

such that
(∗) : γ1 6= γ2 or if γ1 = γ2 then ρ1 6= ρ2.

Then Σ2 and Σ1 are Desarguesian spreads that share precisely the
regulus

R0 =

{
x = 0, y = x

[
u 0
0 u

]
;u ∈ GF (q)

}
.

Let

E =

〈
τu,t =


1 0 u+ ρ1t γ1t
0 1 t u
0 0 1 0
0 0 0 1

 ;u, t ∈ GF (q)

〉
.

We know by Lemma 57 that Σ2E consists of exactly q spreads and by
the Johnson parallelisms, we know that they are mutually disjoint. We
consider conditions that ensure that a conical flock spread Γ is such
that ΓE switches with Σ2E.

Theorem 227. Assume the conditions and notation listed above.
Let Γ be a conical flock spread that shares exactly R0 with Σ1. Specifi-
cally, let

Γ =

{
x = 0, y = x

[
u+ g(t) f(t)

t u

]
;u, t ∈ GF (q)

}
,

where for all non-zero t, (g(t), f(t)) 6= (ρ1t, γ1t).
Then ΓE switches with Σ2E if and only if one of the following cases

occurs:
(i) γ2 6= γ1 and, we have

g(t) = ρ1t+ (ρ2 − ρ1)
f(t)− γ1t

γ2 − γ1

, or

(ii) γ2 = γ1 and f(t) = γ1t
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Proof. We know that Σ2E consists of q mutually disjoint spreads.
Consider the following condition (∗∗), for each t, u ∈ GF (q).

(∗∗) :

[
u+ g(t) f(t)

t u

]
=

[
u+ ρ2s γ2s

s u

]
+

[
ρ1(t− s) γ1(t− s)
t− s 0

]
,

for s not zero, if t not zero, where t− s not zero if t is not zero. Hence,
in case (∗∗), we obtain

g(t) = ρ1(t− s) + ρ2s

and
f(t) = γ2s+ γ1(t− s).

Note that these equations must be true for all t. First, assume that
γ1 6= γ2.

f(t)− γ1t = 0 if and only if (γ2 − γ1)s = 0, so that s = 0, but this
situation cannot occur by assumption. Hence, f(t)− γ1t is never zero
for t non-zero. Thus,

s =
f(t)− γ1t

γ2 − γ1

.

Hence,

g(t) = ρ1t+ (ρ2 − ρ1)
f(t)− γ1t

γ2 − γ1

.

The completes the proof of the theorem. �
Theorem 228. With the same notation as above, if ΓE switches

with Σ2E then the plane πΓ arising from the spread Γ is either Desar-
guesian or a Kantor-Knuth semifield plane. So, in particular, if q is
even then Γis a Desarguesian spread.

Proof. If we consider the corresponding flock of the quadratic cone
with planes

πt : x0t− x1f(t) + x2g(t) + x3 = 0.

From the previous theorem case (i), we have

g(t) = ρ1t+ (ρ2 − ρ1)
f(t)− γ1t

γ2 − γ1

.

Then
g(t) = kt+ zf(t),

for k and z constants in GF (q). Therefore, we obtain:

πt : x0t− x1f(t) + x2(kt+ zf(t)) + x3 = 0,
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and we see that the planes contain the point (−k, z, 1, 0), where the
points of PG(3, q) are taken homogeneously as (x0, x1, x2, x3).
In case (ii), when γ1 = γ2, we have the planes

πt : x0t− x1γ1t+ x2g(t) + x3 = 0,

and the planes contain the point (γ1, 1, 0, 0).
Hence, in either case, the planes contain a common point. This

means that f(t) = αt+βtσ, where σ is an automorphism by the theorem
of Thas mentioned previously. This is equivalent, by coordinate change,
to saying that Γ is a Kantor-Knuth conical flock spread. This completes
the proof of the theorem. �

2.1. General Switches. Now if one would try the same sort of
game by trying to switch a (derived) conical flock spread, absolutely
nothing is known.
A similar argument establishes the following switching result.

Theorem 229. Let

Γi =

{
x = 0, y = x

[
u+ gi(t) fi(t)

t u

]
;u, t ∈ GF (q)

}
be conical flock spreads, each of which share exactly R0 with Σ1. As-
sume Γ2E is a set of q mutually disjoint spreads. Then Γ3E switches
with Γ2E if and only if for each t ∈ GF (q), there exists a bijective
function m : GF (q)→ GF (q) such that

g3(t)− ρ1t = g2(m(t))− ρ1m(t),

f3(t)− γ1t = f2(m(t))− γ1m(t).

The reader is directed to Chapter 40 for the associated open problem.

3. Coset Switching again with Desarguesian Spreads

Now we know that switching with Desarguesian spreads can be ac-
complished only by Desarguesian or Kantor-Knuth spreads. However,
not all Kantor-Knuth spreads are isomorphic, as it depends on the au-
tomorphism used in the spread. Also, even though all Desarguesian
spreads are isomorphic, the form used will be important in the deter-
mination of various parallelisms and their isomorphisms.
Let σi be an automorphism of GF (q). Let Σ1 denote the Desargue-

sian spread:

Σ1 =

{
x = 0, y = x

[
u+ ρ1t γ1t

t u

]
;u, t ∈ GF (q)

}
.
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We shall be employing E-switches of Desarguesian spreads by spreads
Σ
αi,βi,γi,σi
i , where

Σ
αi,βi,γi,σi
i

=


x = 0,

y = x

[
u+ g(t) = ρ1t+ (ρ2 − ρ1)γit

σi−γ1t
γ2−γ1

γit
σi

t u

]
;u, t ∈ GF (q)

 ,

Assume that

γjt
σj = γ1t, implies that t = 0.

Also, we again note that when q is even, it can only be that σj = 1
since the spread is a semifield spread (see, e.g., Johnson [130]). Let
FΣ1 refer to the field coordinatizing Σ1, namely〈[

u+ ρ1t γ1t
t u

]
;u, t ∈ GF (q)

〉
.

Now we connect this with minimal Parallelisms.
We have noted that parallelisms may be obtained by choosing a

Desarguesian Σ2 sharing exactly a regulus R0 with Σ1 and using a
group EH so that Σ1 ∪ Σ∗2EH becomes a parallelism, where Σ∗2 is the
Hall spread obtained by derivation of R0. We now detail at least some
of the the particular groups that may be used. Recall that (q − 1)2

means the order of the 2-power that divides q − 1.
We recall the following groups:

Hj =

〈 [
ωj 0
0 ω

]
;

ω ∈ FΣ1\{0}; |ω| = (q − 1)2(q + 1) and (j − 1, q + 1) = 1

〉

and

Hj =

〈 [
ω 0
0 ωj

]
;

ω ∈ FΣ1\{0}; |ω| = (q − 1)2(q + 1) and (j − 1, q + 1) = 1

〉
.

Let Σ2 denote any Desarguesian plane

Σ2 =

{
x = 0, y = x

[
u+ ρ2 γ2t
t u

]
;u, t ∈ GF (q)

}
,

where q is odd, γ2 is a non-square of GF (q), not equal to γ1 and
ρ1 = ρ2 = 0. It turns out that we may now use HjE or HkE together
with Σ1 and Σ2 to construct parallelisms in PG(3, q).
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Theorem 230. (see Johnson and Pomareda [151] Theorems 9, 13,
15, 16) We now assume that q is odd and ρ1 = ρ2 = 0, and Σ1 and
Σ2 are Desarguesian spreads. Let Σ∗2 denote the Hall plane obtained by
the derivation Σ2 by

R0 =

{
x = 0, y = x

[
u 0
0 u

]
;u ∈ GF (q)

}
,

(1) If (q − 1)/2 is odd, then

Pj = Σ1 ∪ Σ∗2HjE

and

Pk = Σ1 ∪ Σ∗2H
kE

are parallelisms.
(2) If (q− 1)/2 is even and (j + 1, q + 1) = (k + 1, q + 1) = 1, then

Pj and Pk (as in (1)) are parallelisms.
(3) If q is not 3 or 7, then Pj is never isomorphic to Pk.
(4) If q is odd and if Pj is isomorphic to Pk, then j ≡ k mod(q +

1)/2.

To see how this works, we offer some explanations. Let HE be one
of the groups HjE or HkE, subject to the restrictions given in the
definitions of the groups. In order to apply Theorem 226, we write the
parallelism Σ1 ∪q+1

i=1 ρ
∗
iE as follows: Let Σ∗2H = ∪q+1

i=1ρ
∗
i . We note that

H has order (q− 1)2(q+ 1), and the scalar group of order (q− 1)2 fixes
Σ2 and fixes the regulus net R1. Hence, the number of distinct images
of Σ∗2 under H is q + 1. Now we want to choose a set of switches τ iE
for ρiE, for i = 1, 2, .., q+1. Note that there are exactly q+1 reguli Ri,
i = 1, 2, .., q+1 of Σ1 that mutually share two components x = 0, y = 0
and that the ρi, as defined, are Desarguesian spreads that contain Ri,
for i = 1, 2, .., q + 1 and are, of course, the set of images of Σ2 under
H. It follows that H is transitive on the reguli that share x = 0, y = 0.
For each Ri, let hi denote an element of H that maps R1 to Ri and
hence maps Σ2 to Σ2hi and therefore maps Σ∗2 to Σ∗2hi.
We note that E must be normalized by H, since it is the full elation

group of Σ1 with axis x = 0. Therefore, if ΓE switches with Σ2E then
ΓhE switches with Σ2hE, since ΓhE = ΓEh = Σ2Eh (see Remark 60).
Our main theorems concerning coset switching depend somewhat

on whether q is odd or even due to the fact that Kantor-Knuth spreads
can exist in the odd order case. In the odd order case, we also may some
simplifications on the representations of the Desarguesian spreads.
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3.1. Main Theorem on Coset Switching for Odd Order.

Theorem 231. Let

Σ1 =

{
x = 0, y = x

[
u γ1t
t u

]
;u, t ∈ GF (q)

}
,

Σ2 =

{
x = 0, y = x

[
u γ2t
t u

]
;u, t ∈ GF (q)

}
,

where γ1 and γ2 are distinct non-squares, and let H any of the groups
Hj or Hk. Let {hi; i = 1, 2, .., q + 1} be any coset representation set for
HΣ2. For each hi, choose either the spread Σ2 or

ρi =

{
x = 0, y = x

[
u ηit

σi

t u

]
;u, t ∈ GF (q)

}
,

where ηit
σi = γ1t implies t = 0 and σi is an automorphism of GF (q),

possibly 1.

(1) Then ρihiE switches with Σ2hiE, for i = 1, 2, .., q+1 (the switch
is trivial if ρi = Σ2).
(2) Let ρ∗i denote the spread derived from ρi by the replacement of

R1. Then
Σ1 ∪q+1

i=1 ρ
∗
ihiE

is a parallelism.

Proof. Apply the previous analysis to Theorem 227. �

4. An Upper Bound

We have given a method by which there seem to be a tremen-
dous number of new parallelisms constructed. In the odd order case,
we would expect considerably more because we may use the Kantor-
Knuth type spreads. Here we give a rough upper bound on the number
of parallelisms obtained by our methods. Some of these parallelisms
constructed will admit collineation groups HE that act transitively
on the spreads not equal to Σ1 of the parallelism and others with ad-
mit only the group E. We have mentioned Theorem 230, where all
switches are trivial and note that there still are a large number of mu-
tually non-isomorphic parallelisms, now depending solely on the group
H chosen. If we choose another Desarguesian spread Σ3 and switch
Σ3E with Σ2E, for all of the q + 1 switches, we also obtain HE as a
group, but this parallelism may not be isomorphic to the one using Σ2

as an isomorphism, from one to the other necessarily is a collineation
of Σ1. In this section, we basically are considering q odd.
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Remark 61. ηit
σi = γ1t implies t = 0 is the condition required.

Let ηi = γ1τ i, where τ i is a square in GF (q). Let ω denote a primitive
element of GF (q)∗ so the squares of GF (q) are in 〈ω2〉. Let pr = q.

We wish to choose τ i not in
〈
ω

pr−1

p(z,r)−1

〉
. Thus, any element of 〈ω2〉 −〈

ω
pr−1

p(z,r)−1

〉
, will suffi ce. Hence, there are (q − 1)/2− (q − 1)/(pd − 1)

choices, where d = (z, r). So, there are (q− 1)(pd− 1)− 2)/2(pd− 1) =

(q − 1)

2

(pd − 3)

(pd − 1)

possible choices for ηi where Fixσi = GF (pdi). Let rdi denote the num-
ber of distinct σi such that Fixσi = GF (pdi).
Therefore, the number of choices for each E-switch is∑

d|r

(q − 1)

2

(pd − 3)

(pd − 1)
rd.

(1) Hence, the number of parallelisms constructible is this manner,
from a given group H, and from a given coset representation is∑

d|r

(q − 1)

2

(pd − 3)

(pd − 1)
rd

q+1

.

(2) Let ϕ(q+ 1) be the number of integers relatively prime to q+ 1.
Then there are at least 2ϕ(q + 1) groups Hj and Hk. Let HΣ2 denote
the stabilizer of Σ2 in H. Note that it is not required that ρ∗i admit
any element of HΣ2 as a collineation group to produce a parallelism.
Since H is cyclic, let h generate H and hj generate HΣ2. For h

z, for z
between 1 and j, let rz be any element of HΣ2. If {hzrz; z = 1, 2, .., j}
is a set of coset representatives then

Σ1 ∪q+1
i=1 ρ

∗
ih

irzE

is a parallelism. Therefore, there are at least

2ϕ(q + 1)

∑
d|r

(q − 1)

2

(pd − 3)

(pd − 1)
rd

q+1

distinct parallelisms constructible by E-switching (note also, we have
not counted what differences might occur by varying the set of coset
representatives).

Proof. Choose a group, choose a set of E-switches. �
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Remark 62. The group HΣ∗2
can change the particular spreads that

are used, but we do not make a separate count for these, as the changes
are already previously considered in the sets of E-switches.

4.1. Coset Switching for Even Order. We mentioned previ-
ously that the switches for q = 2r, required r to be odd. Actually, the
more general case is also valid, so we assume only that q is even in this
subsection.

Theorem 232. Our notation for Σ1 and Σ2 is still assumed. Let Γ
be a Desarguesian conical flock spread that shares exactly R0 with Σ1.
Specifically, let

Γ =

{
x = 0, y = x

[
u+ αt βt
t u

]
;u, t ∈ GF (q)

}
,

where one of the following conditions hold:
(i) either β 6= γ1 or
(ii) or β = γ1 = γ2 and α 6= ρ1.

Then ΓE switches with Σ2E if and only if
(i)′ : in case (i), we have

αt = ρ1t+ (ρ2 − ρ1)
(β − γ1)t

γ2 − γ1

,

(ii)′ : in case (ii), we have

βt = γ1t = γ2t.

4.2. Special Case. Although not as general, things become more
transparent if we take γ1 = γ2 = 1 = β.
Then for any spread of the form

Γα =

{
x = 0, y = x

[
u+ αt t
t u

]
;u, t ∈ GF (q)

}
,

then ΓαE switches with Σ2E, for α and ρ2 not equal to ρ1.

Theorem 233. Let q be even and Σ1 be the Desarguesian spread

Σ1 =

{
x = 0, y = x

[
u+ ρ1t t

t u

]
;u, t ∈ GF (q)

}
.

Let Σ2 be the Desarguesian spread

Σ2 =

{
x = 0, y = x

[
u+ ρ2t t

t u

]
;u, t ∈ GF (q)

}
, ρ2 6= ρ1.

For a given group HE, let {hi; i = 1, 2, .., q + 1} be a coset repre-
sentation set for HΣ∗2

. Assume that Σ1 ∪q+1
i=1 Σ∗2hiE is a parallelism,
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where Σ∗2 denotes the Hall spread derived from the spread Σ2. Let Σαi

denote a Desarguesian spread

Σαi =

{
x = 0, y = x

[
u+ αit t

t u

]
;u, t ∈ GF (q)

}
.

Then ΣαihiE switches with Σ2hiE so that we obtain a set of parallelisms

Σ1 ∪q+1
i=1 Σ∗αihiE.

5. Upper Bound, Even Order

We first note that at least for H0E orH0E, we obtain a parallelism-
inducing group, if q is even.

Theorem 234. For q even, consider the Desarguesian spread

Σ1 =

〈[
u+ ρ1t t

t u

]
;u, t ∈ GF (q)

〉
.

Then if we take a Desarguesian spread

Σ2 =

〈[
u+ ρ2t t

t u

]
;u, t ∈ GF (q)

〉
, for ρ2 6= ρ1

and use the group H0E or H0E, say, HE, then

Σ1 ∪ Σ∗2HE,

is a parallelism.

Proof. Assume first one considers the proof for the groupH0. The
proof forH0 will then follow by taking a duality of the projective space.
This duality will change H0 into H0 by retaining E and an associated
parallelism will be constructed. So, basically, we need only show that
we obtain a mutually disjoint set of spreads. We leave the rest of the
proof as an exercise for the reader, as it used ideas quite similar to
those considered in the odd order cases. �
This will prove that following bound on the possible number of

parallelisms produced by coset replacement in the even order case.

Remark 63. Now we note that there are q/2− 1 possible elements
α not equal to ρ1 that produce Desarguesian spreads Γ such that ΓE
switches with Σ2E. Hence, there are

(q/2− 1)q+1

possible parallelisms constructed for each group H0 and H0. Therefore,
by E-switching, we have constructed at least

2(q/2− 1)q+1
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possible parallelisms.

5.1. The Number of Non-isomorphic Spreads within a Par-
allelism. In previous works on parallelisms, the number of mutually
non-isomorphic spreads within a given parallelism is quite small; one
if the spread is transitive, two if there is a transitive deficiency one
partial parallelism. Here, we note that not all Kantor-Knuth spreads
are isomorphic; in fact there are [r/2] different isomorphism types. So,
there could a Desarguesian spread, [r/2] mutually non-isomorphic de-
rived Kantor-Knuth spreads for q = pr, p a prime, and a Hall spread.
Therefore, this method produces parallelisms with possibly 2 + [r/2]
mutually distinct non-isomorphic spreads, in the odd order case.
Choose any parallelism Σ1 ∪q+1

i=1 ρ
∗
ih

irziE and choose any ρ∗ih
irziei.

This spread contains an opposite regulus D∗i to a regulus Di of Σ1

sharing x = 0. Now we use D∗i in Σ1 and derive this spread producing
Σ
D∗i
1 and un-derive D∗i (i.e., ‘derive’) to construct back Di and the
spread ρih

irzie. Now the spread ρ
∗
ih

irzi has exactly q images under E.
Then

Pρ∗i hirziei = Σ
D∗i
1 ∪

q+1
j=1,j 6=i ρ

∗
jh

jrzjE ∪ ρihirzie ∪
{
ρ∗ih

irziE − ρ∗ihirzie
}

is a parallelism, a ‘derived-underive parallelism.’
If HE is a collineation group of the parallelism then the possible

q(q + 1) parallelisms Pρ∗i hirziei are all isomorphic (see Diaz, Johnson,
Montinaro [46]). However, if only E is a collineation group of the
parallelism, there will be q + 1 mutually non-isomorphic parallelisms
obtained in this way.
In this setting, we could obtain a Hall plane, a Kantor-Knuth semi-

field plane and [r/2] − 1 mutually non-isomorphic derived Kantor-
Knuth planes.

5.2. Remarks on the Isomorphisms of Parallelisms. We have
given a construction technique for a wide variety of parallelisms. What
we have not done completely is to determine the collineation group of a
parallelism Σ1∪q+1

i=1 ρ
∗
ihiE or to determine when two of our parallelisms

are isomorphic. We offer a few remarks on how one would go about
accomplishing this.
Let σ be an isomorphism from one of the parallelisms to another.

Since we always have an invariant Desarguesian spread Σ1, it follows
that σ must be a collineation group of Σ1 (or rather the Desarguesian
affi ne plane corresponding to Σ1).

Certainly, any collineation g of the parallelism is a collineation of
Σ1, and since E is a group of the parallelism, we may assume that g
leaves x = 0 and y = 0 invariant. Since g then permutes the set of
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reguli sharing x = 0 and y = 0, it follows that any collineation will
permute the ρ∗ihi. If g maps R1 onto Rj, then gh−1

j leaves R1 invariant
and is therefore a collineation of ρ∗1 and of ρ1. Furthermore, g will
also permute the ρihi. Let ρihig = ρg∗(i)hg∗(i). We note that, as a set,
{hi; i = 1, 2, .., q + 1} is sharply transitive on the set of reguli Ri that
share x = 0 and y = 0. Anyway, it is possible that the full collineation
group could contain HE or be simply E. So, in this manner, it is
possible to sift the constructed parallelisms into isomorphism classes.
The results presented in this part generalize two classes of paral-

lelisms constructed in prior work.
Previously, we have discussed the construction transitive deficiency

one partial parallelisms admitting a group HE such that there is one
Desarguesian spread Σ1 and the remaining spreads are derived Kantor-
Knuth spreads, where all corresponding Kantor-Knuth spreads are im-
ages under HE of a spread as follows:

Σ2 =

〈[
u γtσ

t u

]
;u, t ∈ GF (q)

〉
, for γtσ = γ1t, if and only if t = 0,

such that (q − 1)2 divides (σ − 1). This restriction on division was re-
quired to ensure that the associated parallelismΣ1∪Σ∗2HE does, in fact,
admit the group HG. However, the results presented in this part show
that one may bypass this restriction as follows. Let {hi; i = 1, 2, .., q + 1}
be a subset of H that acts transitively on the set of reguli of Σ that
share x = 0, y = 0. Then, it follows that

Σ1 ∪ Σ∗2HE = Σ1 ∪q+1
i=1 Σ∗2hiE.

Furthermore, it is now possible to switch any Σ∗2hi, with any Kantor-
Knuth spread that shares exactly a regulus R0 with the Desarguesian
spread Σ1. Now replace Σ∗2hi by any derived Kantor-Knuth or Hall
spread ρ∗ihi, where ρ

∗
i shares exactly R0 with Σ1. Then we obtain an-

other parallelism that may not admit HE as a collineation group. For
example, if we choose ρ∗i = ρ∗0, for all i and ρ0 does not admit HGΣ2,
then we new parallelism that contains one Desarguesian and the re-
maining spreads isomorphic Kantor-Knuth spreads, but the parallelism
does not arise from a transitive deficiency one partial parallelism.
We have also seen the related parallelisms that might be considered

the predecessors of the parallelisms constructed here, which are called
‘m-parallelisms,’and related classes of the so-called (m,n)-parallelisms.
We mention only one type of result on m-parallelisms. We recall
that m-parallelisms and n-parallelisms for m 6= n are necessarily non-
isomorphic. One nice feature of m-parallelisms is for such parallelisms
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the full central collineation group of Σ1 that acts on the parallelisms is
precisely EH−.

As an exercise, the reader could show that the set of that m-
parallelisms form a subclass of the class of E-switchable parallelisms.



CHAPTER 33

Parallelisms over Ordered Fields

Here we first construct a variety of parallelisms over the reals that
are of the deficiency one type and then show how to use coset switching
to construct many interesting parallelisms.
As mentioned above, the application of this construction technique

has been applied most successfully when the spreads other than the
Pappian spread are derived conical flock spreads and when the group
contains a large normal subgroup that is a central collineation group.
(By ‘conical flock spreads,’we intend to mean those spreads that cor-
respond to flocks of quadratic cones.) For example, using Theorems
205 and 206.
So, it might be asked if the above constructions can be considered

over infinite fields? Here we begin with the consideration of the ques-
tion when the field is the field of real numbers, and we are able to show
that there are a vast number of parallelisms, depending on the class of
strictly increasing functions f on the reals that define a class of conical
flock spreads. We point out that our construction process constructs
not only parallelisms but (proper) maximal partial parallelisms and
actually forms the first known classes of such objects.
So, we work over the field of real numbers K = R, but many of our

arguments will work for arbitrary ordered fields and we take up a more
general analysis later in this chapter.
We consider a Pappian spread Σ1 defined as follows:

x = 0, y = x

[
u −t
t u

]
∀u, t ∈ R.

We let Σ2 be a spread in PG(3,R), defined by a function f :

x = 0, y = x

[
u −f(t)
t u

]
∀u, t ∈ R,

where f is a function such that f(t) = t implies that t = 0 and f(0) = 0.

507
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Thus, if a spread exists then the two spreads Σ1 and Σ2 share
exactly the regulus D with partial spread:

x = 0, y = x

[
u 0
0 u

]
∀u ∈ R.

Lemma 58. Let f be any continuous strictly increasing function on
the field of real numbers such that limx7−→±∞ f(t) = ±∞.
(1) Then Σ2 is a spread.
(2) Let G− = EH−, where H− denotes the homology group of Σ1

(or rather of the associated affi ne plane), whose elements are given by

〈
u −t 0 0
t u 0 0
0 0 1 0
0 0 0 1

 ;u2 + t2 = 1

〉
.

and where E denotes the full elation group with axis x = 0.
(2) Then G− is transitive on the set of reguli of Σ1 that share x = 0.

Proof. Part (1) is given in the remarks of Chapter 1, just preced-
ing Theorem 116.

We consider part (2). Since E is transitive on the components of
Σ1 not equal to x = 0, then first assume that there is a regulus D1

that shares exactly x = 0 with D. Then there is an elation subgroup
ED1 that acts transitively on the components not equal x = 0. It
follows easily that ED1 = ED and this group induces a partition of the
components of Σ1 into a unique set of reguli that mutually share x = 0.
(In this context, the set of ‘elation-base’reguli determine a flock of a
quadratic cone in PG(3,R).)

Since ED is a normal subgroup of E, these elation-base reguli are
permuted transitively by E.
Now assume that a regulus D2 shares two components with D,

which we may take without loss of generality to be x = 0 and y = 0.
Now there is a unique set of reguli sharing x = 0 and y = 0, which cover
the components of Σ1. These reguli have the property that there is a
collineation group H1 of the full central collineation group with axis
x = 0 and coaxis y = 0 such that H1 acts transitively on the non-fixed
components of each regulus. (Here the set of ‘homology-base’reguli
determine a flock of a hyperbolic quadric in PG(3,R).)

The group H1 has the following form:
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〈
u 0 0 0
0 u 0 0
0 0 1 0
0 0 0 1

 ;u ∈ R−{0}
〉
.

We note that this is the form for the group because of the form of
D.

Hence, D2 has the following basic form:

x = 0, y = x

[
w −s
s w

]
vI2 ∀ v 6= 0 ∈ R,

where w and s are fixed elements of R.
It remains to show that a determinant 1 homology maps D onto D2.

We note that, since we are dealing with reguli, if y = x of D maps to
some component of D2 then D must map to D2. Hence, equivalently,
for a given w, s do there exist elements u and t such that u2 + t2 = 1
and a non-zero element v of R such that[

w −s
s w

]
v−1I2 =

[
u −t
t u

]
?

The determinant 1 group determines a circle of radius 1 and cen-
ter (0, 0) in the real 2-dimensional plane. Since (uv)2 + (tv)2 = v2

determines a circle of radius v in the real 2-dimensional plane, then
any affi ne point (w, s) lies on one of these circles. Considering that
the mapping (x, y) 7−→ (xv, yv), for v fixed and non-zero is a bijective
mapping, it follows that if (w, s) is on the circle of radius v and center
(0, 0) then w2 + s2 = v2 if and only if (w/v, s/v) is a point on the circle
of radius 1 and equal to some (u, t) such that u2 + t2 = 1.
Hence, we must have[

w −s
s w

]
v−1I2 =

[
u −t
t u

]
.

This completes the proof of part (2). �

Theorem 235. Under the above assumptions, of Lemma 58, as-
sume also that f is symmetric with respect to the origin in the real
Euclidean 2-space and f(to + r) = f(to) + r for some to and r in the
reals implies that r = 0.

Then Σ1 ∪ Σ∗2g for all g ∈ G− and where Σ∗2 denotes the derived
spread of Σ2 by derivation of D, is a partial parallelism Pf in PG(3,R).
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Proof. It suffi ces to show that the set of spreads ∪Σ2g for all
g ∈ G− covers uniquely a line of PG(3,R) that does not lie in Σ1 and,
which is disjoint from x = 0 provided it covers it.
Assume that Σ2g and Σ2h share a component. Then so do Σ2gh

−1

and Σ2 share a componentM . Let gh−1 = k and represent k as follows:

k =


1 0 m −r
0 1 r m
0 0 1 0
0 0 0 1



w −s 0 0
s w 0 0
0 0 1 0
0 0 0 1


such that w2 + s2 = 1.

Let M be y = x

[
u∗ −f(t∗)
t∗ u∗

]
, and let the preimage of k be

y = x

[
u −f(t)
t u

]
.

Hence, we must have[
w −s
s w

] [
u∗ −f(t∗)
t∗ u∗

]
=

[
u −f(t)
t u

]
+

[
m −r
r m

]
.

Equating the (1, 1) and (2, 2) entries, we must have:

wu∗ − st = wu∗ − sf(t∗).

However, by our conditions on f , we must have that s = 0. Since
w2 + s2 = 1, this implies that w = ±1. Note that since f is symmetric
with respect to the origin then −f(−t) = f(t) for all t in the reals.
This means that the homology (x, y) 7−→ (−x, y) is a collineation of
Σ2. Hence, we may assume that w = 1.
Equating the (1, 2) and (2, 1) entries above, we obtain:

−f(t∗) = −f(t)− r = f(−t)− r and
t∗ = t+ r.

Therefore, we have

f(t+ r) = −(f(−t)− r) = f(t) + r.

By our assumed condition, this implies that r = 0.
In this case, we see that k is a collineation of Σ2, which completes

the proof to our theorem. �
The reader might check as an exercise that the follows functions give

rise to examples satisfying the hypotheses of the previous theorem.
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Example 7. For examples of continuous, strictly increasing func-
tions f such that f(t) = t implies that t = 0 and f(to + r) = f(to) + r
for some to implies r = 0, which are also onto functions, we consider
the following set of examples:
(1) Let f(t) = t+ at − 1 for a > 1 if t ≥ 0 and let
f(t) = t− a−t + 1 if t < 0.
Note that we are basically ‘defining’the function so that −f(−t) =

f(t).
(2) f(t) = t + ag(t) − 1 for t positive and f(t) = t − a−g(t) + 1 for

t negative, provided we have the following conditions: g(0) = 0, g(t) is
differentiable and g′(t) > 0.

Now a slight additional assumption produces a parallelism.

Theorem 236. The above construction produces a parallelism if
and only if f(t)− t is surjective.

Proof. We have the group E as a collineation group of the partial

parallelism. Any line disjoint from x = 0 has the form y = x

[
a b
c d

]
.

A typical element of E has the following form:

τm,r =


1 0 m −r
0 1 r m
0 0 1 0
0 0 0 1

 .
Therefore, the given line is covered if and only if an image is covered.

If we let r = b and m = −d, we see that it suffi ces to consider lines
with b = d = 0.

Hence, we consider y = x

[
a 0
c 0

]
. First, assume that a = 0. Since

t− f(t) is onto, there is an element to such that c = to − f(to). Apply

τ 0,−f(to) to y = x

[
0 −f(to)
to 0

]
to obtain y = x

[
0 0

to − f(to) = c 0

]
.

Conversely, if the element y = x

[
0 0
c 0

]
is covered then t − f(t) is

forced to be onto.
Now assume that a 6= 0.
Consider the element

σw,s,m,r =


w −s m −r
s w r m
0 0 1 0
0 0 0 1

 ,
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where w2 +s2 = 1. We consider the image of y = x

[
0 −f(t)
t 0

]
under

σw,s,m,r. Such an image will cover y = x

[
a 0
c 0

]
if and only if[

w −s
s w

] [
a 0
c 0

]
=

[
wa− sc 0
sa+ wc 0

]
=

[
m −f(t)− r
t− r m

]
.

Hence, we must have

f(t) = r,m = 0, wa = sc, sa+ wc = t− f(t).

Hence,
t− f(t) = s(a2 + c2)/a

and since w2 + s2 = 1, we have s2(c2 + a2)/a2 so that

s = ±a
√

1/(c2 + a2).

Thus, the requirement is that t− f(t) = ±
√
a2 + c2, which is so if

and only if t− f(t) is surjective. �
Example 8. To see examples of functions f such that f(t) − t is

not surjective, we note that the projection of y = − tan t onto the lines
y = x or y = −x is surjective. Thus, rotate y = − tan t thorough π/4 to
find a continuous function on (0,∞), which is bounded between y = x
and y = x+ π/

√
2. The function is continuous and strictly increasing

and is bijective. Furthermore, since y = x + π/
√

2 is an asymptote
and the function is concave down when x is positive, it follows that
f(t+ r) = f(t) + r if and only if r = 0.

Remark 64. In this case, |f(t)− t| ≤ π/
√

2. Therefore, a par-
tial parallelism which is not a parallelism is constructed that has the
property that for each regulus R of Σ1 (the Pappian spread) contain-
ing a fixed line `, the opposite regulus R∗ is in a unique spread of the
parallelism.

We assert that when the function f produces a partial parallelism,
it must be a maximal partial parallelism.
To see this, suppose there is an another spread ρ that is not in the

constructed partial parallelism P. We have noted that none of the lines
of ρ can intersect x = 0, the axis of the central collineation group G−,
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since we have a covering of such lines by P. However, this means that
we have a spread ρ that covers the points of our unique Pappian spread
Σ without intersecting the axis x = 0, a contradiction. Therefore, the
partial parallelism is a maximal partial parallelism.

Theorem 237. When the function f produces a partial parallelism
P and f(t) − t is not an onto function then P is a proper maximal
partial parallelism.

Corollary 58. If P is a proper maximal partial parallelism, then
so is any derived partial parallelism P∗.
Proof. All lines that non-trivially intersect the Baer subplane πo

corresponding to the axis of the central collineation group must be
covered. So, any spread extra to the parallelism P∗ must have its lines
such that they are all disjoint from πo, a contradiction. �



CHAPTER 34

General Elation Switching

In this chapter, the ideas of finite coset switching are generalized
for arbitrary fields K.

Definition 120. Let Σ0 denote a Pappian spread in PG(3, K),
where K is a field:{
x = 0, y = x

[
u γ1t
t u

]
∀u, t ∈ K

}
, where γ1 is a non-square in K.

Let E denote the full elation group of Σ0 with axis x = 0:

E =

〈
1 0 u γ1t
0 1 t u
0 0 1 0
0 0 0 1

 ;u, t ∈ K
〉
.

Let Σ2 and Σ3 be distinct spreads of PG(3, K) that share exactly the
regulus

R =

{
x = 0, y = x

[
u 0
0 u

]
∀u ∈ K

}
.

Assume the following two conditions:
(i)

Σ2E = Σ3E,

and
(ii) a line ` of Σ2E is in a unique spread of Σ2E if and only if

` is in a unique spread of Σ3E.
If the spreads Σ2 and Σ3 have properties (i) and (ii), we shall say

that Σ2E and Σ3E are ‘E-switches’ of each other (or that Σ2E has
been ‘switched’by Σ3E).

We have seen the restrictions in the finite case that force Σ3 to be ei-
ther Desarguesian or Kantor-Knuth. But now in the infinite case, there
are a wide variety of spreads that have the necessary requirements. We
begin with a necessary and suffi cient condition on the associated func-
tions to have spreads of this form. The following theorem should be
very familiar from Chapter 16, as there is an associated flock of a qua-
dratic cone.

515
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Theorem 238. Let K be any field. Then

Σf =

{
x = 0, y = x

[
u f(t)
t u

]
∀u, t ∈ K

}
,

where f is a function K → K such that f(0) = 0 is a spread if and
only if for each z ∈ K, ρz is bijective where,

ρz(t) = f(t)− z2t.

Now we shall be interested in spreads of the above form that share
precisely a regulus with a Pappian spread{

x = 0, y = x

[
u γ1t
t u

]
∀u, t ∈ K

}
,

where γ1 is a non-square in K.

and such that the full elation subgroup of E that acts as a collineation
group of the spread in question is

(i)

E− =

〈
1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

 ;u ∈ K
〉
,

where
(ii) the full elation of Σ1 with axis x = 0 is

E =

〈
1 0 u γ1t
0 1 t u
0 0 1 0
0 0 0 1

 ;u, t ∈ K
〉
,

and
(iii) such that for any elation e ∈ E − E− then Σfe ∩ Σf is

empty.
The following proposition is essentially immediate and is left to the

read to verify.

Proposition 12. A spread

Σf =

{
x = 0, y = x

[
u f(t)
t u

]
∀u, t ∈ K

}
,

shares exactly the regulus

R0 =

{
x = 0, y = x

[
u 0
0 u

]
∀u ∈ K

}
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with the Pappian spread Σ1 if and only if

f (t)− γ1t = 0

implies t = 0.

Definition 121. If the function g defined by g(t) = f(t) − γ1t is
injective, we shall say that the function f has the ‘regulus’property.
If the full elation group of a spread Σf of E is E−, and for e ∈

E − E−, then Σfe ∩ Σf is empty, we shall say that the spread has the
‘regulus-inducing property.’

For example, if f(t) = γ2t and γ2 6= γ1 then f will turn out to have
the regulus-inducing property. For the automorphism type function
f(t) = γ2t

σ we need γ2t
σ
0 = γ1t0 for some t0 if and only if t = 0.

More generally, we have the following description of spreads that
have the regulus-inducing property.

Proposition 13. A spread

Σf =

{
x = 0, y = x

[
u f(t)
t u

]
∀u, t ∈ K

}
has the regulus-inducing property if and only if for t0,r ∈ K

f(t0 + r) = f(t0) + γ1r

implies r = 0.

Proof. Let e =


1 0 u0 γ1r
0 1 r u0

0 0 1 0
0 0 0 1

 map y = x

[
u f(t0)
t0 u

]
to

y = x

([
u f(t0)
t0 u

]
+

[
u0 γ1r
r u0

])
.

This line is back in the spread if and only if

f(t0 + r) = f(t0) + γ1r.

Hence, we wish this never to hold for non-zero values r, so we require
that r = 0 in this case. �
Proposition 14. The regulus property implies the regulus-inducing

property.

Proof. Now let f(t) = γ1t+g(t), so we have, by assumption, that
g is injective. Then consider the equation

(∗ ∗ ∗) : f(t0 + r) = γ1(t0 + r) + g(t0 + r)

= f(t0) + γ1r = γ1t0 + g(t0) + γ1r.
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So, for equation (∗∗∗) to imply that r = 0 is equivalent to the condition
that

g(t0 + r) = g(t0), implies r = 0.
Since g is assumed to be injective, this condition is automatically sat-
isfied. So, the regulus property implies the regulus-inducing prop-
erty. �
Corollary 59. The set of lines

Σf =

{
x = 0, y = x

[
u f(t)
t u

]
∀u, t ∈ K

}
,

is a spread admitting the regulus property, and regulus-inducing prop-
erty if and only

(i) z ∈ K, ρz is bijective where,
ρz(t) = f(t)− z2t

(ii) the function g such that g(t) = f(t)− γ1t is injective.

These are the spreads that we shall use in the switching procedure,
except that we shall further require that g is bijective.

Definition 122. Any spread admitting the properties (i), (ii) of
the previous corollary with the extra condition that the function g is
bijective shall be said to admit the ‘switching property.’

0.3. Main Theorem on General Elation Switching.

Theorem 239. Let Σ0 denote a Pappian spread in PG(3, K), where
K is a field: {

x = 0, y = x

[
u γ1t
t u

]
∀u, t ∈ K

}
,

where γ1 is a non-square in K.

Let E denote the full elation group of Σ0 with axis x = 0:

E =

〈
1 0 u γ1t
0 1 t u
0 0 1 0
0 0 0 1

 ;u, t ∈ K
〉
.

Assume that Σi is a spread in PG(3, K) of the following form:

Σi =

{
x = 0, y = x

[
u fi(t)
t u

]
∀u, t ∈ K

}
, for i = 2, 3,

where fi is a function K → K and such that both spreads admit the
switching property.
Then Σ2E switches with Σ3E.
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Proof. Note that Σ2E = Σ3E if and only if Σ2 is in Σ3E and Σ3

is in Σ2E. Note that

y = x

[
u fi(t)
t u

]
maps to

y = x

{[
u fi(t)
t u

]
+

[
u∗ γ1t

∗

t∗ u∗

]}
, ∀u∗, t∗ ∈ K

by E and note that E fixes x = 0 pointwise.
So consider, for j 6= i:

(∗) :

[
u fi(t)
t u

]
=

[
u fj(s)
s u

]
+

[
0 γ1(t− s)

(t− s) 0

]
.

Then
fi(t) = fj(s) + γ1(t− s)

if and only if
fj(t)− γ1t = fj(s)− γ1s.

Therefore, given t in K, then there exists a unique s in K such that

fj(t)− γ1t = fi(s)− γ1s,

since φj and φi are both bijective. Hence, given u and t, there is a
solution to (∗). Note that the argument is symmetric. Now suppose
for u and t, there is another solution

(∗∗) :

[
u fi(t)
t u

]
=

[
u∗ fj(s)
k u∗

]
+

[
w γ1d
d w

]
,

it now follows easily that there is a unique solution to (∗∗), namely,
the unique solution to (∗).

Since the argument is symmetric, we have Σ2E = Σ3E. This es-
tablishes condition (i) of Definition 120.

Now take an element y = x

[
u0 fi(t0)
t0 u0

]
and assume that there is

an element e in E such that the image of this element is back in Σi.
Then [

u0 fi(t0)
t0 u0

]
+

[
w γ1r
r w

]
=

[
u0 + w fi(t0) + γ1r
t0 + r u0

]
.

But, this means that fi(t0 + r) = fi(t0) + γ1r, so that r = 0. Then this
element e leaves Σfi invariant. Again, since the argument is symmetric,
we have that Σ2E and Σ3E are unions of disjoint spreads. Therefore,
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we have that Σ2E switches with Σ3E. This completes the proof of the
theorem. �

1. Deficiency One Transitive Groups

LetK be an ordered field such that all positive elements have square
roots in K.
For example, if L is a subfield of the field of real numbers, then the

numbers LC constructible from L by straight-edge and compass is such
an ordered field.
So, let K be such an ordered field and let Σ1 denote the Pappian

spread

Σ1 =

{
x = 0, y = x

[
u γ1t
t u

]
∀u, t ∈ K

}
,

where γ1 is a fixed negative element in K.

Let

H =

〈[
1 0
0 w

]
;w =

[
u γ1t
t u

]
;u2 − γ1t

2 = 1

〉
and let

Σ2 =

{
x = 0, y = x

[
u γ2t
t u

]
∀u, t ∈ K

}
,

where γ2 is a negative element in K, γ2 6= γ1. Let R0 denote the
common regulus {

x = 0, y = x

[
u 0
0 u

]
∀u ∈ K

}
.

Theorem 240. Σ1 ∪ Σ∗2EH is a parallelism in PG(3, K).

Furthermore, E−
〈

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


〉
is the subgroup of EH that

leaves Σ2 invariant, where

E− =

〈
1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

 ;u ∈ K
〉
.

Proof. First, we claim that EH is transitive on the set of reguli of
Σ1 that share x = 0. We note that E is transitive on the components
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of Σ1−{x = 0}. So the question then is H transitive on the reguli that
share x = 0 and y = 0? Any such regulus has the following form:

Rt =

{
x = 0, y = 0, y = x

[
u γ1t
t u

]
;u ∈ K − {0}

}
.

So, the question becomes can R0 be mapped into Rt by an element

of H? Hence, given y = x

[
0 γ1t
t 0

]
, we need to find an element

y = x

[
v 0
0 v

]
, v not zero, such that

[
v 0
0 v

]
w =

[
u γ1t
t u

]
,

for some u ∈ K.
Note that since clearly the reguli sharing x = 0, y = 0 are permuted

byH, it just takes one appropriate image to establish thatR0 is mapped
onto Rt, as any three distinct components generate a unique regulus of

Σ1. Since w commutes with
[
v 0
0 v

]
, we only need to show that for

some element
[
u γ1t
t u

]
, for t not zero, there exist elements

[
v 0
0 v

]
and

[
u∗ γ1t

∗

t∗ u∗

]
, where u∗2 − γ1t

∗2 = 1 such that

[
v 0
0 v

] [
u∗ γ1t

∗

t∗ u∗

]
=

[
u γ1t
t u

]
.

Let u2 − γ1t
2 = z. Since z > 0, let v =

√
z, which exists by

assumption. Now let u∗ = u/v and t∗ = t/v. Then (vu∗, vt∗) = (u, t)
and u∗−γ1t

∗ = (u/v)2−γ1(t/v)2 = 1. This establishes the transitivity.
This means that if Σ∗2 denotes the derived spread then Σ∗2EH will

contain all Baer subplanes of Σ1 that non-trivially intersect x = 0.
Furthermore, if a Baer subplane of R0 maps back into a Baer subplane
of R0 under an element g of EH then g leaves R∗0 invariant and hence
leaves R0 invariant. The subgroup of EH that leaves R0 invariant is
E−H−, where

E− =

〈
1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

 ;u ∈ K
〉
,



522 General Elation Switching

and

H− =

〈
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


〉
.

These elements are collineations of Σ2 and of Σ∗2. It then follows that
there can be no line that non-trivially intersects x = 0 that is in two
distinct spreads.
The remaining ‘lines’of PG(3, K), apart from the components of

Σ1, are the Baer subplanes of Σ1 that do not intersect x = 0. These
have the basic form

y = x

[
a b
c d

]
; a, b, c, d ∈ K,

where if a = d, then b 6= γ1c. That is, either a 6= d or b 6= γ1c. Such
a line will lie in a unique spread of Σ∗2EH if and only if it lies in a
unique spread of Σ2EH. Therefore, there must be an element of Σ2,

y = x

[
u γ2t
t u

]
and an element ρ ∈ EH such that(

y = x

[
a b
c d

])
ρ =

(
y = x

[
u γ2t
t u

])
.

Notice that we may apply an elation that adds
[
−u −γ1t
−t −u

]
, as[

u γ2t
t u

]
+

[
−u −γ1t
−t −u

]
=

[
0 (γ2 − γ1)t
0 0

]
,

This means that y = x

[
0 b
0 0

]
, for any non-zero b does lie in a unique

spread of Σ2EH. Suppose we have

y = x

[
0 b
0 0

] [
w γ1s
s w

]
;w2 − γ1s

2 = 1

= x

[
bs bw
0 0

]
.

Choose any z and e in K, at least one non-zero. If z2−γ1e
2 = m = p2,

then (z/p)2 − γ1(e/p)2 = 1. Then letting b = p, w = z/p and s = e/p,
we see that we obtain

y = x

[
e z
0 0

]
,
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for any e, z in K, not both zero, is in a unique spread of Σ2EH0. Then

adding
[
d γ1c
c d

]
(applying an elation), we obtain

y = x

[
e+ d z + γ1c
c d

]
.

Let e+ d = a and z+ γ1c = b. Note that a, b, c, d are arbitrary, except
that if a = d, then e = 0 so that z is not zero and hence b 6= γ1c. This
shows that every line of PG(3, K) is contained in a spread of Σ2EH.
To ensure that no line is in two spreads of Σ2EH, we need only check
that no line of Σ2 −R is in two spreads or equivalently that if(

y = x

[
u γ2t
t u

])
=

(
y = x

[
u∗ γ2t

∗

t∗ u∗

])
ρ

for t non-zero and ρ ∈ EH then Σ2ρ = Σ2. Therefore, the question

is whether there exist matrices
[
r γ1s
s r

]
and

[
w γ1k
k w

]
, such that

w2 − γ1k
2 = 1 and [

u γ2t
t u

] [
w γ1k
k w

]
=

([
u∗ γ2t

∗

t∗ u∗

]
+

[
r γ1s
s r

])
.

The elements that we are considering are now elements of Σ1. The
left-hand side is [

uw + γ2tk γ1uk + γ2tw
tw + uk γ1tk + uw

]
and note that the matrix on the right hand-side has equal (1, 1) and
(2, 2)-entries. Since γ1 6= γ2, then it follows that tk = 0. Therefore,
k = 0 then w = ±1. Now the only possible elements of E that map
one element of the regulus R0 back into an element of R0 requires that
s = 0. But now the element in question leaves Σ2-invariant. This
completes the proof of the theorem. �

Theorem 241. Given any spread Σf , which is switchable (satisfies
the switching property f(t) − γ1t bijective and f(t) − z2t bijective for
all z).
If Σ2 is Pappian, then ΣfE switches with Σ2E.

Proof. We need only check that γ2t−γ1t and γ2t−z2t = −(−γ2+
z2)t define bijective functions, which is clear since γ2 6= γ1 and (−γ2 +
z2) > 0. �
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2. Switching Theorem over Ordered Fields

We recall that our previous parallelism construction used the group

EH and two Pappian spreadsΣ1 andΣ2, whereE−
〈

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


〉

is the subgroup that leaves Σ2 invariant. We note that EH is transi-
tive on the reguli of Σ1 that share x = 0. Hence, H is transitive on
the reguli of Σ1 that share x = 0, y = 0. Let {hi; i ∈ λ} be a coset
representation set for 〈

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


〉

in H. Using this coset representation set, we may now give our main
theorem on elation switching.

Theorem 242. Let K be any ordered field such the positive ele-
ments all have square roots. Let H denote the homology group with
axis y = 0 and coaxis x = 0 of determinant 1, and let {hi; i ∈ λ} be a
coset representation set for〈

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


〉

in H. For each i ∈ λ, choose any function fi such that the functions ρi,z
and φi are bijective for each z ∈ K, where fi(0) = 0, ρi,z(t) = fi(t)−z2t,
and φi(t) = fi(t)− γ1t.
Let Σfi denote the following spread:

Σf =

{
x = 0, y = x

[
u fi(t)
t u

]
∀u, t ∈ K

}
,

Then
Σ1 ∪i∈λ Σ∗fiEhi

is a parallelism in PG(3, K).

Proof. We know that

Σ1 ∪i∈λ Σ∗2E

〈
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


〉
hi = Σ1 ∪ Σ∗2EH
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is a parallelism by Theorem 240 but then also

Σ1 ∪i∈λ Σ∗2Ehi

is a parallelism. By Theorem 241, we know that ΣfE switches with
Σ2E, where f is any of the functions fi. Choose any line ` of PG(3, K),
then ` is in a unique spread of

Σ1 ∪ Σ∗2EH = Σ1 ∪i∈λ Σ∗2Ehi.

Either ` is a line of Σ1 or there exists a unique hj such that ` ∈
Σ∗2Ehi.Assume that ` non-trivially intersects x = 0. Then, ` is a Baer
subplane of a Rg, for g ∈ EH. We note that (Rg)∗ for g ∈ EH is
also in Σ1 ∪i∈λ Σ∗fiEhi. Hence, we may assume that ` ∈ (Σ∗2 − R)Ehi.
Assume that there is a line m ∈ ΣfE that does not intersect x = 0
that is in two spreads Σf and Σfg, for g ∈ E, then since ΣfE switches
with Σ2E, we have a contradiction. Hence, every line of PG(3, K) not
in Σ1 is in a unique spread of Σ∗2Ehi and therefore is in a unique spread
of Σ∗fiEhi. This completes the proof of the theorem. �

2.1. Examples. Let F be any subfield of the field of real numbers
and let FC = K denote the field of constructible numbers from F . If
we let γ1 = −1, choose any function fi where fi(t) = γit, for γi 6= −1.
Then it is clear that ρi,z(t) = fi(t)− z2t, and φi(t) = fi(t)− γ1t define
bijective functions. Hence, we have the following result.

Theorem 243. Let K = FC, a field of constructible numbers from
a subfield F of the field of real numbers. Let Σ1 denote the Pappian
spread

Σ1 =

{
x = 0, y = x

[
u −t
t u

]
∀u, t ∈ K

}
,

and let

E =

〈
1 0 u γ1t
0 1 t u
0 0 1 0
0 0 0 1

 ;u, t ∈ K
〉
,

H =

〈[
1 0
0 w

]
;w =

[
u γ1t
t u

]
;u2 − γ1t

2 = 1

〉
.

Let {hi; i ∈ λ} be a coset representation for

H− =

〈
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


〉
inH.
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For each i ∈ λ, choose a negative number γi in K such that γi 6= −1
and finally let

Σi =

{
x = 0, y = x

[
u γit
t u

]
∀u, t ∈ K

}
.

Then Σ1 ∪i∈λ Σ∗iEhi is a parallelism in PG(3, K).

Remark 65. Let σi be an automorphism of K. We consider func-
tions fi such that fi(t) = γit

σi, where γi is a negative number. In order
to obtain parallelisms in a manner similar to that of the previous the-
orem, we need to check that ρi,z(t) = γit

σ − z2t and φi(t) = γit
σ − γ1t

define bijective functions. Note that first set of functions ρi,z are always

fi(t)− z2t = γit
σi − z2t = 0

if and only if t = 0 since γi < 0. Since the function is additive, we
see ρi,z is injective. In general, the surjectivity of ρi,z is not always
guaranteed.

2.2. Examples over the Reals. Let

f(t) =

{
γ1t− at + 1, t ≥ 0
γ1t+ b−t − 1, t < 0

}
, a, b both > 1.

We see that f(0) = 0, f is continuous at all elements t of the reals and
consider f(t)− z2t.

f(t)− z2t =

{
γ1t− at + 1− z2t, t ≥ 0
γ1t+ b−t − 1− z2t, t < 0

}
, a, b both > 1.

Note that
lim
t→±∞

−f(t) = ±∞,

so that f (t)− z2t is continuous and hence surjective. We note that the
limt→0 f(t) = 0 and f ′(t) for t non-zero is

f ′(t)− z2 =

{
γ1 − at ln a− z2, t ≥ 0
−1− b−t ln b− z2, t < 0

}
, a, b both > 1,

which is never 0. Hence, f(t)−z2t is bijective for each z. Now f(t)−γ1t

f(t)− γ1t =

{
−at + 1, t ≥ 0
b−t − 1, t < 0

}
, a, b both > 1,

and clearly this function is bijective. For example, assume that the
function is not injective. Then the only questionable case is whether
b−t − 1 = 1− as, for t < 0 and s ≥ 0. But, then as + b−t = 2 and both
a and b > 1, then as ≥ 1 and b−t > 1, a contradiction.
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The more general versions involving theorems reflecting the above
set of examples is given in the following. The proofs are reasonably
straightforward and are left for the reader to verify.

Theorem 244. Let r be a strictly increasing continuous real func-
tion of the positive real numbers, and let h be a strictly decreasing
continuous real function on the negative real numbers. Choose any two
real numbers a and b > 1 (possibly equal). Then a function f defined
as follows is switchable.

f(t) =

{
γ1t− ar(t) + 1, t ≥ 0
γ1t+ bh(t) − 1, t < 0

}
, a, b both > 1,

lim
t→0+

ar(t) = 1 = lim
t→0−

bh(t).

Theorem 245. Under the above assumptions, any such function f
may be used to construct E-switchable spreads ΣfE = Σ2E, and thus

Σ1 ∪i∈λ Σ∗fiEhi

is a parallelism for any set of choices of functions fi.

Finally, we may now construct parallelisms from any parallelism of
the type Σ1 ∪i∈λ Σ∗fiEhi, as follows: Choose an element ehj of Ehj, for
some j ∈ λ. There is a regulus Rehj of Σ1 that is derived in Σfjehj to

construct Σ∗fjehj. Derive Rehj in Σ1 to construct the Hall plane Σ
R∗ehj
1

and underive R∗ehj in Σ∗fjehj to construct Σfjehj.

Theorem 246.

Σ
R∗ehj
1 ∪i∈λ−{j} Σ∗fiEhi ∪g∈E−{e} Σ∗fjEhj ∪ Σfjehj

is a parallelism.

2.3. The Variety of Parallelisms. We note that although our
original parallelism admits the group EH, the collineation group of
certain of the constructed parallelisms can be made so that only E
is a collineation group. Furthermore, certain of the derive-underive
parallelisms can be found that do not admit a non-trivial collineation.
We note that to construct parallelisms over the reals using the

switching technique, we have constructed 2χ0 different functions fi.
Hence we have also constructed 2χ0 distinct parallelisms of the type
Σ1 ∪i∈λ Σ∗fiEhi. Any isomorphism between two parallelisms Σ1 ∪i∈λ
Σ∗fiEhi and Σ1 ∪i∈λ Σ∗giEhi of this type necessarily is a collineation
of Σ1, the Pappian plane over the field of complex numbers (assum-
ing that none of the derived conical flock spreads are Pappian). Since
our parallelisms admit E, it follows that any isomorphism must be a
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collineation of Σ1 that leaves x = 0, y = 0 invariant and must permute
the set of reguli of Σ1 sharing x = 0, y = 0 and so must permute
the Σ∗fihi. Therefore, there is a collineation of Σ1 that would map a
function fi to a function gj. But this would mean that fi and gj are
obtained as real linear combinations together with the automorphism
of order 2. Clearly, it is easy to choose functions fi and gj that do not
have this property and still produce parallelisms.

Theorem 247. (1) When K is the field of real numbers, there are
2χ0 mutually non-isomorphic parallelisms of type Σ1 ∪i∈λ Σ∗fiEhi.

(2) Similarly, if any of derive-underive parallelisms are isomor-
phic, and if no derived conical flock spread can be a flock spread, any
collineation would necessarily leave Σfjehj invariant and a conjugate
would leave Σfj invariant. Then there are 2χ0 mutually non-isomorphic
derive-underive parallelisms, none of which are isomorphic to any of
the original parallelisms.



CHAPTER 35

Dual Parallelisms

Given any spread of PG(3, K), take the duality of the projective
space. What is obtained is called a ‘dual spread,’ and, as we have
mentioned before, if the spread is represented by a set of matrices,
the dual spread is represented by the set of transposes to these matri-
ces. When we deal with K as a skewfield, everything becomes more
complicated and we have been using the notation of PG(3, K)R and
PG(3, K)L to represent the right and left projective spaces arising from
a 4-dimensional vector space over K. For all of the known infinite
classes of parallelisms of PG(3, K), all spreads are either known to be
dual spreads or suspected to be dual spreads. Now assume that we
have a parallelism of PG(3, K)R, where the dual spreads (which, by
the way, are in PG(3, K)L), also form a parallelism. The question is,
are all of these dual parallelisms isomorphic to the original? Again, for
all of the infinite classes of parallelisms, the answer is uniformly no!

Definition 123. Let K be a skewfield. Let S be a set of spreads
that are also dual spreads and in PG(3, K)R(or PG(3, K)L), which are
mutually disjoint on lines. Then the set of dual spreads of S is said to
be a ‘partial dual parallelism.’

Remark 66. Any partial dual parallelism in PG(3, K)R is equiv-
alent to a partial parallelism in PG(3, K)L In particular, any finite
parallelism produces a related ‘dual’parallelism.

Theorem 248. Let P−1 be any partial parallelism of deficiency one
in PG(3, K)L such that all spreads of P−1 are dual spreads.
(1) Then there is a corresponding deficiency one partial parallelism

P∗−1in PG(3, K)R called the ‘dual’partial parallelism of deficiency one.
(2) Let P denote the unique extension of P−1 to a parallelism in

PG(3, K)L then there is a unique extension of P∗−1, say, P∗, which is
a parallelism in PG(3, K)R.

Remark 67. If P is a Pappian partial parallelism in PG(3, K),
then all spreads are dual spreads and there is a corresponding Desar-
guesian ‘dual’partial parallelism.

Hence, we obtain by an easy proof:

529
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Corollary 60. Let π be a translation plane corresponding to a de-
ficiency one Pappian partial parallelism. Then, there is a corresponding
translation plane π∗ obtained from the dual partial parallelism.

We have constructed a great variety of the partial parallelisms of
deficiency one in the finite case. With every finite spread, the associated
dual spread obtained by taking a polarity of the associated projective
space is also a spread. Similarly, given a finite parallelism, there is
an associated ‘dual parallelism,’which is also a parallelism. The main
fundamental question concerning parallelisms and their duals is how
to distinguish between the two. That is, how does one find a class of
parallelisms such that the dual parallelisms are always non-isomorphic
to the original?
In this chapter, we intend to show that transitive deficiency one

parallelisms also extend to parallelisms in PG(3, q), whose dual par-
allelisms are never isomorphic to the original parallelism. This work
follows the main results of the author [104], with appropriate changes
for this text.

Definition 124. Let P be a parallelism admitting a Desarguesian
spread Σ and a group G fixing a component x = 0. Let R be any regulus
of Σ containing x = 0. If the opposite regulus R∗ is a subspread of one
of the spreads of P then we shall say that the parallelism is ‘standard’
and the associated group is ‘standard.’

Theorem 249. Let P be a standard parallelism in PG(3, q), ad-
mitting a standard collineation group G that fixes one spread and is
transitive on the remaining spreads. Let PD be any ‘derived’ paral-
lelism and let P⊥D be the corresponding dual spread.
Then PD is not isomorphic to P⊥D .

We may assume that q > 2, since the two parallelisms in PG(3, 2)
are known to be non-isomorphic.

Notation 5. We shall denote the translation plane associated with
a spread S as πS. The group G will be considered acting in the trans-
lation complement of some translation plane πS.

Corollary 61. Let P be a parallelism admitting a standard group
G in the translation complement of the socle Σ.

(1) The stabilizer GπΣ′ of a non-socle plane πΣ′ is a subgroup of the
group that fixes a line of a regulus of Σ.
(2) This group GπΣ′ normalizes a regulus-inducing Baer group of

order q.
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(3) The order of the full group of the parallelism G is as follows:

q2(q2 − 1) | |G| | q2(q2 − 1)22r,

where q = pr.

Proof. Exercise for the reader. �
Theorem 250. Under the previous assumptions, let πΣ be coordi-

natized by a field F containing K. Let F ∗ denote the kernel homology
group of πΣ of order q2 − 1. Let Σ′ be a non-socle spread and let GπΣ′

denote the collineation leaving Σ′ invariant. Then∣∣GπΣ′ ∩ F
∗∣∣ | (2, q − 1)(q − 1).

Proof. Assume there is an element g in the kernel homology group
of Σ that fixes a non-socle plane Σ′, whose order divides q2−1. Initially,
assume that the order of g is a prime power ua. If u is odd, then g
must fix at least two components of Σ′. Assume that g does not fix a
component of Σ2 then u divides (q2−1, q2 +1) = 2. Hence, u = 2 or we
are finished. But even when u = 2, there is a subgroup of 〈g〉 of order
2a−1 that fixes two components. Hence, we have that g or g2 fixes two
components of Σ′, which are Baer subplanes of Σ that are fixed by gi,
for i = 1 or 2, assuming the order of g is a prime power. But, gi then
induces a kernel homology group on the Baer subplanes, implying that
gi is in K∗. Hence, we are finished or all odd prime power elements
are in K∗. But, then g is in K∗ or g2 is in K∗ when q is odd. This
completes the proof of the lemma. �
Remark 68. For the remainder of this section, we shall assume

that G is a standard group acting on a Desarguesian spread Σ and
transitive on the non-socle spreads of a parallelism P. We note that G
is then a subgroup of ΓL(2, q2) acting on πΣ and acts in ΓL(4, q) when
consider acting on the parallelism. For notational purposes, Σ′ shall
always denote a non-socle spread.

The following remark and two corollaries shall be left as (should be
‘easy’) exercises for the reader.

Remark 69. There are exactly 1+q+q2 2-dimensionalK—subspaces
that share a given 1-dimensional K—subspace X on the axis of the ela-
tion group. Each spread of the parallelism contains exactly one of these
2-dimensional K—subspaces. We call these 2-dimensional K—subspaces
the “base” subspaces. Every base subspace is fixed by a subgroup of Σ
of order q(q − 1)22r.

Corollary 62. G is a solvable group.
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Corollary 63.∣∣G ∩GL(2, q2)
∣∣ | q2(q2 − 1)(q − 1)(2, q − 1) and∣∣GΣ′ ∩GL(2, q2)
∣∣ | q(q − 1)2(2, q − 1).

Thus,
|G| | q2(q2 − 1)(q − 1)2r(2, q − 1),

where q = pr.

By Theorem 211 (part (2)), the elation group E may be partitioned
into exactly q + 1 elation subgroups Ei, i = 1, 2, .., q + 1, of order q,
each of which fixes exactly q spreads other than the socle spread. G
acts transitively on the set of q + 1 elation subgroups.

Corollary 64. If ∆ is the set of q+ 1 sets of q spreads each fixed
by an elation subgroup then the stabilizer of a set J of ∆ normalizes a
regulus-inducing elation subgroup.

Theorem 251. Let g be any element of G such that 〈g〉∩GL(2, q2)
is not a kernel homology subgroup of Σ and assume that p - |〈g〉|.
Then g fixes a unique component distinct from x = 0.

Proof. Suppose that g ∈ GL(2, q2) fixes no component other than
x = 0. Let gj have order a prime power zα, a divisor of the order of g.
Then, z divides q2, implying that z = p, a contradiction since p - |H|.
Hence, gj fixes a component L of Σ − {x = 0}. More generally, If g
does not a unique component distinct from x = 0, then clearly gj is in
the kernel homology group F ∗ of Σ. It follows then that either g, for
some j fixes a unique component distinct from x = 0 or g is a kernel
homology. Since 〈g〉 ∩GL(2, q2) is not a kernel homology subgroup of
Σ, we have completed the proof. �
Lemma 59. GΣ′ fixes a regulus net of Σ′, on which x = 0 is a Baer

subplane and there is a regulus-inducing elation group E ′ that acts on
Σ′ as a Baer group. E ′ acts transitively on the remaining subplanes
that share the zero vector of the regulus net defined by x = 0 (as a Baer
subplane).
Hence, if π′o is one of the q subplanes in a E

′-orbit, then∣∣GΣ′,π′o

∣∣ = |G| /q2(q + 1).

Furthermore,
|GL,E′ | = |G| /q2(q + 1),

for any component L and regulus-inducing elation subgroup E ′.
Furthermore, either GΣ′,π′o = GL′,E′ , for some unique component L′

of Σ, or GΣ′,π′o ∩ GL(2, q2) is a subgroup of (2, q − 1)K∗, the kernel
homology group of order (2, q − 1)(q − 1).



Combinatorics of Spreads and Parallelisms 533

Proof. Each element g of GΣ′,π′o∩GF (2, q2) fixes a component Lg.
We know that if g is a kernel homology then g is in 2K∗ (the scalar
group of order (2, q−1)(q−1)). By the above remarks, GΣ′,π′o∩GF (2, q2)
either fixes a unique component Lg or is a subgroup of the (2, q−1)K∗

kernel homology group of order (2, q − 1)(q − 1). In either case, there
exists a component L′ such that GΣ′,π′o∩GL(2, q2) ⊆ GL′,E′∩GL(2, q2),
the latter group indicating the stabilizer of L′ in the normalizer of E ′

in G.
We note that |GE′| = |G| /(q + 1), so that |GL′,E′ | = |G| /q2(q + 1).

Furthermore, |GΣ′ | = |G| /q(q + 1), so that
∣∣GΣ′,π′o

∣∣ = |G| /q2(q + 1).
Thus, |GL′,E′| =

∣∣GΣ′,π′o

∣∣ . First, assume thatGΣ′,π′o∩GL(2, q2) is not
a kernel homology subgroup (necessarily in 2K∗). Then, GΣ′,π′o fixes
a unique component L′ and normalizes E ′. Hence, GΣ′,π′o ⊆ GL′,E′ ,
implying equality by the above argument.
Now assume that GΣ′,π′o ∩ GL(2, q2) is the kernel homology group

K∗ of order q− 1. Then the order of GΣ′,π′o is (q− 1)z, where z divides
2r if q = pr. Therefore, the order of GL,E is also (q − 1)z, for any
component L and regulus-inducing elation subgroup E. �

Lemma 60. G∩(Kernel Homology group of Σ) has order dividing
(2, q − 1)(q − 1). Furthermore, this group leaves invariant each spread
of the parallelism.

Proof. Let g be a kernel homology of Σ. Then, g normalizes
each regulus-inducing elation subgroup (since it commutes with the
linear subgroup). Each regulus-inducing group fixes exactly q non-
socle spreads. Therefore, g permutes a set of q non-socle spreads. Let
gj have prime power order so divides q2−1. Then, gj fixes one of the q
non-socle spreads so must in 2K∗. Hence, every subgroup of g of odd
prime power order is in K∗, implying that g is in K∗ or g2 is in K∗,
from a previous lemma.
Now it also follows that E commutes with each regulus-inducing

group Ei and so permutes the q spreads fixed by Ei. Then clearly,
E is transitive on these spreads since the maximum Baer group fixing
a spread has order q. Also, E permutes the spreads fixed by gj, so
gj fixes each spread. It then follows that g fixes all spreads of the
parallelism. �
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1. The Isomorphisms of the Dual Parallelisms

Lemma 61. Represent PG(3, q) as the lattice of subspaces of the
4-dimensional GF (q)-space V4, with vectors as (x1, x2, y1, y2) and 3-

dimensional subspaces written as


a
b
c
d

 and a vector or ‘point’incident
with a 3-space or ‘plane’exactly when

ax1 + bx2 + cy1 + dy2 = 0.

Dualize by

(x1, x2, y1, y2)↔


a
b
c
d

 .
(1) We note that x = 0 as x1 = x2 = 0 and y = 0 as y1 = y2 = 0

are interchanged by the duality. A line that may be written in the form
y = xM , whereM is a 2×2 GF (q)-matrix as a set of vectors becomes a
line that is the intersection of a set of 3-dimensional GF (q)-subspaces
(intersection of a set of planes). We shall use the notation ⊥ to denote
the images under the associated mapping.
We have that

(y = xM)⊥ = (y = x(−M−t),

where M t denotes the transpose of M .
(2)

(a) If [
I A
0 I

]
is a group element of a parallelism P, then[

I 0
−A−t I

]
is a group element of the dual parallelism P⊥.

(b) If [
B 0
0 C

]
is an element of the group of P, then[

B−t 0
0 C−t

]
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is an element of the group of P⊥.

Proof. Let x = (x1, x2) and y = (y1, y2).

The vector (x, xM) maps under the duality to
[

xt

M txt

]
.

Since

xxt + x(−M−t)M txt = 0,

it follows that

(y = xM)⊥ = (y = x(−M−t),

which proves part (1).
The proof to part (2) involves merely a basis change and a similar

argument and is left to the reader to complete as an exercise. �

Notation 6. If P is a parallelism, then we denote the associated
dual parallelism as P⊥. Hence, we may also use the notation P−t.

The following lemma is now immediate.

Lemma 62. If f : (x, y) 7−→ (y, x), then P−t maps to P t and
(a) If [

I A
0 I

]
is a group element of a parallelism P, then[

I −A−t
0 I

]
is a group element of the dual parallelism P t.

(b) If [
B 0
0 C

]
is an element of the group of P then[

C−t 0
0 B−t

]
is an element of the group of P t.

Notation 7. We may assume that for any parallelism P, then P t,
is isomorphic to the dual parallelism P⊥ = P−t. Hence, we may now
refer to P t as the dual parallelism of P.

We set things up so that the spread of Σ is represented by
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Lemma 63.

x = 0, y = x

[
u+ ρt tγ
t u

]
;u, t ∈ GF (q),

where the indicated matrix set is a field of order q2. Furthermore, the
elation axis of E is denoted by x = 0 and we may take ρ = 0 if q is
odd.

Then, again immediately, we obtain the next two lemmas.

Lemma 64. The dual parallelism consists of the dual spreads of all
of the spreads of the original parallelism.

(1) If a given spread is represented as a matrix spread set x = 0, y =
xM, then the dual spread may be represented in the form x = 0, y =
xM t, where M t is the transpose of the matrix M .
(2) The elation group E has the general form:〈[

I U
0 I

]
;U =

[
u+ ρt tγ
t u

]〉
,

considered as in the previous lemmas.
Then, an elation group in Σ⊥, the dual spread of Σ, is given as〈[

I U t

0 I

]
;U =

[
u+ ρt tγ
t u

]t〉
.

(3) If a group of Σ has the form
〈[

A 0
0 B

]〉
, where A and B are

non-zero elements of the field of order q2, then in Σ⊥, there is a group

of the form
〈[

Bt 0
0 At

]〉
.

Lemma 65. Assume that a parallelism P is isomorphic to its dual
parallelism P t, and σ is any element of ΓL(4, q) then P is isomorphic
to P⊥σ.

Lemma 66. Let

σ : (x, y) 7−→ (x, y)


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 .
Then (1) P⊥σ contains Σ in the form given originally.

(2) P⊥σ contains E, in the original form and if
〈[

A 0
0 B

]〉
is in

G acting on P then
〈[

B 0
0 A

]〉
acts on P⊥σ.
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Proof. Consider the action of σ on the representation (the trans-
posed spread; the dual spread of Σ)

x = 0, y = x

[
u+ ρt t
tγ u

]
;u, t ∈ GF (q) :

We note that σ fixes x = 0 and y = 0, and

y = x

[
0 1
1 0

] [
u+ ρt t
tγ u

] [
0 1
1 0

]
=

[
u tγ
t u+ ρt

]
.

Hence, for q odd, ρ = 0, and we have verified that Σ is within P⊥σ.
Assume that q is even and let v = u+ ρt so that u = v + ρt. That is,[

u tγ
t u+ ρt

]
=

[
v + ρt tγ
t v

]
.

This proves (1).
To prove (2), we merely take the conjugate of the groups by σ. The

part follows calculating〈
σ−1

[
I U t

0 I

]
σ;U =

[
u+ ρt tγ
t u

]〉
and

〈
σ−1

[
Bt 0
0 At

]
σ

〉
. The details are left for the reader to com-

plete, noting that B,A are in
{[

u+ ρt γt
t u

]
;u, t ∈ GF (q)

}
. �

Lemma 67. We assume that E1 is

E1 =

〈
τu =


1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

 ;u ∈ GF (q)

〉
,

the standard regulus-inducing group.
Then, there is a unique partition of E into regulus-inducing sub-

groups Ec, where

Ec =

〈[
I uc
0 I

]
;u ∈ GF (q)

〉
,

and the set of q + 1 regulus-inducing elation groups corresponds to the
cosets cGF (q)∗ of GF (q2)∗/GF (q)∗.



538 Dual Parallelisms

Proof. Since the regulus-inducing groups are in an orbit under a
collineation group of Σ, it follows that a regulus-inducing subgroup is
exactly an image of E1 under a collineation of Σ of the form (x, y) 7−→
(xa, yb), where the action is conjugation. Hence, E1 maps onto

Ea−1b =

〈[
I ua−1b
0 I

]
;u ∈ GF (q)

〉
.

Therefore, the (q+1) regulus-inducing elation subgroups then have the
form

Ec =

〈[
I uc
0 I

]
;u ∈ GF (q)

〉
,

for c ∈ GF (q2). Moreover, two such elation groups Ec and Ed are
identical if and only if cd−1 ∈ GF (q). Hence, the q+1 regulus-inducing
elation groups correspond to the q + 1 cosets of GF (q2)∗/GF (q)∗. �
Assume that P is isomorphic to P⊥. Then P is isomorphic to P⊥σ

by some element ρ in ΓL(4, q) mapping P onto P⊥σ. Since Σ is in
both parallelisms and is the unique Desarguesian spread in each, it
follows that Σ must be left invariant by ρ. That is, ρ is a collineation
group of Σ. Since both parallelisms admit the collineation group E
and the axis cannot be moved by an automorphism group of either
parallelism, it follows that ρ must leave invariant the axis x = 0 of E.
Since E has order q2, it is transitive on the remaining components and
we may assume that ρ fixes both x = 0 and y = 0. Represent ρ by
(x, y) 7−→ (xτc, yτd), for c, d in GF (q2) associated with Σ and in the
form defined in the previous lemmas, and where τ is an automorphism
of GF (q2).
Define ga,b : (x, y) 7−→ (xa, yb), and assume that ga,b acts on P. Our

previous section shows that gb,a acts on P⊥σ. Furthermore, we note
that Eρ = E, and 〈ga,b〉ρ = 〈gaτ ,bτ 〉. Hence, we have in the group of
P⊥σ, the groups 〈gb,a〉 and 〈gaτ ,bτ 〉. We note that 〈gb,a〉 = 〈gbτ ,aτ 〉, since
(pc, q2 − 1) = 1. Hence, we must have 〈gb,a〉 and 〈ga,b〉 as collineation
groups of the parallelism and ga,bgb,a : (x, y) 7→ (x(ab), y(ab)) is a
collineation of the parallelism P⊥σ. However, since Σ has exactly
the same form in both parallelisms, it follows that the above ele-
ment is in the kernel homology group of Σ. But this means that
ga,bgb,a ∈ 2K∗, which implies that the order of ab divides (2, q−1)(q−1).
Let 2K∗ = 〈z〉, z of order 2(q − 1) if q is odd and of order q − 1 if q is
even.
Thus, we obtain a collineation

ha,α : (x, y) 7−→ (xa, ya−1α), a ∈ GF (q2)− {0},
where α ∈ 2K∗ or K∗, respectively, as q is odd or even.
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Then,

h2(q−1)
a,α : (x, y) 7−→ (xa2(q−1), ya−2(q−1)), a ∈ GF (q2)− {0}.

We note that

h2(q−1)
a,α : (c, cq) 7−→ (ca2(q−1), cqa−2(q−1))

and (caq−1, cqa−(q−1)) is a point of y = xq since

(ca2(q−1))q = cqa2(1−q) = cqa−2(q−1).

Hence, h2(q−1)
a,α fixes a Baer subplane of Σ, implying that h2(q−1)

α,α also
fixes a spread Σ′ containing y = xq as a component.
We know that GΣ′ ∩GL(2, q2) divides q(q−1)22. Therefore, h2(q−1)

a,α

has order dividing (q − 1)22.
First assume that q2 − 1 has a p-primitive prime divisor u. Then u

divides q + 1 and there is an element g of order u, which is necessarily
in GL(2, q2), i.e. in GL(4, q) and u odd. Since h2(q−1)

a,α also has order u,
then u is forced to divide (q − 1)22, a contradiction.
Hence, either q2 = 64 or q+1 = p+1 = 2a. First, assume the latter

case.
In this situation, (q − 1)2

22 = 8. Now we have a subgroup of order
divisible by (q + 1)(q − 1) and either (q − 1)2

2 = 4 if the 2-order of the
stabilizer of a spread, or we have 2K∗ acting on the parallelism and
fixing each spread. In this case, we have a subgroup of order divisible
by (q + 1)(q − 1)2 acting on the parallelism.
Since the group is in (ΓL(4, p) = GL(4, p)) ∩ ΓL(2, p2), it follows

that the order of G∩GL(2, q2) is divisible by (q2−1)/2(j+1) mod 2, when
2jK∗ acts on the parallelism, where j = 0 or 1.
We notice again that all elements of G∩GL(2, q2) have the general

form

ga,α : (x, y) 7−→ (xa, ya−1α),

for a of order dividing q2− 1 and α of order dividing 2(q− 1). Further-
more, we have the kernel homologies 2jK∗ acting, where a2j ∈ K∗ and
the mapping is (x, y) 7−→ (xa, ya).

Then, we have a Sylow 2-subgroup S2 of order divisible by (q + 1)
or (q + 1)2, respectively, as K∗ or 2K∗ acts. In S2, it follows that all
associated elements α, which may depend on the corresponding element
a, have orders dividing 4, since 2(q − 1)2 = 4.
If 2K∗ acts, then we have a stabilizer subgroup S ′2 of the Sylow

2-subgroup S2 containing 2K∗ of order 2(q − 1)2, and it follows that
g4
a,α : (x, y) 7−→ (xa4, ya−4) also fixes y = xq. In this case, if f ∈ S2
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then f 4 ∈ S ′2. Notice that S2 ∩GL(2, q2) is contained in〈
(x, y) 7−→ (xa(q−1)/2, ya−(q−1)/2), (x, y) 7−→ (x, z(q−1)/2); a ∈ GF (q2)∗

〉
.

Since (x, y) 7−→ (xb, yb−1) fixes y = xq and hence fixes a spread Σ′,
it follows that in the possibly bigger group, the stabilizer of Σ′ has
index 4. Hence, S ′2 has order at least |S2| /4. Then this means that
(q + 1)2/4 = (q + 1)/2 divides 8.
If 2K∗ does not act, then g2

a,α fixes y = xq and the same argument
shows that (q + 1)/2 divides 4.
Thus, in either case, (q + 1) divides 16, so that p = 3 or 7.
For q = 8, we have a subgroup of GL(2, q2) of order divisible by

63/(2, q − 1), so of order 63. Take an element g of order 3. Then,
g(q−1) = g7 has order 3 and must divide (q − 1)2 = 72, a contradiction.
Hence, the only special cases are q = p = 3 or 7. These two cases

must be argued separately and the reader is directed to the authors
article on this material. It is probably a stretch to suggest the 3 and 7
case as exercises for the reader, so instead we omit the rather lengthy
argument.
Thus, we have the following theorem (again for p = 3 or 7, see

Johnson [104]).

Theorem 252. Let P be a parallelism in PG(3, q), q = pr, admit-
ting a standard automorphism group G that fixes one spread Σ and acts
transitively on the remaining spreads (for example, assume the Sylow
p-subgroups are linear). Let P⊥ denote the associated dual spread.
Then P and P⊥ are never isomorphic.

1.1. The ‘Derived’Parallelisms. We know for our previous work
in this text, that for any standard parallelism P, the set of spreads
Σ∗ ∪ Σ′∗ ∪ (P − {±,Σ′} is a parallelism, called a ‘derived parallelism.’

Theorem 253. Let P be a standard parallelism in PG(3, q), q > 3,
admitting a standard collineation group G that fixes one spread and is
transitive on the remaining spreads. Let PD be any ‘derived’parallelism
and let P⊥D be the corresponding dual spread.
Then PD is not isomorphic to P⊥D .

Proof. In PD, there is a unique conical flock spread Σ′∗, the re-
maining spreads are either Hall, i.e., Σ∗, or derived conical flock spreads
Σ′′∈ P−{Σ,Σ′}. Suppose that τ is an isomorphism from PD onto P⊥D .
Since we may assume that Σ is in both parallelism P and P⊥, in ex-
actly the same form, we may assume that Σ∗ is in both parallelisms, in
exactly the same form. It follows that τ maps Σ∗ onto Σ∗. Since q > 3,
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the full collineation group of Σ∗ is the inherited group, i.e., leaves in-
variant the relevant derivable net. Hence, τ induces a mapping from Σ
onto Σ. Furthermore, there is a unique conical flock spread Σ′∗ in PD,
which must map to the unique conical flock spread Σ′∗⊥ in P⊥D . Since
it is also true that for conical flock spreads, the inherited group is the
full group, it follows that Σ′ in P maps to Σ′∗⊥∗ in P⊥. We note from
Johnson [133] that the processes of derivation and transpose are com-
mutative, in that the spread obtained from derivation then transpose
is identical to the spread obtained from transpose and then derivation.
Hence, Σ′∗⊥∗ = Σ′∗∗⊥ = Σ′⊥.
Therefore, we have an induced isomorphism from P to P⊥, a con-

tradiction. �



Part 9

Transitivity



In this part, we consider a variety of group theory results on t-
parallelisms. We give the complete proof due to Biliotti, Jha, Johnson
[22], of the classification of ‘p-primitive parallelisms’; those parallelisms
in PG(3, q) that admit a collineation of order a p-primitive divisor of
q3−1
q−1

, which leads to the classification of transitive parallelisms and
then directly to the work of the author [112], where this is a com-
plete determination of the doubly transitive parallelisms in PG(3, q).
We consider transitive t-parallelisms and show that this always implies
that t = 2 (in the vector space version). We are able to give a com-
pletely new infinite family of examples, containing the Baker transitive
parallelisms. There is considerable group theory involved in the tran-
sitive t-parallelism theorem, which is somewhat beyond the scope of
the present text, but we do give a reasonable sketch of this result by
listing many of theorems of which the proof depends in the appendix.
Furthermore, the classification of all finite deficiency one partial

parallelisms in PG(3, q) is proved, which was given first in Biliotti, Jha,
Johnson [19], but with a particular and somewhat natural assumption
on the collineation group and then more generally in Diaz, Johnson,
Montinaro [45], where this assumption is removed.
Finally, we prove the classification of doubly transitive focal-spreads

of Johnson and Montinaro [142] and show that this focal-spreads are
k-cuts of Desarguesian spreads.
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CHAPTER 36

p-Primitive Parallelisms

It is always of interest to determine the transitive groups that can
act on a parallelism, and we consider such a study later on in this
text. In this chapter, we consider parallelisms in PG(3, q) that admit a
collineation of order a p-primitive divisor of q3−1, so we develop a more
general study than merely the consideration of transitivity, noting that
a group acting transitively on the parallelism has order divisible q3−1

q−1
.

Certainly, the set of all transitive parallelisms is far from complete.
For example, we do provide a new infinite class of transitive parallelisms
in the next chapter, but there are also a large number of non-regular
but transitive parallelisms in PG(3, 5) because of Prince [176] (45 total
parallelisms, of which 43 are not regular). Similarly, one might consider
the classification of 2-transitive parallelisms, which we have noted has
been resolved by the author, where is shown that only the two regular
parallelisms in PG(3, 2) are possible and these parallelisms admit a
collineation group isomorphic to PSL(2, 7) acting 2-transitively on the
1 + 2 + 22 spreads. For work in PG(3, q), it is possible to utilize the
quite old work of Mitchell [171] 1911 and Hartley [64] 1928. Using
this material, we are able to obtain strong restrictions on the nature
of transitive parallelisms, which, in particular, provides an alternative
proof for the classification of 2-transitive parallelisms, when q 6= 4
and furthermore shows that non-solvable groups admitting p-primitive
elements have a very restrictive structure and involve only PSL(2, 7)
or A7. In the transitive case, only PSL(2, 7) can occur and q = 2.
For more general work on doubly transitive t-parallelisms or transitive
t-parallelisms, a considerable finite group theory is required. The work
in this chapter follows the article by Biliotti, Jha, and Johnson [22], to
a certain extent.
We first are reminded that a ‘primitive group’is a transitive group

that does not admit a non-trivial ‘block’(there is not a non-trivial par-
tition of the set upon which the group acts that permutes the elements
of the partition). When the group is a linear group, the blocks tend
to be vector subspaces that are permuted. In this chapter, primitive
groups are discussed, but this is not where we start. We consider groups
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acting on parallelisms of PG(3, q), especially when acting on the set of
1 + q + q2 = (q3 − 1)/(q − 1) spreads and ask what can be said of a
collineation group that contains an element g, whose order is a (prime)
p-primitive divisor of (q3 − 1)? As we know a ‘p-primitive divisor’of
pk − 1 is a divisor that does not divide pj − 1, for j < k. Now there is
one situation, namely, 43 − 1, where prime p-primitive divisors do not
exist, so our result will not apply for parallelisms of PG(3, 4). It turns
out that this assumption on p-primitivity is extremely powerful, and
we can say a great deal about the possible parallelisms.

1. Biliotti-Jha-Johnson p-Primitive Theorem

The proof of the result describing the situation when there is a
collineation acting on a parallelism of order a p-primitive divisor of q

3−1
q−1

,
while largely combinatorial, requires the group actions of PSL(3, q)
studied by Mitchell [171] and Hartley [64] almost a century ago, as
well as the classification of primitive subgroups of ΓL(4, q), which is
due to a number of mathematicians and compiled in Kantor and Liebler
[161] (the reader is also directed to the appendix Chapter 43, where
the list of possible groups is also given). In the appendix, Chapter
43, we also provide a list of the possible subgroups or maximal sub-
groups of PSL(3, q), as found in Mitchell and Hartley. At one point,
we require some information from the Atlas of Simple Groups and at
another point, some information on the nature of Baer groups. There
is complete incompatibility between Baer p-groups and elations due to
Foulser [53], when q is odd, where there is substantial incompatibility
due to Jha and Johnson [96], for even order, where basically the exis-
tence of a Baer group of order >

√
q in a translation plane of order q2

forces any elation group to have order at most 2.

Theorem 254. Let P be a parallelism in PG(3, q) and let G be a
collineation group of PG(3, q), which leaves P invariant and contains
a collineation of order a p-primitive divisor u of q3 − 1.
Then, one of the two situations occurs:

(1) G is a subgroup of ΓL(1, q3)/Z, where Z denotes the scalar
group of order q − 1, and fixes a plane and a point.

(2) u = 7 and one of the following subcases occurs:
(a) G is reducible, fixes a plane or a point and either

(i) G is isomorphic to A7 and q = 52, or
(ii) G is isomorphic to PSL(2, 7) and q = p for a prime

p ≡ 2, 4 mod 7 or q = p2 for a prime p ≡ 3, 5 mod
7.
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When q = p = 2, P is one of the two regular paral-
lelisms in PG(3, 2), or

(b) G is primitive, G is isomorphic to PSL(2, 7) or A7 and
q = p for an odd prime p ≡ 2, 4 mod 7 or q = p2 for a
prime p ≡ 3, 5 mod 7.

Convention 3. G denotes a collineation group of PG(3, q) satis-
fying the assumptions of Theorem 283. When we need to consider the
representation group of G in ΓL(4, q), then we denote this group by G
and we write Ḡ, instead of G, to denote the corresponding group in
PΓL(4, q).

We start with a series of lemmas.

Lemma 68. Every plane of PG(3, q) contains exactly one line from
each spread of the parallelism.

Proof. Let π be any plane of PG(3, q) and note that any spread is
also a dual spread. Hence, π contains a line of any spread. However, π
cannot contain two lines of the same spread as otherwise the lines would
intersect. Since a parallelism is a covering of the lines of PG(3, q),
it follows that the lines of π belong one each to the spreads of the
parallelism. �
Lemma 69. A parallelism cannot be left invariant by any non-trivial

central collineation of PG(3, q).

Proof. Let σ be a central collineation of PG(3, q) and let π denote
the plane pointwise fixed by σ. Let S be any spread of the parallelism
and assume σ leaves invariant the parallelism. Since π contains a unique
line of S, it follows that σ must leave S invariant since we have a
parallelism. The remaining q2 lines of S intersect π in the remaining
q2 points not on the line of π in S. Hence, it follows that σ fixes
each line of S and hence induces a kernel homology on the plane πS
corresponding to S. Since the kernel homology group of πS has order
q2 − 1 or q − 1 and σ has order dividing q or q − 1, we have that σ
must be induced in πS by multiplication by a scalar of GF (q). Thus σ
is trivial on PG(3, q). �
Lemma 70. An element of ΓL(4, q), q = pr, of order a prime

p-primitive divisor u of q3 − 1 is in SL(4, q) and projectively is in
PSL(4, q).

Proof. We note that since u and p are prime then u divides
pu−1 − 1. Since u then divides (pu−1 − 1, p3r − 1) = p(u−1,3r) − 1 it
follows that (u−1, 3r) = 3r so that u ≡ 1 mod 3r and (u, r) = 1. Since
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ΓL(4, q)/GL(4, q) has order r, it follows that any such p-primitive ele-
ment is in GL(4, q). Now GL(4, q)/SL(4, q) has order q − 1 so that
any p-primitive element is in SL(4, q) and taken projectively is in
PSL(4, q). �
Lemma 71. Let g be a collineation of PG(3, q) of order a p-primitive

divisor u of q3−1 leaving invariant a parallelism. Then g fixes a unique
plane π and a unique point P exterior to π and acts semi-regularly on
the spreads of the parallelism.

Proof. The number of points and planes of PG(3, q) is (q4 −
1)/(q−1) and u is a prime dividing (q3−1). If u divides (q4−1)/(q−1),
then u divides (q4−1, q3−1) = (q−1), a contradiction. Hence, g must
fix a point P and a plane π. Note that we may assume that P is exte-
rior to π since g is completely reducible. Now assume that g fixes two
planes π and π′. Then g fixes the line of intersection l. Since l has q+1
points and q + 1 divides q2 − 1, g must fix at least three points on l
and hence g fixes l pointwise by Lemma 70. Thus, by the p-primitivity
assumption, g fixes both π and π′ pointwise, a contradiction. The same
argument shows that g cannot fix a spread of the parallelism for then
it must fix at least three lines of the spread pointwise. �
Lemma 72. u can never be 3 or 5. If u = 7, then q = p for a prime

p ≡ 2, 4 mod 7 or q = p2 for a prime p ≡ 3, 5 mod 7.

Proof. Let u = 3. If 3 divides 1 + q + q2 = 3 + (q − 1) + (q2 − 1)
then 3 divides q−1 as it always divides q2−1. So, 3 is not a p-primitive
divisor of q3 − 1. Let u = 5. Then since 5 divides q4 − 1, for every
q = pr, p 6= 5 prime, we cannot have 5 as a p-primitive divisor of
1 + q+ q2. If u = 7, then 7 divides p6− 1, for any prime p 6= 7. Since 7
must be a p-primitive divisor of p3r−1, for q = pr, then 3r ≤ 6, that is,
r = 1 or 2. Hence, in general q = p or p2. We must have 7 | q2 + q+ 1.
Suppose that q = p. Let p = 7f + i, 0 ≤ 1 ≤ 6. Then 7 | i2 + i + 1,
which forces i = 2 or 4. If q = p2 then 7 | p4 + p2 + 1, but 7 - p3 − 1,
so that 7 | p2 − p + 1. In this case, 7 | i2 − i + 1, which implies that i
is 3 or 5.� �
Proposition 15. Assume that the group G fixes a plane π or a

point P of PG(3, q). Then the results of Theorem 254 hold.

Proof. Assume without loss of generality that the group G fixes
the plane π. Regard G as a subgroup of ΓL(4, q), q = pr. Let G denote
the action on PG(3, q) of the group G and let H = G∩PSL(4, q). The
action of H on π is faithful by Lemma 69. Let H∗ = H ∩ PSL(3, q)
acting on π. We may assume that, in this case, all elements of order u,
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a p-primitive divisor of q3 − 1, must sit in H∗ by the same argument
of Lemma 70. Suppose that H∗ ∼= PSL(3, q). Then we have a linear
group H∗p of order q

3, which must fix a spread S and induce upon the
corresponding translation plane πS a linear group in the translation
complement of πS. Since this group also fixes a component l of πS,
the group induced on l is a subgroup of GL(2, q) which has order q.
Hence, there is an elation group with axis l of order q2. Furthermore,
there is a subgroup B∗ of H∗p of order q that fixes a second component.
Since all subgroups are linear, we have a Baer group of order q. By
the incompatibility results between Baer groups and elation groups of
Theorem 299, it can only be that q = 2. Thus H∗ ∼= PSL(3, 2) ∼=
PSL(2, 7). This case provides exactly the two regular parallelisms in
PG(3, 2). By the work of Mitchell and Hartley Chapter 2, the other
possible groups are known. First, consider the case q even. A check
of the possible maximal subgroups of PSL(3, q), q = 2r shows that an
element of order u may be contained only in a group of order dividing
3(q2 + q + 1)/ν, where ν = (3, 2r − 1). Now assume that q is odd. We
have to check the list of Mitchell; again the reader is again directed to
Chapter 2, where it is clear that the orders of all maximal subgroups
do not have the appropriate divisor u, with the exception of cases 4,
and 10 to 14 in that list. In the case 4, H∗ is contained in a maximal
subgroup of order 3(q2 + q + 1)/ν, where ν = (3, pr − 1) for q = pr.
In case 10, we have groups of orders 216, 72, and 36, which only have
prime divisors 2 or 3, so there are no p-primitive elements. In case 11,
we have a group isomorphic to PSL(2, 7), so that u = 7 and q = p
for a prime p ≡ 2, 4 mod 7 or q = p2 for a prime p ≡ 3, 5 mod 7 by
Lemma 72. In cases 12 and 13, we have groups of order 360 or 720
which implies that u = 3 or 5. This cannot occur by Lemma 72. The
last case is when the group is isomorphic to A7 and p = 5 and r even.
Since n = 7, this is only possible when q = 52.
Thus, we have only to consider the case when the order of H∗

divides 3(1 + q + q2)/ν. In this case, H∗ has a normal u-group N̄ .
However, N is normal in G and the centralizer of N is a field of order q3

considered acting within ΓL(3, q). It follows immediately that G must
be a subgroup of ΓL(1, q3) since it normalizes the field centralizing
N . �

We need two other lemmas about the group G.

Lemma 73. If G does not fix any point or plane, then G is primitive
in PG(3, q).
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Proof. Since G contains u-elements, then it cannot fix a line of
PG(3, q) by Lemma 71. Therefore, G is irreducible. IfG leaves a pair of
lines invariant, then a u-element in G fixes each line of this pair, which
is impossible. If G leaves a tetrahedron invariant, then a u-element in
G fixes each of the four vertices, in contrast with Lemma 71. Thus G
is primitive in PG(3, q). �
Lemma 74. Suppose that G is irreducible, then CPGL(4,q)(G) = 〈1〉.
Proof. Let h ∈ C = CPGL(4,q)(G). Then h commutes with all

elements of order u in G, so that any u-element g ∈ G permutes the
points and planes fixed by h. By Lemma 71 and by the irreducibility
of G, we may assume there are at least two u-elements that fix both
distinct planes and distinct points. Since any u-element fixes exactly
one point and acts semiregular on the remaining points, it follows that
there are at least eight distinct points that are fixed by h by Lemma
72. Suppose that g fixes the point P and the plane π. If a line l
through P contains three points fixed by h, then h fixes l pointwise
since h ∈ PGL(4, q). Since g does not fix any line, there are at least
7 distinct lines pointwise fixed by h. If all these lines do not lie in the
same plane, then h = 1. Otherwise, h fixes a plane π′ pointwise and
we must have π = π′, since g fixes π′. Now, there is in G a u-element
moving π and centralizing h. Again, h = 1. Suppose no line through
P contains three points fixed by h. Then h fixes at least 7 distinct
points of π, so that either h fixes π pointwise or h fixes a line of π
pointwise because h ∈ PGL(4, q). The same argument as before shows
that h = 1. �
Corollary 65. Suppose that G is irreducible and G ∩ PGL(4, q)

contains a non-trivial normal subgroup N . Then u | |Aut(N)|.
Proof. Let U be the subgroup generated by the u-elements in G.

Since U fixes at most one point and one plane and does not fix any
line, then U must be irreducible as G is. Suppose that u - |Aut(N)|.
Then N centralizes U . By Lemma 74, N = 〈1〉. �
We may now complete the proof of Theorem 254.
By Proposition 15 and by Lemma 73 we may assume that G is a

primitive subgroup of ΓL(4, q), q = pr. Ḡ denotes the projective action
of G on PG(3, q). By Lemma 70, the elements of G of order a prime
p-primitive divisor u of q3 − 1 are in SL(4, q).
From the list of primitive subgroups of ΓL(4, q) (see Chapter 4), we

simply consider the possible cases.
Case (a) G ≥ SL(4, q) cannot occur by Lemma 69, since Ḡ would

contain central collineations.
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Case (b) G ≤ ΓL(4, q′), where GF (q′) a proper subfield of GF (q).
This cannot occur, since u is a p-primitive divisor of q3 − 1 that forces
q′ = q.
Case (c) G ≤ ΓL(2, q2) cannot occur, because of the existence of

u-elements.
Case (d) G is a subgroup of Z(G)H1, where H1 is an extension of

a special group of order 26 by S5 or S6 and q is odd. By Lemma 74,
Ḡ ∩ PGL(4, q) ≤ H̄1. The existence of u-elements in Ḡ ∩ PGL(4, q)
and Lemma 72 give 7 |

∣∣H̄1

∣∣, a contradiction.
Case (e) G(∞) ∼= Sp(4, q)′ or SU(4, q1/2) cannot occur by Lemma

69, since Ḡ should contain central collineations.
Case (f) G ≤ ΓO±(4, q) cannot occur because of the existence of

u-elements (e.g., see [74], p. 247).
The remaining cases involve the last term G(∞) of the derived series

of G. So, we have a list of quasisimple groups G(∞), which are clearly
contained in SL(4, q). The corresponding projective groups are non-
abelian simple and belong to the following list.

Ḡ(∞) ∼= PSL(2, q), A5, A6, A7
∼= PSp(4, 3) for q ≡ 1 mod 3,
∼= PSL(2, 7) for q3 ≡ 1 mod 7, q odd
∼= PSL(3, 4) for q a power of 9
∼= Sz(q) for p = 2.

Since we know all of the outer automorphism groups of the simple
groups in the list (e.g., see Atlas [35]) and u is a p-primitive divisor of
q3−1, not equal to 3 or 5, we may apply Corollary 65 using Ḡ(∞) as N .
When Ḡ(∞) ∼= PSL(2, q), q = pr, Out Ḡ(∞) has order (2, q − 1) · r, so
that u |

∣∣Aut Ḡ(∞)
∣∣⇒ u |

∣∣Ḡ(∞)
∣∣ by the same argument of Lemma 70,

and this cannot occur by the p-primitivity of u. Similarly, we exclude
the case Ḡ(∞) ∼= Sz(q), q = 2r, as Out Ḡ(∞) has order r. For the
other cases it is easily to prove that, by question of order, the only
possibilities are u = 7 and Ḡ(∞) ∼= PSL(2, 7), A7 or PSL(3, 4).
The case Ḡ(∞) ∼= A7 and q = 2 cannot occur as PG(3, 2) has only

two parallelisms both having the full group isomorphic to PSL(2, 7).
Again, we note that the case q = 4 is not considered as 26 − 1 has no
2-primitive divisors.
When Ḡ(∞) ∼= PSL(3, 4), then q = 9 by Lemma 72. Thus Ḡ(∞)

acts on the 91 spreads of the parallelism. But PSL(3, 4), regarded as
a permutation group, has only one non-trivial representation of degree
at most 91 and this representation has degree 40 (e.g., see [48]). Thus
Ḡ(∞) must fix a spread S. Furthermore, Ḡ(∞) must fix some of the 82
lines of S, contrary to Lemma 71.
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The use of Lemma 72 completes the proof.

2. Transitive Parallelisms

Although we shall provide a more general setting for transitive par-
allelisms when we consider transitive t-parallelisms, we begin the clas-
sifying of the groups arising from a transitive parallelism.

3. Biliotti, Jha, Johnson– Transitive Classification

Theorem 255. Let P be a transitive parallelism in PG(4, q), where
q 6= 4.
Then either P is one of the two regular parallelisms in PG(3, 2) or

the full collineation group of P is a subgroup of ΓL(1, q3)/Z, where Z
denotes the scalar group of order q − 1.

Proof. Suppose that G is a subgroup of PΓL(4, q) leaving P in-
variant and acting transitively on the spreads of P. Then 1 + q +
q2 | |G|. Since q3 − 1 admits a p-primitive divisor u if q 6= 4 and
u | 1 + q + q2, we may use Theorem 254. Let G(∞) ∼= PSL(2, 7) or
A7. Then q = p or p2 for p a prime, so that [G : PGL(4, q) ∩G] ≤
2. Nevertheless, CPGL(4,q)(PGL(4, q) ∩ G) = 〈1〉 by Lemma 74 and
hence

[
PGL(4, q) ∩G : G(∞)

]
≤ 2 as OutG(∞) has order 2. Thus[

G : G(∞)
]

= 1, 2, or 4. It follows that also G(∞) must be transi-
tive on the spreads of P as 1 + q + q2 is odd. Therefore, the order of
G(∞) must be divisible by 1 + q + q2, where q = p for an odd prime
p ≡ 2, 4 mod 7 or q = p2, for a prime p ≡ 3, 5 mod 7. One can then
merely run through the possibilities given in Theorem 254 to obtain a
contradiction. �

4. Johnson’s Classification of 2-Transitive Parallelisms

In Johnson [112], the two transitive parallelisms were completely
classified. The proof given in that paper uses the classification theorem
of finite simple groups more for convenience than for actually require-
ment„as the argument given is more about incompatibility of elations
and Baer collineations and the degree of the permutation group action
rather than the particular group. In the p-primitive element situation,
we have argued using results about groups strictly within ΓL(4, q) and
we may easily obtain the same result except when q = 4, using the
Biliotti-Jha-Johnson p-primitive Theorem.

Theorem 256. The 2-transitive parallelisms in PG(3, q), for q 6= 4,
are exactly the two regular parallelisms in PG(3, 2).
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Proof. If q is not 4, we are finished by Corollary 255 or ΓL(1, q3)/Z
is divisible by ((q3 − 1)/(q − 1))(q(q + 1)), which implies that q(q + 1)
divides 3r, where q = pr, clearly an impossibility. �
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Transitive t-Parallelisms

We now consider the possibility of doubly t-parallelisms, as well as
transitive parallelisms. If there are t-parallelisms, for t > 2, it might
be possible to discover them using group theory, for example, per-
haps there are doubly transitive or transitive t-parallelisms. However,
Johnson and Montinaro [143], [144] first proved that doubly transitive
t-parallelisms imply that t = 2, and more recently proved the same re-
sult for transitive parallelisms. The doubly-transitive theorem uses the
classification theorem of doubly transitive groups, listed in the appen-
dix. The very technical proof of the transitive theorem is sketched in
the appendix by assembling the main building blocks of the proof. The
reader is referred to Chapter 43 for the sketch of the proof.

1. Johnson-Montinaro t-Transitive Theorem

Theorem 257. Let P be a t-parallelism in PGn(q), q = ph, p a
prime, and let G be a collineation group of PG(n, q), which leaves P
invariant and acts transitively on it. Then t = 2. Furthermore, the
group G fixes a point or a hyperplane of PG(n, q), and one of the
following occurs:

(1) Z qn−1
q−1
E G ≤ Z qn−1

q−1
o (Zn.Zh);

(2) q = 2, P is one of the two regular parallelisms in PG(3, 2),
and PSL(2, 7) E G.

So, there is a outstanding problem whether t-parallelisms can exist
for t > 2, but, in any case, they will be diffi cult to find without some
use of group theory. However, since we do know what the group of a
transitive 2-parallelism must look like, we may be able to determine
new classes of transitive 2-parallelisms. In this next section, we give a
new class of such parallelisms.

2. Transitive Parallelisms of PGL(2r − 1, 2)

In this section, we provide a general construction of an infinite class
of transitive parallelisms in PG(2r − 1, 2), which generalizes Baker’s
construction (see [2]).These parallelisms are due to the author and A.

555
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Montinaro [144]. This chapter follows that article but is a somewhat
more brief version.
Let V = GF (22m−1) ⊕ GF (2), considered as a 2m-dimensional

GF (2)-vector space, and let

(37.1) A = {(a, 0), (b, i), (a+ b, i), (0, 0)} ,
where a, b ∈ GF (22m−1)∗, a 6= b if i = 0, and i = 0 or 1. Then A is
a 2-dimensional GF (2)-space of V . Let J be the set of 2-dimensional
GF (2)-spaces of V defined as in (37.1). In the following, we shall say
that A is a line of PG2m−1(2) meaning that A minus the zero vector
is a 1-dimensional projective space of PG2m−1(2). If A ∈ J , then A
is said to be a line of PG2m−1(2) of type 0 or 1 according to whether
i = 0 or 1, respectively.
We also define

∑k A0 to be the sum of the k-powers of elements c in
GF (22m−1), where (c, 0) is in A, and

∑k A1 is the sum of the k-powers
of elements d in GF (22m−1), for (d, 1) in A, and (

∑1A1)k to be the
k-th power sum of the elements d in GF (22m−1), for (d, 1) in A.

For α ∈ GF (22m−1)∗, define

(37.2) Akα =

{
A ∈ J :

k∑
A0 +

k∑
A1 + (

1∑
A1)k = αk

}
.

Lemma 75. α 6= 0, and the following occurs:

(1) If A is a line of type 0 in Akα, then b and a + b are the roots
in GF (22m−1) of the equation

(37.3) x2t + a2t−1x+ αk/a = 0;

(2) If A is a line of type 1 in Akα, then b and a + b are the roots
in GF (22m−1) of the equation

(37.4) x2t + a2t−1x+ a2t + αk/a = 0.

Proof. Let A be a line of PG2m−1(2) lying in Akα. Then
A = {(a, 0), (b, i), (a+ b, i), (0, 0)} .

Furthermore,

(37.5)
k∑
A0 +

k∑
A1 + (

1∑
A1)k = αk,

where each term in the first part of the identity is above explained.
If i = 0, then (37.5) becomes

(37.6) ak + bk + (a+ b)k = αk.
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Since k = 2t + 1, the equation (37.6) can be rewritten as follows

(37.7) a2tb+ b2ta = αk.

From here, the proof is reasonably routine for this case and is left
for the reader to complete.
Now, let i = 1. Then (37.5) becomes

(37.8) bk + (a+ b)k = αk.

Again, the remainder of the proof is left for the reader to verify and
to obtain that b and a+ b are the roots in GF (22m−1) of the equation
(37.4). This completes the proof. �
The next lemma provides a partition of GF (22m−1).

Lemma 76. Let a ∈ GF (22m−1)∗ and Fa = {fa(d); d ∈ GF (22m−1)},
where fa(x) = x2t + a2t−1x. Then

GF (22m−1) = Fa ∪ (Fa + a2t).

Proof. Now let fa(x) = x2t + a2t−1x and

Fa = {fa(d); d ∈ GF (22m−1)}.
Since fa is additive, we can compute the number of elements of Fa by
determining the number of solutions of x2t + a2t−1x = 0. If x 6= 0,
then (x/a)2t−1 = 1, which implies x = a. Hence, there are exactly
two solutions of x2t + a2t−1x = 0. Thus, Fa contains exactly 22m−1/2
elements.
Now, assume that a2k is in Fa. Then x2t + a2t−1x + a2t = 0. Now

dividing by a2t , we obtain the equation

(37.9) (x/a)2t + (x/a) + 1 = 0.

Let z = x/a. Then (37.9) becomes z2t = z + 1. By raising the previ-
ous equation to the 2t-th power, we obtain z22t

= z, and this implies
z22t−1 = 1. Therefore, z = 1, since ((2t−1)(2t+1), 22m−1−1) = 1. This
is a contradiction, since z2t = z + 1. Consequently, for each non-zero
a ∈ GF (22m−1)∗, the set

{
Fa, Fa + a2t

}
is a partition ofGF (22m−1). �

Now, we are in position to prove the main result of this section.
Let ω be a primitive element of GF (22m−1)∗, and let τω be a trans-

formation of V22m(2) which maps (e, i) onto (ωe, i). Since τω fixes the
zero vector, then τω can be regarded as a collineation of PG22m−1(2).
Set H = 〈τω : ω ∈ GF (22m−1)∗〉, then H ∼= GF (22m−1)∗ and the fol-
lowing result is obtained.

Theorem 258. Under the previous assumptions, the following holds
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(1) If k = 2t + 1 and (t, 2m − 1) = 1, then Akα is a spread of
PG22m−1(2);

(2) The set

Pk = ∪a∈GF (22m−1)∗Akα
is a transitive parallelism of PG22m−1(2) under the collineation
group H;

(3) P2t+1 = P22m−1−t+1.

Proof. Let w be a non-zero vector of V . First, assume that w =
(a, 0), for a 6= 0. Then αk/a is an element of GF (22m−1)∗ and hence
is either in Fa or Fa + a2t by Lemma 76. If αk/a is in Fa, since b
and a+ b are the roots of (37.3) in GF (22m−1) by Lemma 75 (1), then
{(0, 0), (a, 0), (b, 0), (a + b, 0)} is the unique 2-space of Akα containing
w. If αk/a is in Fa + a2t , since b and a + b are the roots of (37.4) in
GF (22m−1) by Lemma 75 (2), then {(0, 0), (a, 0), (b, 1), (a+b, 1)} is the
unique 2-space of Aka containing w in this case.
Assume that w = (b, 1). Again by Lemmas 75 and 76, it is easily

seen that, there is a unique 2-space of Aka containing w, and the proof
of (1) is thus completed.
Assume that some 2-space

{(0, 0), (a, 0), (b, i), (a+ b, i)}

lies in the spreads Akβ and Akα. Then αk = βk. This implies (α/β)k = 1

and hence α = β, since (k, 22m−1 − 1) = 1. Therefore, the num-
ber of such spreads of PG22m−1(2) is 22m−1 − 1, since Akα is a spread
of PG22m−1(2) for each α ∈ GF (22m−1)∗. As the number of lines in
PG22m−1(2) is (22m−1−1)(22m−1)/3, then Pk is a partition of the lines
in of PG22m−1(2) by spreads, that is, Pk is a parallelism of PG22m−1(2).
Since τω maps Akα onto Akωα, then H preserves Pk and acts transitively
on this one. Hence, Pk is a cyclic parallelism of PG22m−1(2). This
completes the proof of (2).
Finally, let A ∈ P2t+1, then

a2tb+ b2ta+ δak = αk,

for δ = 0 or 1 and α ∈ GF (22m−1)∗. The previous identity is equivalent
to

(a2tb+ b2ta+ δak)22m−1−t
= (α2t+1)22m−1−t

,

being (22m−1−t − 1, 22m−1 − 1) = 1, which in turn reduces to

ab22m−1−t
+ ba22m−1−t

+ δa22m−1+1 = α22m−1+1,
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implying that A ∈ P22m−1−t+1. Thus, we have proved that P2t+1 =
P22m−1−t+1, which is the assertion (3), and which completes all parts of
the theorem. �
As mentioned above, the previous construction provides a cyclic

parallelism Pk that coincides for k = 3 with the cyclic parallelism dis-
covered by Baker in [2]. Moreover, as we shall see in the next section,
it provides exactly φ(2m− 1)/2 mutually non-isomorphic cyclic paral-
lelisms in PG2m−1(2).

3. Isomorphisms of the Transitive Parallelisms

In this section, we consider the possible isomorphisms of the tran-
sitive parallelisms Pk, for different values of k. Clearly, Pk cannot be
isomorphic to Pk′, for any fieldGF (22m−1), where k = 2t+1, k′ = 2t

′
+1,

and (22t− 1, 22m−1− 1) = 1 but (22t′ − 1, 22m−1− 1) 6= 1. However, the
main question is whether some Pk can be isomorphic to P3, the Baker
transitive parallelism (see [2]).
Let G ≤ ΓL2m(2) be the full group of a parallelism Pk. Since

H ≤ G, where H = 〈τw : w ∈ GF (22m−1)∗〉, then G is transitive on
Pk by Theorem 258. Then H E G ≤ ΓL1(22m−1), for m > 2 from
Theorem 257. Furthermore, G fixes the subspaces 〈0〉 ⊕ GF (2) and
GF (22m−1)⊕ 〈0〉.
Since the collineation γσ : (a, i) → (aσ, i), where σ is an automor-

phism of GF (22m−1), maps Akα onto Akασ , and hence maps Pk onto
itself, we obtain the following:

Theorem 259. If m > 2, then ΓL(1, 22m−1) is the full collineation
group of each parallelism Pk.

Let Pk and Pk′ be two isomorphic parallelisms of PGn(q), and
let ϕ ∈ ΓL2m(2) such that Pkϕ = Pk′. Then Gϕ

k = Gk′, where Gk

and Gk′ denote the full groups of the parallelisms Pk and Pk′, respec-
tively. Since Gk and Gk′ leave invariant the subspaces 〈0〉 ⊕ GF (2)
and GF (22m−1) ⊕ 〈0〉 in V2m(2), so does the element ϕ. Therefore,
ϕ(d, i) = (ϕ1(d), ϕ2(i)), where ϕ1 and ϕ2 are collineations ofGF (22m−1)
and GF (2), respectively. Actually, because of its linearity, ϕ2 is the
identity. Consequently, ϕ normalizes H and so is in Gk

∼= ΓL1(22m−1).
Hence, ϕ is the identity, and we have proved the following:

Theorem 260. The parallelisms Pk and Pk′ are isomorphic if and
only if they are identical.

Corollary 66. The above construction provides exactly φ(2m −
1)/2 mutually non-isomorphic transitive parallelisms in PG2m−1(2).
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Proof. In order to prove the corollary, by Theorem 260, we just
need to show that P22m−1−t+1 is the only parallelism that is identical to
P2t+1. Indeed, suppose that Pk = Pk′ for distinct k = 2t + 1 and k′ =
2t
′
+1. Let L be a 1-subspace 〈(a, 0), (b, 1)〉 of Pk. Since an isomorphism

σ can only map L to Lσ, we may assume that the isomorphism is the
identity mapping so that (a+b)k+bk = αk, if and only if (a+b)k

′
+bk

′
=

αk
′
. In particular, if a = 1, then

b+ (1 + bk)1/k = b+ (1 + bk
′
)1/k′ ,

which is equivalent to

(37.10) (1 + bk)k
′
= (1 + bk

′
)k.

Since there are 22m−1 elements (b, 1) in ∪Ak1 = ∪Ak′1 , the previous
equation is true for all elements b in GF (22m−1). By using (37.10),
bearing in mind that k − 1 = 2t and k′ − 1 = 2t

′
, we obtain

(37.11) bk + bk(k′−1) + bk
′
+ bk

′(k−1) = 0,

for all elements b in GF (22m−1). Since k 6= k′ and both k and k′ are
less than 22m−1, by reducing all exponents modulo 22m−1 in (37.11),
we obtain that either k ≡22m−1−1 k(k′ − 1), or k ≡22m−1−1 k

′(k − 1).
From here is fairly straightforward to verify that k′ = 2(2m−1)−t + 1 as
k = 2t + 1, and the proof is thus completed. �



CHAPTER 38

Transitive Deficiency One

In the previous chapters, we have given a variety of constructions
of the so-called ‘transitive deficiency one partial parallelisms, which
are partial parallelisms in PG(3, q) of q2 + q spreads that admit a
transitive group of the set of spreads. There is a unique extension
to a parallelism, so the transitive group will act as collineation group
of the extended plane (the ‘socle’plane), perhaps not faithfully. An
understanding of these parallelisms is of considerable importance and
interest and is also a wonderful blend of geometric, combinatorial, and
group theoretic ideas. If q = pr, the transitive group G admits a
Sylow p-group of order divisible by q. However, this group will be
forced to ‘grow’to order q2 to accommodate the action on the spreads.
When this occurs, it will turn out that every non-socle plane will be
a translation plane with spread in PG(3, q) admitting a Baer group.
Hence, we may apply the Johnson, Payne-Thas theorem that states the
the plane is a derived conical flock plane. This partial classification
theorem is due to Biliotti, Jha, and Johnson [19] who proved the result
under a certain restriction on the Sylow p-subgroups (that they are
‘linear’) and to Diaz, Johnson, and Montinaro [45], who removed this
restriction. The proof given here combines ideas of both of these papers.
The background material required for reading the following theorem is
listed in the appendix Chapter 41.

1. BJJDJM-Classification Theorem

In this chapter with give a classification of transitive deficiency one
partial flocks. This theorem is the cumulative work of Biliotti, Jha,
and Johnson [19] and Diaz, Johnson and Montinaro [45], the so-called
BJJDJM-Classification Theorem.

Theorem 261. Let P− be a deficiency one partial parallelism in
PG(3, q) that admits a collineation group in PΓL(4, q) acting transi-
tively on the spreads of the partial parallelism. Let P denote the unique
extension of P− to a parallelism. Let the fixed spread be denoted by Σ0

(the ‘socle’), and let the remaining q2 + q spreads of P− be denoted by
561
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Σi, for i = 1, 2, .., q2 + q. Let πi denote the affi ne translation plane cor-
responding to Σi. Then Σ0 is Desarguesian and Σi is a derived conical
flock plane for i = 1, 2, .., q2 + q.

The proof shall be given a series of lemmas.
In the following lemmas, we shall assume the hypothesis and nota-

tion of Theorem 261.

Lemma 77. Assume that q2 − 1 has a p-primitive divisor u (an
element that divides q2 − 1 but does not divide ps − 1, for q = pr and
s < 2r). Let U be a Sylow u-subgroup of G. Then U is Abelian.

Proof. Let U be a Sylow u-group of G of order ua. Since U has
order ua and u divides q2 − 1, then U fixes at least two components of
the socle, for if it fixes zero or one component, then every non-trivial
orbit is divisible by u, forcing u to divide q2 +1 or q2, where q2 +1 is the
number of components of the affi ne socle plane. Let gu be any element
of U and assume that gu fixes a non-zero point on a fixed component.
Let X denote the GF (p)-subspace pointwise fixed by gu. Then there
is a Maschke complement C left invariant by gu, on which gu fixes no
non-zero point. Hence, it follows that u divides |C|−1, a contradiction
unless C is trivial. This implies that gu is an affi ne homology.
Thus, either there exists an element of U , which is an affi ne homol-

ogy or U acts fixed-point-free on any fixed component. Let L andM be
two components fixed by U and let U[Z] denote the subgroup of U fixing
Z pointwise, where Z = L or M . Then, since any homology group of
odd prime power order is cyclic as such a group is a Frobenius comple-
ment, it follows that U[L]U[M ] is an Abelian subgroup. Hence, U/U[L]

acts faithfully as a fixed-point-free subgroup acting on L. Since a fixed-
point-free group is a Frobenius complement, then U/U[L] is cyclic. But,
either any element of order uβ normalizing U[L] must centralize U[L] or
u divides ut− 1 for some t. Hence, it follows that U centralizes U[L], so
it must be that U is Abelian. �

Lemma 78. Any element gu in ΓL(4, pr) of order a prime p-primitive
divisor u is in GL(4, pr).

Proof. If u divides r, then consider the element

θ : (x1, x2, y1, y2) 7−→ (xp
r/u

1 , xp
r/u

2 , yp
r/u

1 , yp
r/u

2 )

of order u. This element fixes each vector (x1, x2, y1, y2), for xi, yi ∈
GF (p). The argument of the previous lemma then would state that
θ must fix each element on both x1 = 0 = x2 and y1 = 0 = y2, a
contradiction. �



Combinatorics of Spreads and Parallelisms 563

Remark 70. G acts as a collineation group on the socle plane Σ.
Recall that when we say that G contains an elation it is meant that the
collineation acts on translation plane corresponding to Σ as an elation.

Lemma 79. Suppose that G contains an elation with axis L and
there is a p-primitive divisor u of q2 − 1. Let U denote a Sylow u-
subgroup of the full group acting on the parallelism. If U leaves L
invariant and does not centralize the elation subgroup with axis L, then
the socle is a semifield plane.

Proof. Let Sp be a Sylow p-subgroup of G, so of order ≥ q. Let E
denote the elation subgroup. Since U then normalizes E, it follows that
either U centralizes E or induces a non-trivial fixed-point-free group
on E, implying that E has order q2, that is, the socle is a semifield
plane. �
We also note that linear p-collineations are of three possible types.

We have a Sylow p-group S of order divisible q in ΓL((4, q). Then
S∩GL(4, q) has order at least q/(r, q) > 1, where q = pr, for p a prime,
so there is always a linear p-collineation. We now regard the group G
acting on the associated 4-dimensional vector space over GF (q).

Lemma 80. Any linear collineation of order p in the translation
complement of a translation plane of order q2, q = pr, p a prime, whose
associated spread is in PG(3, q) is one of the following three types:
(1) elation,
(2) Baer p-collineation (fixes a Baer subplane pointwise), or
(4) quartic (an element of order p that fixes exactly a 1-dimensional

subspace of V4) that lies on a component (a ‘line’ of the associated
spread).

Proof. Simply use Theorem 294. �
1.1. When G Admits an Elation.

Proposition 16. Let π be any translation plane of order q2 with
spread in PG(3, q) that admits an affi ne elation σ in the translation
complement. Then σ fixes exactly q(q+1) Baer subplanes of π (incident
with the zero vector), defined by 2-dimensional GF (q)-subspaces.

Proof. A central collineation of a projective plane will fix a sub-
plane if and only if the center and axis of the collineation are in the
subplane and there is some point of the subplane that is mapped back
into the subplane under the collineation. (The reader might try to
prove this as an exercise.) For affi ne elations σ of a translation plane
π, it follows that any affi ne subplane must share the axis L (say, chosen
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as x = 0) and therefore share a 1-dimensional GF (q)-subspace. Choose
a 1-dimensional subspace and coordinatize so that (0, 0, 0, 1) generates
this 1-space. We may always represent a particular elation σ as follows:
σ : (x, y) 7−→ (x, x + y), where x and y are 2-vectors (x1, x2), (y1, y2),
respectively, for xi,yi ∈ GF (q). An invariant subplane is given by a
2-dimensional GF (q)-subspace that is not a component of π. Hence, if
we choose a vector not on x = 0, say (x∗1, x

∗
2, y
∗
1, y
∗
2), so x∗1 or x

∗
2 is not

zero, in terms of generating a 2-dimensional GF (q)-subspace, we may
assume that y∗2 = 0. Then

σ : (x∗1, x
∗
2, y
∗
1, 0) 7−→ (x∗1, x

∗
2, x
∗
1 + y∗1, x

∗
2).

This vector must be in 〈(x∗1, x∗2, y∗1, 0), (0, 0, 0, 1)〉, so that there exist
α, β ∈ GF (q), where

(x∗1, x
∗
2, x
∗
1 + y∗1, x

∗
2) = β(x∗1, x

∗
2, y
∗
1, 0) + α(0, 0, 0, 1).

Since at least one of x∗1 and x
∗
2 is non-zero, this implies that β = 1,

α = x∗2, implying that x
∗
1 = 0. So, the invariant subspace is

〈(0, x∗2, y∗1, 0), (0, 0, 0, 1)〉

and since x∗2 is then non-zero, we may choose x
∗
2 = 1, without loss of

generality. Hence, the subspace is

〈(0, 1, y∗1, 0), (0, 0, 0, 1)〉 .

Then for each element y∗1 ∈ GF (q), we obtain a distinct 2-dimensional
GF (q)-subspace that is invariant under σ. Hence, for each of the q+ 1
1-dimensional subspacesX of x = 0, there are exactly q Baer subplanes
invariant under σ that contain X. Therefore, σ fixes exactly q(q + 1)
Baer subplanes of π. �

Lemma 81. Each elation leaves precisely q non-socle planes invari-
ant.

Proof. Since every elation σ fixes precisely q(q+1) Baer subplanes,
all of which non-trivially intersect the axis L of σ, then each σ-invariant
Baer subplane is a component in exactly one non-socle plane πi. But
then L is a Baer subplane of πi and σ, as a Baer collineation of πi,
must fix exactly q + 1 components, the components that non-trivially
intersect L as a Baer subplane. Hence, σ fixes exactly q non-socle
planes. �

Lemma 82. If an elation exists in G, then there are at least q + 1
non-trivial elations.
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Proof. Each elation σ fixes exactly q non-socle planes and G acts
transitively on the non-socle planes. Hence, each non-socle plane is
left invariant by some non-trivial elation of the socle plane. Therefore,
there are at least q + 1 non-trivial elations, if there is at least one. �

Lemma 83. Every elation group of order p in a translation plane
of order p2 is regulus-inducing.

Proof. Consider the group generated by an element σ : (x, y) →
(x, x+ y), then the images union the axis of a component y = xM are
of the form:

x = 0, y = xiM ; i ∈ GF (p),

which is clearly a regulus in PG(3, p). �

Lemma 84. If there is an elation in G and q2 = p2, for p a prime
and p+ 1 = 2a, then the socle is Desarguesian

Proof. If q = p and p+1 = 2a then, in this setting, since there are
elations, and every elation group of order p is regulus-inducing, we have
that Σ is a conical flock plane. Moreover, since any elation must also
fix a Baer subplane, it follows that the order of the p-group is strictly
larger than p, so it can only be that the order is p2, since there can
be no Baer p-elements by Theorem 298, as there are elations. Now we
have a linear group of order p2 with a regulus-inducing elation group
contained in it. Let E denote the elation group with axis L. If E has
order p2, then Σ is a semifield plane, which is necessarily Desarguesian,
since the order is a prime square. Hence, we may assume that E has
order p and that a Sylow p-group fixes a 1-dimensional subspace XL on
L pointwise. If L is moved, then SL(2, p) or SL(2, 5) is generated by
the elations. The first case implies that the plane π0 is Desarguesian.
In the latter case, there are exactly 10 elation axes and there is a
group of order 12 that leaves L invariant and normalizes the Sylow 3-
subgroup of order 9. This group leaves XL invariant, and is transitive
on the remaining 3 1-dimensional GF (3)-subspaces. Hence, we have
a group of order 4 fixing XL and a second 1-dimensional subspace on
L. The group of order 4 must fix a second elation axis as well. The
combinatorics of this situation imply that there is a Baer collineation,
a contradiction.
Thus, L is invariant. If XL is not invariant, then SL(2, p) or

SL(2, 5), and p = 3. In this second situation, there are exactly 4
1-dimensional GF (3)-subspaces so the SL(2, 5) case cannot occur. In
the second case, then π0 is Desarguesian, Hall, Hering or Walker of or-
der 25 by Chapter 41, Theorem 285. But, since we have elations in the
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plane, only the Desarguesian plane survives. Therefore, assume that
XL is not invariant and the group induced on L is SL(2, 5).
Thus, XL and L are both invariant under the full collineation

group of the parallelism. The group induced on L is a subgroup of
ΓL(2, p) = GL(2, p), acting on L as a Desarguesian affi ne plane of
order p. However, XL is a fixed component and the stabilizer of a
component of L has order dividing p(p − 1)2. But we have a group of
order divisible by p2(p + 1) fixing L and XL. Hence, there must be
an affi ne homology group with axis L of order at least (p + 1)/4. An
affi ne homology cannot commute with any elation of E, implying that
(p + 1)/4 must divide (p − 1), a contradiction unless (p + 1)/4 is 1 or
2. Therefore, we have a contradiction unless possibly p = 3. But then
the plane must be Desarguesian or Hall, and the Hall plane does not
contain affi ne elations. �
Lemma 85. Assume that there is an element τu of G of order a

p-primitive divisor of q2 − 1. If U is a Sylow u-subgroup of G, then U
is linear.

Proof. By assumption, there is a p-primitive prime divisor u of
q2 − 1, which must then divide q + 1. This implies that there is an
element of order u in G. Let U be a Sylow u-subgroup of G. From
Lemma 77, U is Abelian and elements of order u are linear. We claim
that U is linear. If not, let ρ be an element of order ut, for t > 1, of U .
We know that (u, r) = 1, so let ρ be given by

(x1, x2, y1, y2) 7−→ (xp
z

1 , x
pz

2 , y
pz

1 , y
pz

2 )ρ∗,

where ρ∗ is in GL(4, q). This means that the non-linear part of this
equation will never drop off by taking powers of u. Hence, U is linear.

�
Lemma 86. If all elations of G have the same axis, then the order

of the elation group is q2. Furthermore, then the socle plane π0 is a
semifield conical flock plane and the non-socle planes are derived conical
flock planes.

Proof. The order of the maximum elation subgroup that fixes a
non-socle plane is an invariant. Let this order be pt. Then there is an
elation subgroup Ei of order pt that fixes a non-socle plane πi and also
fixes a total of q such non-socle planes. Since G normalizes the full
elation group E with axis L, it must permute the subgroups Ei and
these elation subgroups are necessarily mutually disjoint. Then there
is a partition of the full elation group E of order ps by exactly q + 1
mutually disjoint groups of order pt. Note that pt ≤ q, since Ei acts
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on πi as a Baer group and the maximum p-order of a Baer group is q.
Therefore, (q+1)(pt−1) = ps−1. Hence, we must have qpt+pt−q = ps.
Divide the equation by pt, to obtain q + 1 − q/pt = ps−t. Since there
are at least q + 1 non-trivial elations and these are assumed to have
the same axis, then s − t > 0. If pt < q, we have a contradiction, as
p would divide all terms but the ‘1’-term. Hence, pt = q, implying
pr−t = q, so that the order of the elation group is q2. So, the non-socle
planes admit a Baer group of order q and by the Theorem of Johnson,
Payne-Thas, the non-socle planes are derived conical flock planes. But,
then the groups Ei are what are called ‘regulus-inducing’elation groups
as acting on the socle plane π0, so that π0 is a semifield conical flock
plane. �

Theorem 262. Assume that q is not 8. If an elation exists and
all elations have the same axis, then the socle plane π0 is Desarguesian
and the non-socle planes are derived conical flock planes.

Proof. It remains to show that π0 is Desarguesian. Since all even
order semifield conical flock planes are Desarguesian by a result of the
author Theorem 296, we may assume that q is odd. In this setting,
there is a prime p-primitive divisor of q2−1, u and there is a collineation
τu of order u, which is linear and furthermore the Sylow u-group U
containing τu is also linear.
We wish to show that this plane is Desarguesian. If not, then the

full collineation group of π0 permutes a set of q regulus nets sharing the
elation axis L (see, e.g., Johnson and Payne [147] or Johnson [124]).
Hence, there is a group of order q + 1 that leaves y = 0 and x = 0
invariant and must therefore fix a regulus net R. It follows that τu
must fix a third component, say, y = x of R as u cannot divide q − 1.
Therefore, by Theorem 286, there is an Ostrom phantom plane Π0

consisting of the τu-fixed subspaces of dimension 2 over GF (q) (of the
associated 4-dimensional GF (q)-vector space). Since Π0 is regular and
contains x = 0, y = 0, y = x, it follows that Π0 contains the regulus R
in its spread. Since E1 is regulus-inducing, it follows easily that E1 is
also a collineation group of Π0 and τ is a kernel homology group of Π0

(fixes all components of Π0). However, then E1 must commute with
τu, a contradiction. Hence, π0=Π0. This completes the proof in this
case. �

Lemma 87. If q is not 8, then either the socle plane π0 is De-
sarguesian (for q not 8) or any Sylow u-subgroup U fixes exactly two
components of the socle plane and these components are not elation
axes.
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Proof. Assume that U fixes at least three components of π0. Then
there is an associated Ostrom phantom Π0 consisting of U -fixed 2-
dimensional GF (q)-subspaces. Suppose there is a component J of
Π0 − π0. Then J is a Baer subplane of π0 and hence lies in a unique
translation plane πi, for i not 0, as a component. Hence, U fixes πi.
But this means that the order of G is divisible by q(q+1) |U |, a contra-
diction as u divides q+1 and U is a Sylow u-subgroup. Therefore, π0 is
Desarguesian. Moreover, U centralizes all elation groups. By Lemma
86, there is more than one elation axis.
So, assume that U fixes exactly two components of π0. If either

of these components L and M are elation axes, assume first that U
centralizes the elation group EL with axis L. Then since U fixes M
and EL does not, it follows that U must also leave invariant the image
set of M under EL. Hence, U does not centralize E. It follows that E
has order q2 and either the plane is Desarguesian or there is a unique
elation axis. Theorem 262 then shows that plane is Desarguesian in
this latter case. This completes the proof of the theorem. �
So, if there exist elations in G, either we are finished or they cannot

all have the same axis. The group generated by a set of elations in G
with more than one axis is as follows: SL(2, pz), SL(2, 5) and p = 3,
Sz(2e), e odd and p = 2 or dihedral of order 2t, for t odd and p = 2,
by Theorems 290 and 291. We consider the dihedral case Dt first.

1.2. The Dihedral Case Cannot Occur. Note that in the di-
hedral case, there are exactly t elation axes, each of which is the axis
for a unique elation of order 2. Since there are at least q + 1 elations,
then t ≥ q+ 1. Each elation fixes exactly q non-socle planes, and there
is a partition of these into exactly q+ 1 parts. If t > q+ 1, then one of
these parts admits two elations leaving invariant each non-socle plane
of a set of q planes, a contradiction. Hence, t = q + 1. When q is not
8, we have 2-primitive elements of prime order. But, when q = 8, we
now have a cyclic group of order 8 + 1 = 9 acting transitively on the
set of elation axes. So, we have a linear cyclic group of order 32, and
32 is a 8-primitive divisor of 82 − 1. Let U denote a Sylow u-group,
when q is not 8 or a 3-subgroup when q = 8. U is linear, when q is not
8, and possibly non-linear when q = 8, but has a linear subgroup of
order divisible by 9. We note that U must fix at least two components
of π0, simply by order. Let NE denote the net defined by the set of
q + 1 elation axes. Let Cq+1 denote the cyclic stem of order q + 1 of
the dihedral group Dq+1 generated by the elations.
We know by Theorem 297 that either the elation net NE is a regulus

net or the plane is ‘twisted’through a Desarguesian plane (the order
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q = 8 is not a special case, as may be seen using q-primitive divisors in
place of p-primitive divisors, as there is a cyclic group of order 9, when
q = 8). In either case, there are two Baer subplanes of an associated
Desarguesian plane Π0 that are fixed by Dq+1 and which non-trivially
intersect each elation axis of π0. These two Baer subplanes of Π0

are then not components of π0, so that Dq+1 fixes at least two Baer
subplanes of π0. Moreover, since Dq+1 can only fix Baer subplanes that
non-trivially intersect each Baer axis, then each fixed Baer subplane
must lie within the elation net NE. We know, from our work on Baer
subplanes of a net, that if there are three Desarguesian planes of a net
of degree q + 1 and degree q2 then there are q + 1 and the net is a
derivable net (regulus net in this case). Hence, there are either two
or q + 1 fixed Baer subplanes of π0 by Dq+1. However, since Dq+1 is
normal (as it is generated by the set of all elations in G), it follows that
G permutes a set of at most q+1 fixed non-socle planes, a contradiction
to transitivity. Hence, the dihedral case does not occur.

1.3. The Suzuki Group Case Does not Occur. Let the group
generated by the elations in G be isomorphic to Sz(2e), where e is odd.
If q is not 8, then Sz(2e) is normalized by a 2-primitive collineation
τu. In this setting, the socle plane cannot be Desarguesian. Hence, by
Lemma 87, then any Sylow u-subgroup U fixes exactly two components
of π0, neither of which are elation axes. Therefore, U normalizes but
does not centralize Sz(2e).
But τu permutes the set of 22e + 1 elation axes and each elation

group has order 2e ≤ q. So, U does not centralize Sz(2e) then u
divides 22e + 1, so that u divides

(22r − 1, 22e − 1) = (2(2r,4e) − 1) = 22r − 1,

so that 2r divides 4e. Hence, r divides 2e. If r is odd, then r divides e
so that there is an elation subgroup of order at least q. Therefore, the
order of a Sylow 2-group in Sz(2e) is at least q2. But there are no Baer
involutions in Sz(2e), so we must have Sz(q) in this case. Now if τu
centralizes Sz(q), then τu is a kernel homology group of π0, implying
that the plane is Desarguesian, which cannot be the case. Hence, U
normalizes but does not centralize Sz(q), a contradiction to the order
of the outer automorphism group of Sz(q), since the order of the outer
automorphism group is r, for q = 2r, and u cannot divide r (see, e.g.,
the Atlas [35]), so that τu belongs to Sz(q). But, the order of Sz(q) is
q2(q2 + 1)(q − 1), and u therefore does not divide the order of Sz (q).
Hence assume that r is even so that r/2 divides e, implying that

there is an elation group of order at least
√
q. The elation group cannot
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be exactly
√
q by Büttner [29], since there we would have a Sz(

√
q)

acting on a translation plane of order q2, which does not occur. Let
the order of an elation group be

√
q2a. We note by results of Hering

[67] this will force π0 to contain a Lüneburg-Tits subplane ρ0 of order
22e, which is then of order 22(r/2+a) = 22aq, which is strictly larger than
the order of a Baer subplane. Therefore, this cannot occur.
Hence, if q is not 8, the Suzuki case does not occur. Therefore,

assume q = 8 and assume that Sz(2e), for e odd acts. Since q is not
a square and there is an invariant Lüneburg-Tits subplane of order 22e

of π0, and 2e ≥ 8, we see that we obtain Sz(8), forcing π0 to be a
Lüneburg-Tits plane. We have a 3-group U3 of order at least 9, which
normalizes Sz(8). Since 3 does not not divide the order of Sz(8), either
U3 centralizes Sz(8) or 9 divides the order of the outer automorphism
group of Sz(8), a contradiction as the outer automorphism group has
order 3. Hence, U3 centralizes Sz(8) and therefore fixes each elation
axes and hence is a kernel homology group of π0. But this means that
π0 is Desarguesian, a contradiction.
Therefore, the Suzuki group case cannot occur.

1.4. The SL(2, pt) Case Does Not Occur. When SL(2, pt) acts
and is normalized by a Sylow U -subgroup, then either U centralizes
SL(2, pt) or u divides pt + 1, the number of elation axes. So, if q is not
8, then u dividing pt + 1 implies that we have SL(2, q) or SL(2, q2),
both of which imply that the plane π0 is Desarguesian, since the group
is generated by affi ne elations.
In the case SL(2, q), the set of q + 1 elation axes form a derivable

net in π0, and there is a set of q + 1 Baer subplanes each fixed by
SL(2, q). Since SL(2, q) is normal in G, we see that G permutes a set
of at most q + 1 non-socle planes containing the fixed Baer subplanes
of SL(2, q) as components.
So, again for q not 8, assume that τu centralizes SL(2, pt). Then

τu fixes at least pt + 1 components, so that there is an Ostrom phan-
tom Π0 admitting as a collineation group the group normalizing 〈τu〉.
Moreover, Lemma 87 shows that π0 = Π0. Similarly, U must centralize
SL(2, pt) and centralizes τu. Therefore, SL(2, pt)U is a collineation
group of Π0, where U is a kernel homology group, as it is linear. Let
L denote an elation axis. Now that π0 is Desarguesian, we have a
linear p-group S−p of order >

√
q that fixes a 1-dimensional subspace

X pointwise on L and hence must itself be an elation group acting
on π0, an subplane of order pt. It follows easily that we must have
SL(2, q) or SL(2, q2) acting on π0 and are subgroups of G. In the first
case, SL(2, q) defines a regulus net, containing Baer subplanes that are
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components in some non-socle planes. Since SL(2, q) is normal in G,
it follows that G permutes a set of at most q + 1 non-socle planes, a
contradiction. If we have the group SL(2, q2), there is an elation group
of order q2, which means that there are Baer groups of order q acting
on the non-socle planes, which basically is what we are trying to prove.
Hence, we are finished unless q = 8. When this occurs, and we

have SL(2, 2t) generated by elations, as well as a 3-group U of order 9,
which normalizes SL(2, 2t). So, we have SL(2, 2t), where the elation
net contains a Desarguesian subplane of order 2t. Therefore, we could
have SL(2, 4), SL(2, 8), or SL(2, 82). In the latter two cases, the plane
π0 is Desarguesian. Our arguments above show that the cases SL(2, 8)
or SL(2, 82) establish the theorem. Hence, we are reduced to consid-
ering SL(2, 4). Our group is in ΓL(4, 8), so a linear 2-group of order
q/(3, 2) = q. But, since we have an elation, this group (necessarily lin-
ear) has order at least 16, since every elation fixes a Baer subplane and
hence fixes a non-socle subplane. Let L be an elation axis. A Sylow
2-subgroup (linear) fixes a 1-dimensional GF (8)-subspace X pointwise.
The group induced on L has order at least 4 since the elations generate
SL(2, 4). If X is moved by the stabilizer of L, then we have SL(2, 2s)
generated on L, where s divides 3 and s ≥ 2. Therefore, SL(2, 8) is
generated on L, so that the plane π0 is either Hall or Ott-Schaeffer, but
neither of these planes admit affi ne elations. Hence, X is left invariant
by the stabilizer of L. There are 5 elation axes so every 3-group S3 (of
order at least 9) fixes at least two of these axes and hence must stabi-
lize some two corresponding 1-dimensional subspaces Xi, one on each
of the two fixed elation axes Li, i = 1, 2. Since the order of S3 is at least
9, there must be a linear 3-element τ 3, which then fixes Xi, for i = 1, 2
pointwise (i.e. 3 does not divide 7), τ 3 is a linear Baer collineation
of order 3. But linear Baer groups have order dividing 8(8 − 1), a
contradiction by Theorem 298. This finishes the SL(2, pt)-case.

1.5. The SL(2,5)-Case Does not Occur. Here we must have
p = 3 and there is a collineation τu, which permutes the 10 elation
axes. If τu divides 10, then τu = 5 and 5 divides 32r − 1 but does
not divide 3e − 1, for e < 2r. Since 5 divides 34 − 1, this means that
4 ≥ 2r, so that r = 2 or 1 so that q = 3 or 9. Hence, u = 5. Also,
U must normalize SL(2, 5) and since the outer automorphism group of
SL(2, 5) has order 2, it follows that U centralizes SL(2, 5), implying
that U fixes all elation axes, contrary to Lemma 87.

Theorem 263. If G contains an elation, then the theorem is proved.

Corollary 67. q is not 8.
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Proof. We need to show that there is an elation if q is 8. If q =
8, note that the Sylow 2-subgroups are in ΓL(4, 23), so the Sylow 2-
subgroups are linear. If there are no elations, then there is a Baer
involutions in π0. But this Baer involution fixes a non-socle plane π1,
which means that the Sylow 2-subgroup must have order at least 2 · 8.
But such linear 2-group fixes a component L and fixes a 1-dimensional
subspace X on L pointwise. Therefore, the group induced on L has
order dividing 8, which implies that the group is not faithful, thus there
is an elation in G. �

1.6. If G contains a Baer p-Collineation, p-Primitive Case.
In the general case, we note the existence of an elation whenever, there
is a linear p-group of order strictly larger than q.

Lemma 88. Any linear Sylow p-subgroup Sp of G that has order paq
contains an elation group of order pa.

Proof. Sp is a subgroup ofGL(4, q) acting on the translation plane
πΣ corresponding to Σ. Therefore, Sp fixes a 1-dimensionalK—subspace
X pointwise. Let L denote the unique component containing X. The
maximal order subgroup that can fix X pointwise and be in GL(4, q)
and act faithfully on L has order q. Thus, it follows that there must be
a subgroup of order pa that fixes L pointwise. �
First, assume that we have a p-primitive collineation τu. Let U

be a Sylow u-subgroup of G. We begin by establishing a fundamental
lemma.

Lemma 89. U cannot fix a Baer subplane of π0.

Proof. If U fixes a Baer subplane of π0, then the order of G must
be divisible by q(q + 1) |U |. However, u divides q + 1, a contradiction
to the fact that U is a Sylow u-subgroup of G. �
We let S−p denote the linear subgroup of Sp.

Lemma 90. If p is odd, then S−p cannot contain a Baer p-collineation.

Proof. If σ in S−p is Baer in π0, let τu be a p-primitive collineation.
Let U be a Sylow u-subgroup of G. We see that if U leaves Fixσ,

a Baer subplane of π0 we obtain a contradiction to transitivity by the
previous lemma.
Therefore, we must have that U does not leave Fixσ invariant.
Assume first that p is odd. Then by Theorem 298, all p-elements

lie on the same net of degree q + 1 or p = 3, and the group generated
by the Baer collineations is either SL(2, 5) or SL(2, 3).
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If p = 3 and SL(2, 5) is generated, there are exactly 10 Baer axes.
This implies that q = 9. Hence, u = 5. Also, U must normalize
SL(2, 5) and since the outer automorphism group of SL(2, 5) has order
2, it follows that U centralizes SL(2, 5), implying that U fixes all Baer
axes, but U is forced to fix each Baer subplane, a contradiction by the
previous lemma. If p = 3 and the group is SL(2, 3) then clearly U will
centralize SL(2, 3), so that, in fact, U leaves invariant some Fixσ.

Now we must have a net Nσ of order q+ 1 containing all Baer axes.
Since Fixσ is Desarguesian, then this net Nσ contains at least two Baer
subplanes admitting Baer groups, implying that there are at least three
Baer subplanes, which implies by using Theorem 298, part (4), that
there are exactly q + 1 Baer subplanes, so that the net containing the
Baer p-elements is a regulus net. Furthermore, we must have SL(2, q)
generated by the Baer p-collineations. So, π0 must be Hall, as the p-
groups are generated by Baer p-collineations. Hence, we have a Baer
groupB of order q and this group fixes a plane πj, j not 0, implying that
the Sylow p-subgroup of G has order q2 and admits a linear subgroup
of order divisible by q2/(p2r, r) > (

√
q)2, so there is a linear p-group

of order strictly larger than q. S−p then fixes a 1-dimensional GF (q)-
subspace pointwise, which lines on exactly one component L of π0. The
group induced on S−p is an elementary Abelian subgroup of GL(2, q)
and hence has order dividing q. Therefore, there is an elation in S−p ,
a case that was considered previously, which completes the odd order
case, when there is a Baer p-element. �

Lemma 91. If p = 2, then S−2 cannot contain a Baer involution.

Proof. So, assume that q is even. Let σ be a linear Baer involution
and let the order of the Baer p-group B fixing Fixσ pointwise be pt,
where t ≤ r. Then B fixes a unique plane πj that contains Fixσ as
a component, for j not 0. This also implies that the order of S−p is >
pt
√
q, since B is linear. We know that S−2 must leave invariant some

component L of the socle plane π0. Furthermore, the group that S−2
induces on L is faithful since there are no elations in G. Since S−2 is
linear then S−2 induces a 2-group in GL(2, q) acting on L. But any such
2-group is elementary Abelian, so S−2 is elementary Abelian. Assume
that B is in S−2 , then since B fixes a ‘unique’non-socle plane πj that
has FixB as a component, it follows that S−2 must fix πj. But then the
order of the Sylow 2-subgroup containing S−2 must have order divisible
by q

∣∣S−2 ∣∣, which implies that the only possibility is that q divide (q, r),
where q = 2r, a contradiction. �
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Therefore, S−p has order ≤ q and does not contain a Baer p-element
or an elation.

1.7. If G contains a Baer p-Collineation, No p-Primitive
Case. Therefore, we consider the cases q = 8 or q = p and p+ 1 = 2a,
there are no elations and there is a Baer p-element. If q is not 8, then
all p-elements are linear, so by Lemma 88, the Sylow p-group of G has
order p. However, a Baer collineation σ fixing a Baer subplane that is
a component of one of the spreads of the parallelism. Hence, σ fixes a
spread, which implies that the Sylow p-subgroup in G is strictly larger
than p, a contradiction. Hence, assume that q = 8 and there is a Baer
involution and no elations, which is a contradiction by Corollary 67.

1.8. All Linear p-Elements Are Quartic. Hence, by the pre-
vious two subsections, we are finished if there are Baer p-elements or
elations in S−p . Hence, all p-elements in S

−
p are quartic.

Let σ be a quartic element with axis L and center X. Case 1. τu
leaves L invariant. If τu fixes X, then τu is an affi ne homology and fixes
a coaxis M, which must be moved by σ, this then implies by Theorem
293 that in the generated group, there is an elation. Hence, τu cannot
fix X if it fixes L. We note that S−p leaves L invariant and induces a
faithful group on L, since there are no elations in S−p . Hence, S

−
p is

elementary Abelian. But, then all p-elements fix X pointwise and we
have a quartic group of order >

√
q. It follows easily, since X is moved

that SL(2, q) is generated on L and therefore the planes are known by
Theorem 295.
But, by the structure of the planes with spreads in PG(3, q) admit-

ting SL(2, q), we realize that the plane π0 is Hall, for which the group
SL(2, q) is generated by Baer p-elements, a contradiction, as there are
no linear Baer p-collineations.
Hence, we must have case 2, that τu moves L. Since there are no

quartic elements if q is even, we may assume that q is odd. But, again
we have by Theorem 295 that SL(2, q) is generated and the planes are
Hering or Walker of order 25.

If the plane is Hering or Ott-Schaeffer, SL(2, q) is normal in the full
collineation group of π0, implying that SL(2, q) is normal in G. Now
let Xi, for i = 1, 2, .., q + 1 denote the set of axes for quartic groups
(note that in then 〈Xi, Xj〉, for i not j is a Baer subplane of π0, which
lies in some unique plane πj, for j 6= 0. There are exactly (q + 1)q/2
such Baer subplanes and as the set of quadric groups is q + 1, this
implies that this set of Baer subplanes is permuted by the full group
G. However, this means that G cannot act transitively on q2 +q planes.
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Hence, the only case left is when q = 5 and the plane is one of the
three Walker planes of order 25.

Theorem 264. π0 cannot be a Walker plane of order 25.

Proof. Now assume that q = 5 and the plane is a Walker plane
of order 25. We note that one of the three Walker planes of order 25 is
actually a Hering plane. But, here we are considering the group action
to be reducible but not completely reducible (there are two groups
isomorphic to SL(2, 5) acting on the Hering plane/Walker plane of
order 25). Hence, we have SL(2, 5) acting on Σ, where the 5-elements
are quartic.
Then the group SL(2, 5) is reducible, and furthermore, we know

from the structure of the three Walker planes of order 25 that there
is a unique 2-dimensional subspace W that is SL(2, 5)-invariant and
W is a component L. Consider an element g of SL(2, 5) of order 3.
Then it is known that there is an associated Desarguesian spread ∆
such that g fixes each line of ∆ (see the section in Lüneburg [167]
on the three Walker planes of order 25). Moreover, the three Walker
planes of order 25 share 5, 8, or 11 lines of ∆. In any case, this means
that g fixes any non-socle spread of the parallelism containing a line
of ∆ − Σ. Since Σ is Walker, g fixes at least one non-socle spread.
Hence, 32 divides the order of G, since G is transitive on 5(6) non-socle
spreads. Let S3 be a Sylow 3-subgroup. We know that the order of a
Sylow 5-subgroup is exactly 5 and the Sylow 5-subgroups are quartic.
If SL(2, 5) is not normal, then we are back to the Hering case. Hence,
S3 must normalize SL(2, 5) (the group generated by the 5-elements)
so that there is an element g∗ of order 3, which centralizes SL(2, 5).
Note that the normalizer of SL(2, 5) is contained in ΓL(2, 5). Also,
a group H3 of order 9 is Abelian, so centralizes g, implying that H3

is a collineation group of the Desarguesian plane whose spread is ∆.
This implies that H3 is a subgroup of ΓL(2, 52). Since g∗ centralizes
SL(2, 5), g∗ fixes each 1-dimensional GF (5)-subspace and since 3 does
not divide 5−1, it follows that g∗ is a homology with axis L and coaxis
say M . Since L is SL(2, 5)-invariant but M is not, this implies by
André’s theorem [1] that there is an elation in G with axis L. Hence,
we have an elation group E of order 5, a contradiction since there are
no elations in G. �

This completes the proof of the theorem.
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2. Deficiency One– The Spreads Are Isomorphic

When there is a doubly-transitive group acting on the parallelism,
of course, the spreads are isomorphic and the stabilizer of a spread
induces a group acting transitive on the remaining q2 +q-spreads. This
situation has been determined previous by the author.

Theorem 265. (Johnson [112]) Let P be a doubly transitive 1-
parallelism of PG(3, q). Then q = 2, P is one of the two regular
parallelisms in PG(3, 2) and the group is PSL(2, 7) ≤ G.

However, we may obtain this same conclusion with the Classifica-
tion Theorem of transitive deficiency one partial parallelisms.

Theorem 266. Let P− be a deficiency one parallelism in PG(3, q)
that admits a collineation group in PΓL(4, q) acting transitively on the
spreads of the partial parallelism. Let P denote the unique extension of
P− to a parallelism. If the spreads of the parallelism are all isomorphic,
then q = 2 and the parallelism is one of the regular parallelisms in
PG(3, 2).

Proof. We know that the socle plane π0 is Desarguesian and the
non-socle planes are derived conical flock planes. That is, each non-
socle planes admits a Baer group of order q. If all of the planes are
isomorphic, then we have a Desarguesian plane admitting a Baer group
of order q. But such groups in Desarguesian planes have orders bounded
by 2. Hence, q = 2 and the remaining part of the theorem is clear. �

3. The Full Group

We have shown that if P− is a transitive deficiency one partial
parallelism in PG(3, q) and P is the unique extension then the spread
of P − P− is Desarguesian and the other spreads are derived conical
conical spreads. What we have not done is to complete the description
of the full group of the parallelism P. In determining the structure
of the parallelism, we ultimately showed that there is a Baer group of
order q fixing a given translation plane obtained from a given non-socle
spread. This means that there must be an elation group E of order q2

on the socle plane π0. If E is not normal, then SL(2, q2) is generated
by the set of elations of π0. Moreover, since SL(2, q) in SL(2, q2) fixes
a regulus R of π0, it follows that SL(2, q) fixes exactly q + 1 Baer
subplanes of π0, which as a set form the opposite regulus R∗ of R.
All of the Baer subplanes must lie as components in the same non-
socle plane π1, and R∗ a regulus of π1, with Baer subplanes the q + 1
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components of π0 in R. Hence, each group SL(2, q) fixes a unique non-
socle plane. However, SL(2, q2) acts triply transitive on the q(q2 + 1)
reguli of π0, which means that there are at least two groups isomorphic
to SL(2, q) that fix a given non-socle plane. Let k denote the number
of SL(2, q)′s that fix a given non-socle plane. Then, by uniqueness, we
must have kq(q+1) = q(q2 +1), which implies that q+1 divides q2−1,
a contradiction. Therefore, we have the following theorem.

Theorem 267. The full collineation group of a transitive deficiency
one partial parallelism in PG(3, q) has a normal group E of order q2.
This group acts an an elation group of the associated socle plane given
by the unique spread that extends the partial parallelism.

We now consider the subgroup G− = G ∩ GL(2, q2) of a transitive
deficiency one partial parallelism. We know that we have a normal
elation group of order q2. Hence, we may assume that any linear group,
which does not contain a p-element fixes a second component. If the
elation axis is x = 0, assume that second fixed component if y =
0. Thus, G−/E is isomorphic to a subgroup of a direct product of
two cyclic groups of order (q2 − 1). We also know that E may be
decomposed into q + 1 regulus-inducing elation groups of order q, Ei,
for i = 1, 2, .., q+1. Furthermore, each elation subgroup Ei fixes exactly
q non-socle planes. The stabilizer of a non-socle plane, say, π1, admits
one of the groups, say, E1 as a normal subgroup. The full group of a
derived conical flock plane is the inherited group for q > 3, by Jha and
Johnson [85]. Therefore, consider the normalizer of E1 in G−. This
group fixes a regulus R1 of π0 (the socle plane) and hence the possible
order divides (q − 1)(q2 − 1), where the (q2 − 1) refers to the kernel
subgroup K+ of π0 of the same order. Let K− denote the subgroup of
K+ that acts on the parallelism. We note that E1 fixes exactly q non-
socle planes. Hence, we have a group of order divisible by (q− 1) |K−|
that permutes these q non-socle planes. Let τ be any collineation of
K− of prime power order vα. Since τ must permute q2− q components
outside of the net that contains the Baer subplane fixed pointwise by
E1, suppose vα does not divide q − 1. Then some element of order v
must fix a component. But, this component is a Baer subplane ρ0 of π0

and τ is a kernel homology group of π0 and therefore induces a kernel
homology on ρ0, implying that τ divides q − 1. Now assume that q is
odd and τ has order 2α and does not divide q−1. Then consider a Sylow
2-subgroup S2 acting on the spread that leaves invariant a non-socle
plane π1. Then the corresponding parallelism-inducing elation group
E1 is necessarily normalized by S2, which means that S2 permutes the
set of q2 − q components not intersecting the Baer subplane L fixed
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pointwise by E1. We know that S2 is a subgroup of order dividing
((q − 1)(q2 − 1))2. Indeed, considering the associated regulus as the
standard regulus x = 0, y = xα;α ∈ GF (q), of the socle plane, the
elements of the normalizer of E1 have the general form

τa,α : (x, y) 7−→ (xa, yaα), where α ∈ GF (q).

Notice that τ q−1
a,α is a kernel homology of π0, and if any such kernel

homology fixes a component of π1—a Baer subplane of π0 then this
kernel element must have order dividing q − 1. Suppose we try to
determine a bound for the order of G−. We claim that it is q2(q2 −
1)(q − 1)(2, q + 1). In this case, we would have a stabilizer group of
order q(q − 1)2(2, q + 1) containing the kernel group of order q − 1.
Moreover, in π0, since the normalizer elements of E1 have the above
form and the group has order (q− 1)2(2, q+ 1), it can only be that the
elements a have orders dividing 2(q − 1). Using the minimal bound,
we have the following theorem.

Theorem 268. Let P− be a transitive partial parallelism of defi-
ciency one in PG(3, q). Let F denote the full subgroup of GL(2, q2)
that acts on P− (that is, F/K∗, for K∗ the kernel subgroup of order
q − 1). Then

q2(q − 1)2(q + 1) | |F| | q2(q2 − 1)(2, q + 1).

We have seen previously that the lower bound is taken on by a set
of parallelisms, where the socle plane is Desarguesian and the remain-
ing planes are derived Kantor-Knuth semifield flock planes. We now
consider the upper bound. In this setting, it follows easily that we have
a subgroup

H− =

〈
(x, y) 7−→ (x, yα);

for some elements α ∈ GF (q)

〉
of order at least (q − 1)/(2, q − 1).

It is fairly direct to see that E1H
− has component orbits of at least

lengths q(q−1)/(2, q−1). But, this also says that the q−1 orbits of E1

of length q in π1 are permuted into at most two orbits. For example, if
there is one orbit, we notice that the indicated group H− will induce
a Baer group of order q − 1 on π1 and an affi ne homology group of
the same order on the derived plane π∗1, which is a conical flock plane.
Hence, we have both a conical flock plane and a hyperbolic flock plane,
implying that π∗1 is Desarguesian. But, even if q is odd and there is an
affi ne homology group of order (q − 1)/2, it is almost immediate that
there is a Desarguesian partial spread that contains at least 1+(q−1)/2
reguli that share a common component. But, it also now clear that the
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plane itself is Desarguesian. What this says is if the upper bound is
taken on then the non-socle planes are Hall planes. It remains to show
that there is a transitive partial parallelism whose group G has the
upper bound as order.
Let π0 denote the Desarguesian affi ne plane with spread

x = 0, y = xm;m ∈ GF (q2)

and let R0 denote the regulus net with in π0 with partial spread

x = 0, y = xα;α ∈ GF (q2).

The class of parallelisms of Johnson discussed in this text admit a
collineation groupG of order q2(q2−1) consisting of central collineations
with axis x = 0. Hence, the bound is taken on for q even. Let q be odd.
Consider y = xqm; mq+1 is a non-square in GF (q). Consider the image
of y = xqm under the group of order q(q − 1) that fixes R0. Note that
y = xqm cannot intersect a subspace x = 0 or y = xα, for α ∈ GF (q),
since αq+1 = α2 and mq+1 is non-square. The set of images of y = xqm
under this subgroup is

y = xqmα + xβ;α 6= 0, β ∈ GF (q).

We claim that this set of images forms a partial spread. To see this
note that for x non-zero if and only if xq−1(m(α−1)) = β. But since in
the equation (m(α − 1))q+1 = βq+1, the left-hand side is a non-square
and the right-hand side is a square then α = 1 and β = 0.

We note that the spread Σ1

x = 0, y = xqmα + xβ;α, β ∈ GF (q)

is Desarguesian. To see this, we claim that the elation group with
elements (x, y) 7−→ (x + δy, y), for δ ∈ GF (q), is a collineation group
of π1. This element maps y = xqm to y = xqm + x(−mq+1δ). Since
this element fixes R0, it follows directly that we have an elation group
of order q with axis x = 0 and an elation group of order q with axis
y = 0. Hence, SL(2, q) is generated by these elation groups, which
implies that the plane is Desarguesian. If we derive this spread and
take the image under the group G then the union of the set of images
together with the spread for π0, forms a parallelism. It remains to
show that this parallelism admits a projective collineation group of
order q2(q2 − 1)(2, q + 1). Take the collineation τ : (x, y) → (xa, yaq),
such that aq = −a. We note that τ 2 is in the kernel group of order q−1,
and therefore does not show up in the projective groups. Also, τ maps
y = xqmα+xβ to y = xqmα−xβ and maps y = xδ to y = −xδ, fixing
x = 0 and y = 0. Therefore, is a collineation group of Σ1 that fixes
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the regulus partial spread R0. We have shown that τ is a collineation
group of the derived plane π1.
So, our parallelism is Σ0 ∪ GΣ∗1, where Σ∗1 denotes the spread ob-

tained by derivation of R0 in Σ1. Since τ normalizes G, and is a
collineation group of both Σ0 and Σ∗1, then

τ(Σ0 ∪GΣ∗1) = Σ0 ∪GΣ∗1.

Therefore, τ induces a collineation of order 2 induce on the parallelism.
That is, there is a collineation group permuting the spreads of order
q2(q2 − 1)(2, q + 1).
We have therefore proved the following theorem.

Theorem 269. The upper bound of Theorem 268 is taken on by
a transitive deficiency one partial parallelism if and only if the paral-
lelism extending the partial parallelism has a Desarguesian socle and
the remaining spreads are Hall.

It should be pointed out that in the previous theorem the conclu-
sion requires that the parallelism involved has a transitive deficiency
one subpartial parallelism. A natural question is whether there are
parallelisms that admit exactly one Desarguesian spread and the re-
maining spreads Hall that do not contain a transitive deficiency one
sub-partial parallelism.
Consider again the parallelism Σ0∪GΣ∗1 = P and choose any spread

gΣ∗1 = Σ∗g, derived this spread to produce the Desarguesian spread Σg

and derive the Desarguesian spread Σ0 to construct the Hall spread Σ∗0.
Then it is proved by the in the chapter on Johnson parallelisms that

Σ∗0 ∪ Σg ∪
{
hΣ∗1;h ∈ G, and hΣ∗1 6= Σ∗g

}
= Pg

is a parallelism, and we note that for q > 2, there is a unique De-
sarguesian spread Σg and the remaining spreads are Hall. Although
these parallelisms have been known for awhile, there is nothing known
regarding their isomorphisms or whether they could be isomorphic to
Σ0 ∪GΣ∗1 = P.
Theorem 270. If q > 9 the parallelism

Σ∗0 ∪ Σg ∪
{
hΣ∗1;h ∈ G, and hΣ∗1 6= Σ∗g

}
= Pg

of PG(3, q) does not contain a transitive partial parallelism of defi-
ciency one.

Proof. If so, then there must be a group Gg fixing Σg and acting
transitively on the remaining spreads. There are q2 + q remaining
spreads of which q2+q−1 are derived from Σ0 by replacing reguli of Σ0.
Therefore, if r ∈ Gg, then r{hΣ∗1;h ∈ G and hΣ∗1 6= Σ∗g} ∩ {hΣ∗1;h ∈ G
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and hΣ∗1 6= Σ∗g} in at least q2 + q − 2 reguli, say, by (re)indexing we
have {Σ∗i ; i = 1, 2, .., q2 − q − 2}. Hence, h maps Σ∗i onto Σ∗i(h), for at
least q2 + q − 2. The full collineation group of a Hall plane of order
> 9 fixes the regulus used in the replacement process (see, e.g., Jha and
Johnson [86], [88]). This means that h is forced to map Σi to Σi(h) and
these are Desarguesian spreads that share a regulus with Σ0. What this
means is that h permutes a set of at least q2 + q − 2 distinct reguli of
Σ0. Therefore, hΣ0 ∩ Σ0 contains more than a regulus of components,
implying that hΣ0 = Σ0, that is, h is a collineation of Σ0. Hence, Gg

is a collineation subgroup of Σ0 and if Σ∗0 is mapped by h to Σ∗k, it
necessary means that Σ0 is mapped to Σk, a contradiction. �
Corollary 68. If q > 9, the parallelism

Σ∗0 ∪ Σg ∪
{
hΣ∗1;h ∈ G, and hΣ∗1 6= Σ∗g

}
= Pg

is not isomorphic to
Σ0 ∪GΣ∗1 = P.

We also note that there is a collineation z of G of Σ0 that maps Σg

to Σt and permutes the reguli containing the elation axis of the elation
subgroup of G. This is true if and only if Σ∗g maps to Σ∗t , and note that
z permutes the remaining reguli in question.
This proves the following theorem.

Theorem 271. The parallelism

Σ∗0 ∪ Σg ∪
{
hΣ∗1;h ∈ G, and hΣ∗1 6= Σ∗g

}
= Pg

is isomorphic to the parallelism

Σ∗0 ∪ Σt ∪ {hΣ∗1;h ∈ G, and hΣ∗1 6= Σ∗t} = Pt.



CHAPTER 39

Doubly Transitive Focal-Spreads

As pointed out in the chapters of focal-spreads, the only known
focal-spreads are obtained from a construction of Beutelspacher [16].
In this chapter, the doubly transitive focal-spreads are completely de-
termined as arising from Desarguesian spreads by k-cuts. The work
in this chapter follows the article by the author and Montinaro [142],
with appropriate modifications for this text.
Since any collineation group of a focal-spread necessarily leaves in-

variant the focus L, it then becomes a natural question if a doubly
transitive group acting on an affi ne focal-plane then forces the focal-
spread to have a similar structure as in the translation plane (i.e.,
t-spread) case. For example, is a doubly transitive affi ne focal-plane a
k-cut of a semifield plane?
First, consider simply a group G acting on a focal-spread of type

(t, k) over GF (q) that admits a primitive group acting on the partial
Sperner k-spread. Since the degree is qt, by the O’Nan-Scott Theorem
7, either G = TG0 and T is an elementary Abelian group of order qt

(T is the socle of G), or G is almost simple. The proof that we cannot
obtain the almost simple case uses very technical aspects of Kleidman
and Liebeck [161] and Guralnick’s Theorem on simple groups of prime
index, which provides us with a list of groups that can never apply in
this situation. Although the proof is really beyond the scope of the
text, we include it here but suggest that the reader have a copy of
Kleidman and Liebeck in hand.

Theorem 272. If a group G is primitive on the partial Sperner
k—spread of a focal-spread of type (t, k), then G = TG0 and T is an
elementary Abelian group of order qt.

Proof. Assume not then G is almost simple. We assume that our
group lies in PG(t+k−1, q). Hence G fixes a (t−1)-subspace (projec-
tive dimension) and acts transitively on the qt subspaces of projective
dimension k − 1. Let qt = prt, p prime. Let G0 be the stabilizer of a
K—subspace in G and let S be the socle of G (hence S E G ≤ Aut(S)).
Then either (i) S E G0 or (ii) G = SG0 by [161].

583
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We first consider case (ii), so let S0 = S ∩ G0. As G = SG0, then
[S : S0] = [G : G0] = qt. Then by [62], one of the following occurs:

(1) S ∼= Aqt and S0
∼= Aqt−1;

(2) S ∼= PSL(d, u) and S0 is the stabilizer of a line or a hyperplane
in the natural representation. In particular, [S : S0] = ud−1

u−1
=

qt (clearly d must be prime);
(3) S ∼= PSL(2, 11) and S0

∼= A5;
(4) S ∼= M23 and S0

∼= M22;
(5) S ∼= M11 and S0

∼= M10;
(6) S ∼= PSU(4, 2) ∼= PSp(4, 3) and H is the parabolic subgroup

of index 27.

As t > k ≥ 1, the cases (3)—(5) are ruled out. Assume that case
(1) occurs. Then S ∼= Aqt . As t > 1 then since Ai is solvable for
i < 5, we see that qt ≥ 5, but as t > 1, then qt ≥ 8. If qt ≥ 9,
then t + k ≥ n − 2 ≥ qt by [161], Proposition 5.3.7. As t > k, then
2t ≥ qt, which does not have a solution. So, qt = 8 and we have again
a contradiction by [161], Proposition 5.3.7. Hence, case (1) cannot
occur.
Assume that case (2) occurs. Clearly, u 6= t. Then t+ k ≥ ud−1− 1

by [161], Theorem 5.3.9, for (d, u) 6= (3, 2), (3, 4). It is easily seen that,
for our situation, it must be (d, u) 6= (3, 2), (3, 4). Now

qt =
ud − 1

u− 1
=

u

u− 1
(ud−1 − 1) + 1

≤ 3

2
(t+ k) + 1 ≤ 3t+ 1,

which is impossible.
Finally, assume that the case (6) occurs. Then S ∼= PSp(4, 3) and

S0
∼= 24 : A5 and qt = 27. Hence t = 3 and k = 1, 2. Note that

S0
∼= 24 : A5 is maximal in S. Moreover, the ambient space is either

PG(3, 3) (natural representation), or PG(4, 3). We see that PSp(4, 3)
is a primitive rank 3 group on the 40 points, noting that PG(3, 3) has
exactly 40 points with (maximal) point-stabilizer not isomorphic to
S0
∼= 24 : A5 (e.g., see the Atlas [35]).
So, it remains to investigate the action of PSp(4, 3) in PG(4, 3).

Since PSp(4, 3) fixes the focus, then it must lie in a maximal parabolic
subgroup P3 (3 in this case means the vector dimension) of PΓL(5, 3),
which is impossible by [161], Proposition 4.1.17.
Now assume case (i). Then qt = [G : G0] = [G/S : G0/S]. So

qt | |OutS|. Then S fixes each of the qt projective (k − 1)-spaces, and
fixes the focus. Therefore, S lies in a maximal parabolic subgroup of
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PΓL(t+ k, q). Thus, S ≤ PSL(t, q)×PSL(k, q) by [161], Proposition
4.1.1, as S is nonabelian simple. As t > k, we may assume that S ≤
PSL(t, q). Recall that prt = [G : G0] | |OutS|. Therefore, S cannot
be alternating. Moreover, S cannot be sporadic by [161], Table 5.1.C.
Hence, S is either classical or exceptional of Lie type.
Assume that S is in characteristic p. That is, we assume S = S(pf ),

f ≥ 1. Then prt | f by [161], Tables 5.1.A and 5.1.B. Hence a Sylow
p-subgroup of S must have order at least pp

rt
. On the other hand, such

a Sylow as must have order a divisor of prt(t−1)/2, as S lies in PSL(t, q).
So, pp

rt
< prt(t−1)/2(≤ prt(rt−1)/2), which is impossible in the admissible

cases.
Assume that S is in characteristic x 6= p, so that S = S(xf ), where

prt | f . Now bearing in mind that S ≤ PSL(t, q), then the minimal
modular representation in characteristic not p is at least t. But this
degree is bounded below by a polynomial function of F (xf ) with prt | f
by [161], Theorem 5.3.9 and Table 5.3.A. So, we have a contradiction
by showing that F (xf ) < t with prt | f is impossible. �

As mentioned previously, perhaps the most important open prob-
lem involving focal-spreads is whether every focal-spread of type (t, k)
actually is a k-cut of some t-spread associated with a translation plane.
In this text, we did note the following result:

Theorem 273. (Jha and Johnson [77]) Let F be a focal-spread of
order qt and type (t, k), which admits an affi ne homology group with
coaxis the focus and axis a k-component that acts transitively on the
remaining k-components of the partial Sperner k-spread. Then F may
be constructed as a k-cut of a nearfield t-spread.

In this chapter, we are able to take care of the doubly transitive
case.

Theorem 274. Let π be a focal-spread of type (t, k) over GF (q),
where qt 6= 64, that admits a collineation group G of π in ΓL(t + k, q)
that acts doubly transitive on the partial k-spread. Then there is a
Desarguesian affi ne plane Π of order qt such that π arises as a k-cut
of the spread of Π.

1. Johnson-Montinaro; Elementary Abelian Case

By Theorem 272, we may assume that G contains an elementary
Abelian p-group T of order qt, where q = pr. Once this fact is known
then the theorem may be given by more geometric methods. In fact,
the following more general theorem is true:
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Theorem 275. (1) If a focal-spread of type (t, k) over GF (q), for
q = pr, p a prime, admits a non-trivial p-group P that is normalized
by a group 〈g〉 of order a prime p-primitive divisor of qt − 1 or
(2) q = p and p+ 1 = 2a,
then the focal-spread is a k-cut of a Desarguesian t-spread.

We first show that the elementary Abelian group T fixes the focus
L pointwise. Again, we are assuming that qt 6= 64. Also, if qt = p2, for
p a prime, then t = 2 and k = 1 and the focal-spread will be shown to
be a 1-cut of a 2-spread of any translation plane
We choose a focal-spread of type (t, k) and order qt to be represented

as
x = 0, y = 0, y = xB, where B ∈M,

whereM is a set of k× t matrices of rank k such that the differences of
any two distinct elements of M also have rank k, where x is a k-vector
and y is a t-vector. Furthermore, we may assume that M contains
Ik×t, whose k rows are [1, 0, 0, 0, .., 0], [0, 1, 0, 0, .., 0], etc. where there
are t−1 zeros in each row and in row i, there is a 1 in the (1, i)-position,
for i = 1, 2, .., k.

Lemma 92. If the focal-spread of type (2, 1) of order p2 is a k-cut
of a 2-spread for a translation plane π of order p2, then π is a k-cut of
a Desarguesian plane that admits the group T as an elation group.

Proof. Assume that

x = 0, y = 0, y = xB+, where B ∈M+,

is a t-spread, whereM+ is a set of 2×2 non-singular matrices such that
the differences of any two distinct elements of M+ is also non-singular
and where, in this context, x and y are 2-vectors. Assume also that for
x = (x1, x2) we consider the 2 + 1 dimensional subspace{

(x1, 0, y1, y2), for all
x1, yi ∈ GF (q), and i = 1, 2

}
and choose x = 0 in the translation plane and the focus L of the focal-
spread has equation x = 0, where now x is a 1-vector. Therefore,

if B+ =

[
B1×2

R1×2

]
, then (x1, 0)B+ = (x1)B1×2. Now since B+ is a

2× 2 matrix and M+ is a 2-spread, we may represent B+ in the form[
u t

g(t, u) f(t, u)

]
, where u, t ∈ GF (p) and f and g functions from

GF (p) × GF (p) to GF (p), and where not both u and t are 0. Hence,
B1×2 = [u, t]. In other words, any focal-spread of type (2, 1) is a k-cut
of any 2-spread that we choose. So, choose a Desarguesian 2-spread π
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and an elation group of order p2 with axis x = 0. Any elation group
fixes π/(x = 0) pointwise, so will induce an elation group W on the
focal-spread.
In other words, there is a spread S of 2-dimensionalGF (p)-subspaces

within a 4-dimensional vector space V4 over GF (p). We have a normal
group T of order p2 that leaves L invariant and is regular on the re-
maining p2 components of dimension 1 over GF (p). Any affi ne plane
of order p2 that admits an elation group W of order p2 with axis L
fixes π/(x = 0) pointwise and hence is induced on the ‘slice’that pro-
duces the associated focal-spread. This means that W is induced as a
group of the focal-spread. If T does not fix L pointwise, then it fixes a
1-dimensional subspace Z pointwise and is transitive on the remaining
p 1-dimensional GF (p)-subspaces. Furthermore, each such 1-space is
fixed pointwise by a subgroup of order p. We know that the elements

of W have the basic form
[
Ik B
0 It

]
, where B is a k × t matrix over

GF (q) and the components have form y = xB, for B in an additive
group B of order p2. Furthermore, the elements of T have the form[
A C
0 It

]
and the components have the form y = xA−1C, where A is

a k × k matrix and C is a k × t matrix. So, A is an element of GF (p)
and C is a 1× 2 matrix. Since T is elementary Abelian, then Ap = 1,
but since A ∈ GF (p) then A = 1. Hence, T = W . �

Theorem 276. T fixes the focus L pointwise.

Proof. T is the elementary Abelian p-group of order qt that acts
regularly on the partial Sperner k-spread. Therefore, it follows that the
fixed point set of T must lie on L. Now suppose that for some element
e of T , Fixe is not the focus L. Since T is Abelian, then T leaves
Fixe invariant and fixes pointwise a subspace U , properly contained
in L. We have two cases (a) qt − 1 contains a p-primitive divisor and
(b) qt = p2 and p + 1 = 2c, which we have considered in the previous
lemma.
Case (a). Since G is doubly transitive, the order of G is divisible by

qt(qt−1). Assume that g ∈ G0 is a element of order a prime p-primitive
divisor of qt − 1. Then there is a collineation g of G0 that fixes U
pointwise and letting N be aW -complement in L that is fixed by g, we
see that g must fix L pointwise. But g leaves invariant a k-dimensional
subspace and t > k. Therefore, g fixes the k-space pointwise. Hence, g
is the identity, a contradiction. �
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We have seen the following lemma in a slightly different form from
the basic theory of focal-spreads, we restate this here for emphasis.

Lemma 93. The elementary Abelian group T is an elation sub-
group of the focal-space if and only if the elements of T have the form[
Ik B
0 It

]
. Therefore, the focal-spread is additive if and only the T is

an elation group.

We shall now employ a result that we have seen in Chapter 2.

Theorem 277. If T is an elation group of the focal-spread and the
focal-spread is a k-cut of a t-spread, then the focal-spread is a k-cut of
a semifield t-spread.

We may now assume that qt − 1 admits a p-primitive divisor and
that there is a collineation g of the focal-spread that fixes x = 0 and
y = 0 of order a prime p-primitive divisor of qt − 1. Clearly, g is linear

and has the basic form
[
A 0
0 C

]
, where A is a k × k matrix and C is

a t × t matrix with elements in GF (q). Since g restricted to y = 0, a
k-space, it follows that g must fix y = 0 pointwise and hence A = Ik.

Now g =

[
Ik 0
0 C

]
. The associated parallel class of x = 0 consists

of the elements x = d, for all k-vectors d. We note that (d, z) maps
to (d, zC), for z a t-vector, so g fixes all elements of the parallel class
containing x = 0 and hence is an affi ne homology.
We now connect these ideas with elation groups.

Theorem 278. If the group T that fixes L pointwise is an elation
group so that the focal-spread is additive then the focal-spread is a k-cut
of a Desarguesian spread.

Proof. We have a p-primitive divisor element g of the form
[
I 0
0 C

]
,

which means that we have a component y = xIk×tC
j, where, 0 ≤

j ≤ s, where s is a p-primitive divisor. This means by additivity of
the focal-spread that we have a component y = x(

∑s
i=0 αiIkC

j), for
αi ∈ GF (p). But note that the GF (p)-module generated by C, with
elements

∑s
i=0 αiC

j), is necessarily a field by Schur’s Lemma. Since
αiIk×t = Ik×tαiIt, we have a component y = xIk×tD, for all D in a field
GF (qt). This means that we have a collineation group〈[

I 0
0 D

]
;D ∈ GF (qt)

〉
.
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If we extend y = xIk×tD to y = xD, we have then extended the focal-
spread to a semifield plane that also admits the affi ne homology group
of order qt − 1 and hence the extended plane is Desarguesian. �

Finally, we show that there are, in fact, elations. Every element g ∈
T has the form

[
A B
0 I

]
so let h be an affi ne homology

[
I 0
0 D

]
, for

D a non-singular t×t matrix not equal to It, and form the commutator

g−1h−1gh =

[
A−1 −A−1B

0 I

] [
I 0
0 D−1

]
·

·
[
A B
0 I

] [
I 0
0 D

]
=

[
A−1 −A−1B

0 I

] [
A BD
0 I

]
=

[
I A−1BD − A−1B
0 I

]
and

A−1BD − A−1B = A−1B(D − It)
zσ = (z1, .., zs)

σ = (zσ1 , z
σ
2 , .., z

σ
s ), is a k × t matrix. Since D 6= It, then

A−1B(D − It) must have rank k and, in any case, there is an elation.
Lemma 94. T is an elation group.

Proof. Let E denote the subgroup of elations of T and note that
any affi ne homology must normalize E since[

I 0
0 D−1

] [
I B
0 I

] [
I 0
0 D

]
=

[
I BD
0 I

]
(see Lemma 93). Now E is an elementary Abelian p-group of order pe

and assume that pe < qt. Since we may assume that D has order a
p-primitive divisor of qt − 1, it follows that the homology must fix E
elementwise, a contradiction, since the group of homologies acts semi-
regularly on E. Therefore, E = T , so T is an elation group. �
Hence, combined with Theorem 278, the previous lemma shows that

when there is a p-primitive divisor of qt−1, the theorem is finished. But,
by Lemma 92, we may always make this assumption. This completes
the proof of Theorem 275.



Part 10

Appendices



In this part, we list various results and background material re-
quired to read certain of the theory presented in this text. We also
offer a chapter on open problems and directions for future research.
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CHAPTER 40

Open Problems

Problem 1. Is there any translation plane of order q2 and kernel
containing GF (q) whose associated spread cannot be embedded into a
parallelism?

Problem 2. Is it possible to have a parallelism where all associated
translation planes are mutually non-isomorphic?

Problem 3. Given any infinite skewfield K, is there always a par-
allelism in PG(3, K)? Is there always a regular parallelisms if K is a
field?

Problem 4. If a partial parallelism in PG(3, K) is of deficiency
one and all spreads of the parallelism are isomorphic, is there an ex-
tension to a parallelism and is the adjoined spread isomorphic to the
others? (The answer is ‘yes’ and ‘no’ in that order but develop this
idea in general.)

The following problem is so obvious, why don’t we call it ‘The
Obvious Problem P 3 (Pappian Partial Parallelism). Like the old refrain
‘yes, this theorem is obvious, unfortunately the proof is false.’

Problem 5. Is there a partial parallelism of deficiency one where
all spreads are Pappian but the parallelism extending the partial paral-
lelism does not consist of Pappian spreads?

In Chapter 12, the following theorem is proved, as a sort of adden-
dum to the Jha-Johnson SL(2, q)× C-theorem.

Theorem 279. Let π be a translation plane of order q4 and kernel
GF (q) admitting a collineation group isomorphic to SL(2, q), generated
by Baer collineations, all of whose non-trivial orbits are of length q2−q.
Let N denote the net of degree q2 + 1 that is componentwise fixed by
SL(2, q).
(1) There are at least q + 1 Baer subplanes of N that are incident

with the zero vector and on any such Baer subplane π0, considered
as a 3-dimensional projective space over GF (q), there is an induced
Desarguesian partial parallelism of deficiency one.
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(2) The Desarguesian partial parallelism of deficiency one may be
extended to a Desarguesian partial parallelism if and only if the net N
is derivable.

Problem 6. Solve the finite Obvious Problem P 3 directly using
translation planes by proving that the net N in the above theorem is
derivable.

Problem 7. Give a suitable criterion for a parallelism and its dual
parallelism to be isomorphic.

Problem 8. Find an infinite class of parallelisms in PG(3, q), each
of which is isomorphic to its dual.

Problem 9. Using isomorphism conditions of PG(3, L), for var-
ious fields L, determine conditions that ensure that the parallelisms
constructed in higher dimensional projective spaces using the general-
ized Beutelspacher construction are mutually non-isomorphic.

Problem 10. Determine the possible conical flocks whose derived
spreads may be embedded into a transitive deficiency one partial paral-
lelism.

Problem 11. Further develop the theory of α-flokki. In particular,
the 2nd-cone problem is to determine which α-flokki produce flocks in
both α-cones. For functions (g, f), show that if g is not zero then an
associated α-flock of the first cone is never an α-flock of the second
cone.

Problem 12. Recall that an ‘α-hyperbolic fibration’ is a set Q of
q− 1 α-derivable partial spreads and two carrying lines L and M such
that the union L∪M∪Q is a cover of the points of PG(3, K). Show that
the associated translation planes are somehow connected to α-flokki.

1. Non-standard Groups and Non-standard Parallelisms

We have analyzed parallelisms of PG(3, q) admitting a group G
that fixes one spread and is transitive on the remaining spreads.

Definition 125. Let P be a parallelism admitting a Desarguesian
spread Σ and a group G fixing a component x = 0. Let R be any regulus
of Σ containing x = 0. If the opposite regulus R∗ is a subspread of one
of the spreads of P, then we shall say that the parallelism is ‘standard.’

If G is a standard group, then we have shown that the parallelism
and its dual can never be isomorphic. However, it is an open question if
there can be such transitive deficiency one partial parallelisms that do
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not admit standard groups. All of the known examples admit standard
groups and, for example, if (p, r) = 1, all transitive groups are also
standard.

Problem 13. Study deficiency one transitive partial parallelisms.
Show that the spread extending the deficiency one partial parallelism to
a parallelism is Desarguesian. Furthermore, show that the remaining
spreads of the parallelism are derived conical flock spreads.
Note that all of these would be true if it could be shown that any

such transitive group is standard.

We previously mentioned ‘standard’parallelisms. In this setting,
we require that the socle plane have q(q + 1) reguli sharing x = 0, and
this will force the socle plane Σ to be Desarguesian. Furthermore, if
one of the reguli R of Σ has its opposite regulus R∗ as a subspread of a
spread Σ′ of the parallelism, then Σ′ cannot contain another opposite
regulus R∗1 to a regulus R1 of Σ. To see this note that x = 0 is a Baer
subplane of Σ′ uniquely defining a regulus R′, which we are requiring
is an opposite regulus of a regulus of Σ. Hence, there are q(q+ 1) such
reguli one each in the non-socle spreads of the parallelism.
If there is a parallelism admitting a Desarguesian socle plane Σ,

where the remaining spreads are derived conical flock spreads, it is not
clear that the corresponding conical flock spreads share reguli of Σ. If
they do not, then the ‘derived structures’of the previous section would
not actually be parallelisms. That is, if the parallelism is not standard,
this is a very wild situation.

1.1. Non-standard Parallelisms. When q = 2, there are exactly
two parallelisms in PG(3, 2), and these parallelisms admit PSL(2, 7)
as a collineation group acting two-transitively on the spreads. Hence,
the stabilizer G of a spread Σ has order 24. So, there is a Sylow
2-subgroup of Σ that necessarily fixes a component. Since the Baer
2-groups in ΓL(2, 4) have orders dividing 2, it follows that there is an
elation group E of order 4. Hence, the group is standard. However,
there are exactly q(q− 1)/2 Desarguesian spreads in PG(3, q) contain-
ing a given regulus R. Hence, when q = 2, there is a unique such
Desarguesian spread. Hence, the parallelisms, considered as extensions
to transitive deficiency one partial parallelisms are non-standard but
admit standard groups.

Problem 14. Show that any deficiency one transitive partial par-
allelism in PG(3, q), for q > 2, lifts to a standard parallelism, or find
a class of non-standard parallelisms.
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Theorem 280. Let P be a parallelism in PG(2, q) with a standard
group G, for q > 2.

(1) If q is odd and P admits a group 2K∗ of order 2(q−1) that is in
the kernel homology group of the socle spread Σ, then P is a standard
parallelism.
(2) Let Σ′ be a non-socle spread of P . If Σ′ is left invariant by an

affi ne homology of Σ then P is a standard parallelism.
More generally, if Σ is left invariant by a collineation of Σ that fixes

exactly two components x = 0, y = 0 of Σ but fixes no 2-dimensional
subspaces disjoint from x = 0 or y = 0, then P is a standard paral-
lelism.

Proof. Let E− fix a spread non-socle spread Σ′ and act as a Baer
group of order q on Σ′. The net R′ defined by the fixed point space of
E− is a regulus net. Since 2K∗ acts on the parallelism and fixes each
spread, and FixE− (i.e., x = 0) is left invariant under the full group of
the parallelism, it follows that the q Baer subplanes incident with the
zero vector of R′ are permuted by 2K∗. Since K∗ fixes each such Baer
subplane, it follows that either there is a fixed subplane under 2K∗ or
2 divides q, a contradiction. But a fixed subplane that is fixed by 2K∗

is a component of Σ. Since E− acts regularly on these q subplanes, it
follows that all subplanes of R′ are components of Σ, implying that Σ′

contains an opposite regulus to a regulus of Σ. This proves (1).
If Σ′ is left invariant by an affi ne homology g, then g fixes ex-

actly one 2-dimensional GF (q)-space that is disjoint from the axis of
g, namely, the coaxis, a component of Σ. An affi ne homology g becomes
a Baer p′-group, for q = pr, which must fix a second Baer subplane of
the net defined by Fixg. Hence, there is a second Baer subplane of R′

that is a line of Σ and E− is transitive on the set of Baer subplanes
different from x = 0. Thus, the parallelism is standard, completing the
proof of (2). �
Theorem 281. Assume that P is a non-standard parallelism in

PG(3, q) admitting a standard group G.
(1) If q = 2r is even, then the order of G/K∗ divides q2(q + 1)2r.
Hence, G ∩GL(2, q2)/K∗(the GF (q)-kernel) has order q2(q + 1).
(2) If q = pr is odd, then the order of G/K∗ divides q2(q + 1)4r.
So, G ∩GL(2, q2)/K∗ has order either q2(q + 1) or 2q2(q + 1).

Proof. Consider a non-socle spread Σ′ and let g be a non-kernel
collineation in GL(2, q2) and Gy=0. We may assume that g normalizes
some regulus-inducing group, and so we may take the group to be the
standard group E1. Since g will have order dividing q−1 and permutes
q spreads (the q spreads fixed by E1), it follows that g will fix a spread
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Σ′, also fixed by E1. Since we may assume that q > 2, it follows
that the axis of the elation group, x = 0, is G-invariant. There are q
remaining 2-dimensional GF (q)-subspaces that lie as Baer subplanes
in the regulus net R′ containing x = 0 as a Baer subplane. Let g have
prime order. Since the order of g is prime and divides q − 1, it follows
that g fixes one of these Baer subplanes. What we are trying to show is
that this Baer subplane is actually y = 0, implying that the parallelism
is standard. Since the parallelism is assumed to be non-standard, the
fixed subplane must be a Baer subplane of Σ that is disjoint from x = 0
and hence has the form y = xqm+xn, wherem,n ∈ GF (q2) andm 6= 0.

Since g fixes x = 0, y = 0 and normalizes E1, it follows that the
form for g is (x, y) 7−→ (xb, xbα), where α ∈ GF (q) − {0} and b ∈
GF (q2) − {0}. If α = 1, then g is a kernel homology, and if g is not
in K∗, then the parallelism is standard from a previous result. Hence,
α 6= 1. Since g fixes y = xqm+xn, we have the following two conditions:

bqm = mbα,

bn = nbα.

If n 6= 0, then α = 1. Hence, n = 0. Thus, bq−1 = α, implying that
b(q−1)2

= 1. Since (q2 − 1, (q − 1)2) = (2, q − 1)(q − 1), it follows that
α = −1 and q is odd, or we are finished.
But, then g2 : (x, y) 7−→ (xb2, yb2) which is in K∗. This completes

the proof. �
Problem 15. The classification of transitive deficiency one partial

parallelisms provides a set of q2+q derived conical flock spreads. Derive
each of these to construct a set of conical flock spreads. Assume that
the associated parallelism is standard. Then the union of the replaced
reguli form the socle spread. Each of the conical flock spreads produces
a set of 2q−1 spreads, whose translation planes admit a cyclic homology
group of order q + 1. Choose one such plane for each of the conical
flock spreads. Develop theory to explain the nature of the set of q2 + q
homology group spreads.

Problem 16. If a vector space V admits a partition of type (t1, t2, .., tk),

for t1 > t2 > ... > tk, over GF (q), of dimension
∑k

i=1 αiti, for αi posi-
tive integer for i = 1, 2, .., k. Determine when the partition is a tower
of general focal-spreads or find examples when the partition is not a
tower of general focal-spreads.

Problem 17. The matrix approach for focal-spreads is extremely
powerful. Develop some generalizations using matrices of partitions
of type (t, k, v), for t > k > v by first creating a focal-spread of type
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(t+ k, v). We have then a matrix representation:

x = 0, y = xM , M ∈M
where x is a v-vector and y is a t+k-vector, M ′s are v×(t+k) matrices
of rank v whose differences are either 0 or of rank v. Now on the focal
of dimension t + k, create a focal-spread of type (t, k) so we have as
matrix representation

x1 = 0, y1 = x2N, N ∈ L
where x1 is a k-vector and y is a t vector. The N ′s are k × t matrices
of rank k, whose differences are either 0 or of rank k. Now see what
the matrices are trying to tell in a converse setting.

Problem 18. Develop a theory of focal-spreads over infinite fields.
Is the kernel a field (skewfield)? Generalize all of the questions posed
in the finite case to the infinite case.

Problem 19. Show that there are focal-spreads of type (t, k) that
are not k-cuts.

Problem 20. We have constructed double-spreads of type (t, t− 1)

of st− 1-dimensional vector spaces of q
t(s−1)−1
qt−1

subspaces of dimension
t and qt(s−1) subspaces of dimension t− 1. The double-spread of type is
said to be a ‘(t− 1)-cut from a t-spread of a st-dimensional subspace.’
Consider the natural extension problem: Must a (t, t− 1)-cut with this
configuration arise from a t-spread of an st-dimensional vector space?

Problem 21. Focal-spreads may or may not be at the heart of the
theory of partitions of vector spaces. Show that the double-spreads of
the previous open problem can never be considered as towers of focal-
spreads.

Problem 22. Assume that there are (qst − 1)/(q − 1) st − 1-
dimensional subspaces each equipped with a double-spread of type (t, t−
1) of q

t(s−1)−1
qt−1

subspaces of dimension t and qt(s−1) subspaces of dimen-
sion t − 1, that are in a transitive orbit under a group G. Show that
there is a vector space of dimension st such that each of the double-
spreads are t− 1-cuts from hyperplanes.

The ideas and theory of focal-spreads have produced the following
insights:

• Construction of additive maximal partial spreads or new semi-
field planes with predetermined exotic affi ne subplanes. Also,
showing that there are proper additive maximal partial spreads
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will show that there are focal-spreads that cannot be obtained
as k-cuts.
• Construction of translation planes of order pt admitting affi ne
subplanes of order pk, where k does not divide t.
• New insights into the nature of subplanes of translation planes,
most notably the somewhat diffi cult observation using isotopes
of semifields that two known infinite families of (commutative)
semifield planes due Knuth and to Kantor of orders 25k or 27k,
where k is odd, admit subplanes of order 22.
• New developments of subgeometry partitions of finite projec-
tive spaces by a variety of different subgeometries; the first
known examples of subgeometry partitions from a partition of
a vector space that is not a t-spread.
• Constructions of associated 2-(qk+1, q, 1)-designs, from focal-
spreads of dimension 2k + 1, with focus of dimension k + 1,
and construction of associated double-spreads.
• Constructions of new triple-spreads obtained also from focal-
spreads of type (k + 1, k).
• The process of ‘algebraic lifting’from spreads of PG(3, q) to
spreads of PG(3, q2) may be extended to focal-spreads and
from here connections to subgeometry partitions become ap-
parent as there is a clearly defined retraction group. The
going-up process may be used in combination with lifting and
twisting so that the groups obtained by standard algebraic lift-
ing act on the focal-spreads and many of these admit retraction
groups and hence new subgeometry partitions.
• The ideas of ‘going up’also produce more diverse structures
that might be called focal-spreads of type (t, t′, k), where the
vector space has dimension t+ k but the focus has dimension
t′ for t′ < t.

Clearly, when dealing with partitions of vector spaces, there are
a number of problems that emerge, and we point out these areas of
general interest as follows:

Problem 23. Find a theoretically complete notion of the kernel
of a partition of a vector space, particularly for focal-spreads, which is
valid for either infinite or finite partitions.

Problem 24. Determine when the middle and right nuclei of ad-
ditive focal-spreads are fields.

Problem 25. Use ideas from the theory of semifield planes to de-
termine whether additive focal-spreads are always k-cuts.
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Problem 26. Determine whether additive focal-spreads obtained
using the going up process are k-cuts.

Problem 27. Analyze designs of type 2− (qk+1, q, 1) with the goal
of reconstructing an associated focal-spread. That is, can every such
design be embedded into a vector space of dimension 2k+1 over GF (q)?

Problem 28. Determine when two designs arising from different
focal-spreads are isomorphic with no restrictions on the isomorphism
mappings.

Problem 29. Determine when double and triple spreads with ap-
propriate parameters arise from focal-spreads.

Problem 30. Study general subgeometry partitions with parameters
equal to those that arise from focal-spreads of various types to determine
when there is a ‘lifting’back to a focal-spread.

Problem 31. Study general partitions of vector spaces that admit
retraction groups so as to construct subgeometry and quasi-subgeometry
partitions.

Problem 32. Determine whether the subgeometry partitions of a
projective space PG(2t/w−1, qw) and a subgeometry partition of a pro-
jective space PG((t+k)/w−1, qw) are related geometrically, or rather,
give a projective version of k-cuts that shows how the subgeometry par-
titions are related.

We recall a result from the hyperplane constructions of subgeometry
partitions to state an open problem

Theorem 282. Any k-cut focal-spread of type (k + 1, k) from a
Desarguesian (k+1)-spread or from a nearfield plane of order qk+1 with
kernel containing GF (q) with q = h2 produces a subgeometry partition
of PG(2k−1, h2) by subgeometries isomorphic to (two) PG(k−1, h2)’s,
h+ 1 PG(k− 1, h)’s and ((h2(k+1)− h2)/(h+ 1)) PG(k− 2, h)’s, using
any hyperplane that shares a k-space with the focus.

Problem 33. Can there be partitions of PG(2k − 1, h2) with all
four types of subgeometries? If so, there is a partition of a vector space
with 2+h2−1 = h2 +1 K—subspaces and a group of order h2−1 acting
on the remaining h2(k+1) − h2 k − 1-dimensional subspaces with orbits
of length 1 and h + 1. This means there are w(h + 1) orbits of length
1. Can these partitions arise as cuts from a planar 2k + 1-spread?

Problem 34. Find examples of translation planes of order pt that
admit affi ne subplanes of order pk, where t does not divide t. Show, if
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possible, that commutative semifields satisfy the subsemifield dimension
property (i.e, the dimension of a commutative subsemifield must divide
the dimension of the commutative semifield).

Problem 35. Given a t-spread, is there a subgeometry partition
that gives rise to it (the interpretation of ‘gives rise to’might be the
issue)? Amazingly, if t = 2, the answer is ‘yes.’

Problem 36. Determine whether there are group theoretic char-
acterizations of certain fundamental focal-spreads. For example, focal-
spreads that admit groups fixing the focus and acting doubly transitive
on the K—subspaces of the associated partial Sperner k-spread neces-
sarily arise as k-cuts of Desarguesian spreads.

Problem 37. Determine whether the ‘transitive’problem is equiv-
alent to the question of extensions of additive partial spreads.

Problem 38. If the group fixing the focus and one K—subspace is
transitive on the remaining k-components, is the focal-spread a k-cut?
Recall in the section on Inherited Groups, it is shown that that any
focal-spread admitting an affi ne homology group with this action must
arise from a k-cut of a nearfield plane.

Problem 39. Determine the collineation groups of a general focal-
spread. If B is a focal-spread with group G and if B be extended to a
spread set, when does G act as a collineation group of the spread set?

Problem 40. Let P be a finite t-parallelism admitting a group
fixing one spread Σ and acting transitively on the remaining spreads.
Classify P . (The problem is solved for line parallelisms in PG(3, q).)

Problem 41. The following defines an additive maximal partial
spread in PG(3, q), where q is even and > 4 :

x = 0, y =

[
u+ t tf + t2

t u

]
;

u ∈ GF (q), t ∈ GF (q) of trace 0 over GF (2), tracef = 1.

The partial spread is maximal in PG(3, q) since otherwise there would
be a non-linear even order semifield flock, which does not occur.
Show that this family is maximal in PG(4r − 1, 2), where q = 2r.

Using the companion focal-spread, a solution will provide the first non-
extendable additive focal-spread.

Problem 42. Show that the going-up construction of focal-spreads
gives examples of focal-spreads that cannot be extended or rather are
not k-cuts.
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Problem 43. The construction process obtaining Sperner k-spreads
from suitably many translation planes uses the idea of partitioning a
vector space into its j-(0-sets). There must be a theory of such Sperner
k-spreads, which is somewhat analogous to the theory of translation
planes of dimension 2k admitting k-spreads. Develop this theory.

Problem 44. Let G be a parallelism-inducing group for spreads Σ
and Σ′. Find examples where Σ′ is not Pappian.

Problem 45. Determine the number of mutually non-isomorphic
parallelisms arising from linear parallelism-inducing groups in PG(3, q).
In particular, solve this problem when q is an odd prime.

Problem 46. Determine the number of mutually non-isomorphic
parallelisms arising from nearfield parallelism-inducing groups in PG(3, q).
In particular, consider this problem when q is an odd prime.

Problem 47. Determine when two nearfield parallelism-inducing
groups, whose nearfields have different kernels, can produce isomorphic
parallelisms in PG(3, q).

We offer a few words on what makes the k-spreads constructed in
this text ‘new’in some sense. Given a rk-spread, it is trivial to ob-
tain a k-spread simply by finding a k-spread of each component. We
shall say that a k-spread is ‘irreducible’if it cannot be obtained in this
way. All of the k-spreads of tk-dimensional vector spaces that are con-
structed using the going up process are almost certainly irreducible. If
a less restrictive definition of irreducible is taken, perhaps, say, that
the k-spread cannot be obtained from any other vector space partition
regardless of dimensions of the various subspaces in the partition then
our k-spreads would not then be considered irreducible as for example,
they could be obtained from certain ((t−1)k, (t−w)k, k)-focal-spreads.
Since the ideas of focal-spreads and their generalizations are important
in various contexts, we will consider the connections with such par-
titions to our k-spreads to be of independent interest and allow the
definition of an irreducible k-spread to be one that cannot be obtained
from another z-spread by refining each component.

Problem 48. Give a suitable criterion to determine when a parti-
tion or k-spread is irreducible.

Problem 49. In particular, find an oval-cone in PG(3, K), for K
finite or infinite that is not a quadratic cone that admits a parallelism.

Problem 50. Determine the classes of all maximal partial Desar-
guesian t-parallelism, t 6= 2.
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Based on what we know of the internal structures of the known
classes of translation planes and particularly what we know of semifield
planes, our results show that either there are many classes of semifield
planes left to be discovered that are quite different from the known
families or there are great numbers of maximal additive partial spreads
of very large deficiency. Since there are no non-semifield planes that
are known to satisfy the subplane dimension problem in the negative,
the same statement can be made for arbitrary translation planes.
To illustrate the complexity of the situation, recall again that there

are semifield planes of order 25 that contain semifield subplanes of order
22, necessarily Desarguesian and there are semifields planes of orders
25k or 27k, for k odd, that admit Desarguesian subplanes of order 22. So
take any semifield plane of order 25 and let c be any integer larger than
5 such that 5 does not divide c. Then either there is an additive partial
spread which is a maximal partial spread of degree ≤ 1+25+c−1 or there
is a semifield plane of order 25+c that contains a semifield subplane of
order 22 and of order 25. For example, if c = 6, either there is a semi-
field plane of order 211 that contains subplanes of orders 22, 25 or there
is an additive partial spread, which is maximal of degree ≤ 1 + 210 and
order 211. Now assume that we never obtain additive maximal partial
spreads. Then choose any sequence of integers 2, 5, 11, i4, i5 .., in such
that ij+1 = ij+tj, such that ij does not divide tj. Then there is a semi-
field plane of order 2in admitting subplanes of orders 22, 25, 211, .., 2in−1.
For example, take the sequence 2, 5, 11, 23, 47, then there is an assumed
semifield plane of order 247 that contains semifield subplanes of orders
22, 25, 211, 223. Similar sequences are possible for semifields of order
27k, for k odd.

In general, we have shown that given any translation plane πo of
order pd, we may find a partial spread of order pd+c and degree 1 + pd

that contains a translation subplane of order pd isomorphic to π0. If
this partial spread is not contained in a proper maximal partial spread,
then there is a translation plane of order pc+d that contains a translation
subplane of order pd. This seems improbable, assuming that d does not
divide c. Thus, we would expect there to be a very large number of
maximal partial spreads of large orders that may be generated in this
manner.

Problem 51. Resolve the issue on additive maximal partial spreads
or semifield planes admitting exotic subplanes.

Problem 52. Do t-parallelisms exist when t > 1? If so, what could
be their possible groups?
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Problem 53. Is there a way to use group theory to discover t-
parallelisms?

Problem 54. The answer to the last question requires a most sen-
sitive use of the putative collineation groups, in that we have shown
that none can be transitive (or doubly transitive).

Problem 55. There are infinite classes of 1-parallelisms in PG(3, q)
that do not admit transitive groups but admit a collineation fixing one
spread and transitive on the remaining spreads. Is such a construction
possible for t-parallelisms, t > 1?

Problem 56. There are partial t-parallelisms of 1 + ht+1 + h2(t+1)

t-spreads. If there are no t-parallelisms, what is the number of spreads
in a maximal t-parallelism? Note that there are transitive partial t-
parallelisms with the number of t-spreads as above. Does this make the
associated t-spreads 1-spreads over a larger field?

Problem 57. It is possible to consider the generalization of the
problem on partially flag-transitive affi ne planes, this time with respect
to a subplane covered net. Let π be a finite affi ne plane containing a
subplane covered net S. If there exists a collineation group G which
leaves S invariant and acts flag-transitively on the flags on lines not in
S, can π be determined?

Problem 58. Using the idea of a ‘flock’of a sharply k-transitive
set Sk to be a sharply 1-transitive subset and a ‘parallelism’as a set
of mutually disjoint flocks whose union is Sk, develop a theory and
construct examples for arbitrary integers k.

Problem 59. Develop the idea of a deficiency 1 partially sharp sub-
set Λ of PΓL(n,K), where K is an arbitrary skewfield. The deficiency
1 definition could be that given any point P of PG(n−1, K), there there
is exactly one point in PG(n − 1, K) − PΛ. When n = 2, show that
there is a translation plane admitting two Baer groups B1 and B2 whose
component orbits are identical and that conversely such a translation
plane constructs a partially sharp subset of some PΓL(2, K), where K
is a skewfield.

Problem 60. Find parallelisms of elliptic quadrics or hyperbolic
quadrics in PG(3, K), by maximal partial flocks.

Problem 61. Extend the theory of flocks and parallelisms of qua-
dratic cones to Laguerre planes and/or to α-flocks or to oval-flocks.

Problem 62. Show that there are parallelisms of elliptic quadrics
of characteristic 2.
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Problem 63. Betten and Riesinger have constructed a large vari-
ety of new parallelisms over the field of real numbers (see Betten and
Riesinger [13], [10], [12], [11], [9]). Generalize any of this work using
arbitrary fields K, essentially paying attention to the construction of a
parallelism without worrying about topological aspects.

Problem 64. Consider the isomorphism question for Johnson par-
allelisms. For c inK∗−K+∗(σ+1), we note that c2 = cσ+1, soK∗/K+∗(σ+1)

is en elementary Abelian 2-group that corresponds to the isomorphism
classes. For example, take K = Qa, the field of rationals and consider

the field extension
{[

u −t
t u

]
;u, t ∈ Qa

}
. We note that{

u2 + t2;u, t ∈ Qa

}
= K+(σ+1).

So, we are considering Qa/(Sum of Rational Squares). Determine
the cardinality of the set of isomorphism classes by determining this
elementary Abelian 2-group.

Problem 65. We recall the general switching problem: Let

Γi =

{
x = 0, y = x

[
u+ gi(t) fi(t)

t u

]
;u, t ∈ GF (q)

}
,

be conical flock spreads, each of which share exactly R0 with Σ1. As-
sume Γ2E is a set of q mutually disjoint spreads. Then Γ3E switches
with Γ2E if and only if for each t ∈ GF (q), there exists a bijective
function m : GF (q)→ GF (q) such that

g3(t)− ρ1t = g2(m(t))− ρ1m(t),

f3(t)− γ1t = f2(m(t))− γ1m(t).

Develop this idea: find conical flock spreads that have the switching
requirement and construct perhaps new flocks of quadratic cones and
new parallelisms.

Problem 66. In this setting, consider E-switching and necessarily
all E-switches of Desarguesian spreads are also Desarguesian. How-
ever, it is not known whether all groups Hj or Hk may be used to
construct parallelisms (see the chapter on coset switching, for odd or-
der, for a definition of these groups). As mentioned, when q = 2r, have
shown that H0 and H0 may be used to construct parallelisms. Find De-
sarguesian planes for which any of the groups Hj or Hk can be used to
construct new parallelisms.

Problem 67. Are there parallelisms of quadratic cones or of hy-
perbolic quadrics that are not transitive?
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Problem 68. Find partially sharp subsets of q elements of PΓL(2, q).
The associated translation planes of order q2 admit two Baer groups.
Do these exist?

Problem 69. This problem refers to ‘partially flag-transitive affi ne
planes,’ where the theory is developed for solvable groups. Are there
‘nonsolvable’partially flag-transitive affi ne planes?

Remark 71. The Hall and Desarguesian planes are the only trans-
lation planes of order q2 that admit SL(2, q) and are partially flag-
transitive affi ne planes.

Proof. The translation planes admitting SL(2, q) as a collineation
group are determined in Foulser and Johnson [54] and [55]. The only
derivable planes that admit a collineation group transitive on the com-
ponents exterior to the derivable net are the Hall and Desarguesian.
Any translation plane of this sort is partially flag-transitive. �
Problem 70. In the classification theory of partial flag-transitive

affi ne planes, a type of affi ne plane called a ‘semi-translation plane’
appears. The only known semi-translation planes are either derived
from dual translation planes or are the Hughes planes that derive the
Ostrom-Rosati planes. Show that every semi-translation plane is deriv-
able. Suppose a semi-translation plane admits a Baer group of order q.
Show that the plane is derivable. These problems on semi-translation
planes have been open since about 1964. Please solve these!

Problem 71. Given any parallelism in PG(3, q), show criteria for
which the dual parallelism is not isomorphic to the original. Note that
this is true for all transitive deficiency one partial parallelisms by work
of the author.

The only know parallelism where this is not true is in Prince’s set
of 45 transitive parallelisms in PG(3, 5) (see [176]). The set of these
parallelisms contains the two regular parallelisms, which are known not
be to isomorphic to each other. Find how many of the remaining 43
parallelisms are not isomorphic to their duals. Since there must be at
least one, the question is what is the type of spread that allows that the
corresponding parallelism is isomorphic to its dual?
If the above problem can be solved, use the ideas to find a infinite

class of transitive parallelisms whose duals are not isomorphic to the
original.

Problem 72. In this text, we have introduced the concept of an
m-parallelism, which leads naturally to the so-called (m,n)-parallelism.
All of these parallelisms depend on order and coset representations.
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Since {ij} forms a partition of n, the parallelism depends on the parti-
tion. Furthermore, the order is important in this case, so we consider
that the partition is ‘ordered.’ Moreover, the parallelism may depend
on the coset representation class {gi}. When we want to be clear on
the notation we shall refer to the parallelism as a (m,n, {ij}, {gi})-
parallelism. When n = m, we use simply the notation of (m, {gi})-
parallelism. Furthermore, since each such parallelism depends on a
choice of the initial Pappian spreads, the non-isomorphic parallelisms
are potentially quite diverse. Exploit this diversity and try to make
sense of how two m parallelisms (or, respectively, (m,n) parallelisms)
could be non-isomorphic.

The following problem involves the theorem of Biliotti-Jha-Johnson
on p-primitive collineations, which we restate.

Theorem 283. Let P be a parallelism in PG(3, q) and let G be a
collineation group of PG(3, q), which leaves P invariant and contains
a collineation of order a p-primitive divisor u of q3 − 1.
Then, one of the two situations occurs:

(1) G is a subgroup of ΓL(1, q3)/Z, where Z denotes the scalar
group of order q − 1, and fixes a plane and a point.

(2) u = 7 and one of the following subcases occurs:
(a) G is reducible, fixes a plane or a point and either

(i) G is isomorphic to A7 and q = 52, or
(ii) G is isomorphic to PSL(2, 7) and q = p for a prime

p ≡ 2, 4 mod 7 or q = p2 for a prime p ≡ 3, 5 mod
7.
When q = p = 2, P is one of the two regular paral-
lelisms in PG(3, 2), or

(b) G is primitive, G is isomorphic to PSL(2, 7) or A7 and
q = p for an odd prime p ≡ 2, 4 mod 7 or q = p2 for a
prime p ≡ 3, 5 mod 7.

Problem 73. When the group is transitive all of the subcases of
part (2) cases do not occur other than q = p = 2, P is one of the two
regular parallelisms in PG(3, 2). This is also true of the parallelisms of
Prince, which occur in case (1). The problem is to use combinatorial
and group theoretic arguments but only with the p-primitive assumption
to eliminate all other cases.
For example, consider u = 7, G is isomorphic to A7 acting on

1 + 52 + 54 spreads. Can this occur? If so, find an example.
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Problem 74. Show that transitive parallelisms on P (3, 4) cannot
occur (this is the case not covered by the Biliotti-Jha-Johnson transitive
theorem).



CHAPTER 41

Geometry Background

In this chapter, we provide statements of results used in the proof
of the following classification theorem, as well as in other results on
translation planes and t-spreads.

Theorem 284. Let P− be a deficiency one parallelism in PG(3, q)
that admits a collineation group in PΓL(4, q) acting transitively on the
spreads of the partial parallelism. Let P denote the unique extension of
P− to a parallelism. Let the fixed spread be denoted by Σ0 (the ‘socle’)
and let the remaining q2 + q spreads of P− be denoted by Σi, for i =
1, 2, .., q2 + q. Let πi denote the affi ne translation plane corresponding
to Σi. Then Σ0 is Desarguesian and Σi is a derived conical flock plane
for i = 1, 2, .., q2 + q.

Theorem 285. (Biliotti, Jha, Johnson [17]) Let π denote a trans-
lation plane of order q2. Assume that π admits a collineation group
G that contains a normal subgroup N such that G/N is isomorphic to
PSL(2, q).
Then π is one of the following planes:
(1) Desarguesian,
(2) Hall,
(3) Hering,
(4) Ott-Schaeffer,
(5) one of three planes of Walker of order 25, or
(6) the Dempwolff plane of order 16.

Theorem 286. (Johnson [134], Theorem (2.3)) Let V be a vector
space of dimension 2r over F isomorphic to GF (pt), p a prime, q = pt.
Let T be a linear transformation of V over F,which fixes three mutually
disjoint r-dimensional subspaces. Assume that |T | divides qr − 1 but
does not divide LCM(qs − 1); s < r, s | r. Then:
(1) all T -invariant r-dimensional subspaces are mutually disjoint

and the set of all such subspaces defines a Desarguesian spread;
(2) the normalizer of 〈T 〉 in GL(2r, q) is a collineation group of the

Desarguesian plane Σ defined by the spread of (1);
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(3) Σ may be thought of as a 2r-dimensional vector space over F ;
that is, the field defining Σ is an extension of F .

Remark 72. How the above theorem on PSL(2, q) is the deficiency
one Theorem is as follows: It is shown that there is a p-collineation τ
of a translation plane π of order p2r that fixes at least three compo-
nents of π. Then, there is an associated Desarguesian affi ne plane Σ
consisting of the τ -invariant subspaces of dimension r over F . In our
situation, the vector space V will be 4-dimensional over GF (q), forcing
the associated Desarguesian affi ne plane to have its spread in PG(3, q).
Such a Desarguesian plane Σ is called an ‘Ostrom phantom.’

Theorem 287. (Gevaert and Johnson [59]) Let π be a translation
plane of order q2 with spread in PG(3, q) that admits an affi ne elation
group E of order q such that there is at least one orbit of components
union the axis of E that is a regulus in PG(3, q). Then π corresponds
to a flock of a quadratic cone in PG(3, q).
In the case above, the elation group E is said to be ‘regulus-inducing’

as each orbit of a 2-dimensional GF (q)-vector space disjoint from the
axis of E together with the axis will produce a regulus.

Theorem 288. (Johnson [124]) Let π be a translation plane of
order q2 with spread in PG(3, q) admitting a Baer group B of order q.
Then, the q − 1 component orbits union FixB are reguli in PG(3, q).
Furthermore, there is a corresponding partial flock of a quadratic cone
with q− 1 conics. The partial flock may be uniquely extended to a flock
if and only if the net defined by FixB is derivable.

Theorem 289. (Payne and Thas [173]) Every partial flock of a
quadratic cone of q− 1 conics in PG(3, q) may be uniquely extended to
a flock.

Theorem 290. (Hering-Ostrom Theorem (see references in the
Handbook [138]) Let π be a translation plane of order pr, p a prime,
and let E denote the collineation group generated by all elations in
the translation complement of π. Then one of the following situations
apply:
(i) E is elementary Abelian,
(ii) E has order 2k, where k is odd, and p = 2,
(iii) E is isomorphic to SL(2, pt), and the associated elation net is

Desarguesian,
(iv) E is isomorphic to SL(2, 5) and p = 3,
(v) E is isomorphic to Sz(22s+1) and p = 2.
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Theorem 291. (Johnson and Ostrom [146] (3.4)) Let π be a trans-
lation plane with spread in PG(3, q) of even order q2. Let E denote a
collineation group of the linear translation complement generated by
affi ne elations. If E is solvable, then either E is an elementary Abelian
group of elations all with the same axis, or E is dihedral of order 2k,
k odd and there are exactly k elation axes.

Theorem 292. (Gleason [61]) Let G be a finite group operating on
a set Ω and let p be a prime. If Ψ is a subset of Ω such that for every
α ∈ Ψ, there is a p-subgroup Πα of G fixing α but no other point of Ω
then Ψ is contained in an orbit.

Theorem 293. (André [1]) If Π is a finite projective plane that
has two homologies with the same axis ` and different centers then the
group generated by the homologies contains an elation with axis `.

Theorem 294. (See Lüneburg [167] (49.4), (49.5)) Let τ be a lin-
ear mapping of order p of a vector space V of characteristic p and
dimension 4 over GF (pr) and leaving invariant a spread.
(1) Then the minimal polynomial of τ is (x − 1)2 or (x − 1)4. If

the minimal polynomial is (x− 1)4 then p ≥ 5, and τ is said to to be a
‘quartic element.’
(2) The minimal polynomial of τ is (x − 1)2 if and only if τ is an

affi ne elation (shear) or a Baer p-collineation (fixes a Baer subplane
pointwise).

Theorem 295. (Biliotti, Jha, and Johnson [20]) Let π be a trans-
lation plane of order q2, q = pr, p odd, with spread in PG(3, q). If
π admits two mutually disjoint ‘large’quartic p-groups (orders >

√
q)

then the group generated is isomorphic to SL(2, q) and the plane is
Hering or the order is 25 and the plane is one of the Walker planes.

Theorem 296. (Johnson [130]) Semifield flocks of quadratic cones
in PG(2, qr) are linear (the corresponding semifield translation plane
is Desarguesian).

Theorem 297. (Johnson [134]) Let π be a translation plane with
spread in PG(3, q), for q even, admit a dihedral group Dq+1 generated
by elations with exactly q + 1 axes. Let Cq+1 denote the cyclic stem of
Dq+1.
(1) If Cq+1 leaves invariant two components of π then the net NE

of elations is a regulus net in PG(3, q).
(2) If Cq+1 does not leave invariant two components of π then there

is an associated Desarguesian affi ne plane Σ such that Cq+1 fixes exactly
two components of Σ and these components non-trivially intersect each
of the elation axes of π now realized as Baer subplanes of Σ.
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Theorem 298. (Foulser [53]) Let π be a translation plane of odd
order q2.
(1) Baer p-elements and elations cannot coexist.
(2) If p > 3 or p = 3 and the group generated by Baer 3-elements

is SL(2, 3i), for i > 1, then the Baer subplanes fixed pointwise by Baer
p-collineations in the translation complement all lie in the same net of
degree q + 1.
(3) The group generated by Baer p-elements are those in the Hering-

Ostrom theorem, except that Suzuki groups do not occur. In particular,
if there are at least two Baer axes then the group generated is either
SL(2, 5) and p = 3 or SL(2, pt), for some integer t.
(4) If a net of degree q+ 1 contains at least three Baer subplanesρi,

for i = 1, 2, 3, then the number of Baer subplanes of the net is 1 +
|Kerρ1| (kernel of ρ1).

Theorem 299. (Jha and Johnson [96]) Let π be a translation plane
of even order and let E and B be elation and Baer 2-groups, respec-
tively, in the translation complement. If |B| > √q, then |E| ≤ 2.



CHAPTER 42

The Klein Quadric

In this text, we shall use the device that connects translation planes
of order q2 with spreads in PG(3, K), for K a field isomorphic to
GF (q), with ovoids of the hyperbolic quadric in PG(5, K), the ‘Klein
Quadric.’Basically, the same theory is available for hyperbolic quadrics
of standard type in PG(3, K), where K is a field admitting a qua-
dratic extension, and spreads in PG(3, K). Let (x1, x2, x3, y1, y2, y3),
for xi, yi ∈ K,where i = 1, 2, 3, and K is a field admitting a qua-
dratic extension. Let x1y3 − x2y2 + x3y1 = 0 define a non-degenerate
hyperbolic quadric Q in a 6-dimensional vector space V6 over K (or
in PG(5, K)). We note that (1, a, b, c, d,∆), where ∆ = ad − cb, then
is a point of Q, the other point (1-dimensional K—subspace) has the
form (0, 0, 0, 0, 0, 1). Let x and y be 2-vectors over K. We consider the
‘Klein map’K:

K : (1, a, b, c, d,∆)→ y = x

[
a b
c d

]
,

K : (0, 0, 0, 0, 0, 1)→ x = 0.

Then the image of Q under the Klein map is a bijection to the set of
all 2-dimensionalK—subspaces of a 4-dimensionalK-space with vectors
(x, y). Indeed, two mutually disjoint 2-dimensional K—subspaces map
back to points on the quadric that are not incident to a line of the
quadric. When K is isomorphic to GF (q), an ‘ovoid’of the quadric is
a set of q2 +1 points no two of Q are incident with a line of the quadric.
An analogous definition is available in the infinite case.

Theorem 300. (1) Ovoids of the hyperbolic quadric Q are equiva-
lent to translation planes with spreads in PG(3, K).

(2) Ovoids that are elliptic quadrics are equivalent to Pappian Planes
with spreads in PG(3, K).

613



614 The Klein Quadric

Furthermore, if V6 is a 6-dimensional vector space, and Q is the
associated non-degenerate hyperbolic quadric, then the associated bi-
linear form is given by the matrix

M =


0 0 0 0 0 1
0 0 0 0 −1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 −1 0 0 0 0
1 0 0 0 0 0

 .
If W is a subspace of V6, then define W⊥ to be the set of vectors v
such that wMvT = 0, for all w ∈ W . For the quadric Q, any subspace
W such that W ∩ Q = φ, is said to an ‘anisotropic’ subspace. For
example, take {(x1, x2, x3, y1, 0, 0)} = W , for certain elements xi, y1,
i = 1, 2, 3. If W is a 2-dimensional subspace of V6, then one of the
following occur:
(1)W ∩Q is empty (soW is anisotropic), andW⊥∩Q is an elliptic

quadric,
(2)W∩Q is a point, andW⊥∩Q contains a 2-dimensional subspace,
(3)W∩Q is a set of two points, andW⊥∩Q is a hyperbolic quadric,

or
(4) W ∩ Q = W , and W⊥ ∩ Q contains a generator of Witt index

3.
The reader is directed to the appendices of the Handbook [138], for

additional information and background on quadrics, and, of course, to
Hirschfeld [72], [71].

1. The Thas-Walker Construction

The Thas-Walker construction of spreads from flocks of quadratic
sets in PG(3, K), where K admits a quadratic extension, is fundamen-
tal to our theory. This construction provides the following:
(1) Connects flocks of elliptic quadrics in PG(3, K) by a set of

mutually disjoint conics that cover all but two points of the quadric
with translation planes with spreads in PG(3, K), that are covered by
mutually disjoint reguli together with two other components.
(2) Connects flocks of quadratic cones in PG(3, K) by a set of

mutually disjoint conics of intersection (plane intersections that do not
contain the vertex of the cone) with translation planes with spreads in
PG(3, K), that are covered by reguli that mutually share exactly one
component.

(3) Connects flocks of hyperbolic quadrics in PG(3, K) by a set of
mutually disjoint conics of intersection (plane intersections that do not
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contain a line of the quadric) with translation planes with spreads in
PG(3, K), that are covered by reguli that mutually share two compo-
nents.

The general construction is as follows: For each quadric set E (el-
liptic quadric, quadratic cone, hyperbolic quadric in PG(3, K)), embed
PG(3, K) into PG(5, K) so that the quadric set E is a subset of the
hyperbolic quadric Q in PG(5, K). Let F be a ‘flock’ is defined in
the above paragraph, as a set of planes of PG(3, K). Let ⊥ denote the
polarity of PG(5, K), induced by Q, where

0 0 0 0 0 1
0 0 0 0 −1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 −1 0 0 0 0
1 0 0 0 0 0


defines the associated bilinear form.
Since π ∈ F is a 3-dimensional vector space, then π⊥ is also a 3-

dimensional vector space, and it will follow that F⊥ =
{
π⊥; π ∈ F

}
is an ovoid of Q. Applying the Klein map associates the spreads in
PG(3, K) with the ovoids F⊥.
This bijection of

F ⇐⇒ F⊥ ⇐⇒ K(F⊥)

is called ‘the Thas-Walker-Contruction.’
The reader is directed to Thas [180] for the basic theory in the finite

case, which was done independently by Walker [181], and extended by
Riesinger [177] in the infinite case.



CHAPTER 43

Major Theorems of Finite Groups

1. Subgroups of PSL(2, q)

We shall take the lists of certain subgroups of various classical
groups from the article from O.H. King [162], also see [47].

The subgroups of PSL(2, q), for q = pr, p a prime, are as follows:
(a) a single class of q + 1 conjugate Abelian groups of order q;
(b) a single class of q+1 conjugate cyclic groups of order d for each

divisor d of q − 1 for q even and (q − 1)/2 for q odd;
(c) a single class of q(q−1)/2 conjugate cyclic groups of order d for

each divisor d of q + 1, for q even and (q + 1)/2, for q odd;
(d) for q odd, a single class of q(q2− 1)/4d dihedral groups of order

2d, for each divisor d of (q − 10)/2 with (q − 1)/(2d) odd;
(e) for q odd, two classes each of q(q2 − 1)/(8d) dihedral groups of

order 2d for each divisor d > 2 of (q − 1)/2 with (q − 1)/(2d) even;
(f) for q even, a single class of q(q2 − 1)/(2d) dihedral groups of

order 2d, for each divisor d of q − 1;
(g) for q odd, a single class of q(q2 − 1)/(2d) dihedral groups of

order 2d, for each divisor d of (q + 1)/2 with (q + 1)/(2d) odd;
(h) for q odd, two classes each of q(q2 − 1)/(2d) dihedral groups of

order 2d, for each divisor d of (q + 1)/2 with (q + 1)/(2d) even;
(i) for q even, a single class of q(q2 − 1)/(2d) dihedral groups of

order 2d, for each divisor d of (q + 1);
(j) a single class of q(q2 − 1)/24 conjugate four-groups when q ≡

±3 mod 8;
(k) two classes each of q(q2 − 1)/48 conjugate four-groups when

q ≡ ±1 mod 8;
(l) a number of classes of conjugate Abelian groups of order q0, for

each divisor q0 of q;
(m) a number of classes of conjugate groups of order q0d, for each

divisor q0 of q and for certain d depending on q0, all lying inside a group
of order q(q − 1)/2 for q odd and q(q − 1) for q even;
(n) two classes each of [q(q2 − 1)]/[2q0(q2

0 − 1)] groups PSL(2, q0),
where q is an even power of q0, for q odd;
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(o) a single class of [q(q2−1)]/[q0(q2
0−1)] groups PSL(2, q0), where

q is an odd power of q0, for q odd;
(p) a single class of [q(q2−1)]/[q0(q2

0−1)] groups PSL(2, q0), where
q is a power of q0, for q even;

(q) two classes each of [q(q2 − 1)]/[2q0(q2
0 − 1)] groups PGL(2, q0),

where q is a even power of q0, for q odd;
(r) two classes each of q(q2−1)/48 conjugate S4, when q ≡ ±1 mod 8;
(s) two classes each of q(q2−1)/48 conjugateA4, when q ≡ ±1 mod 8;
(t) a single class of q(q2− 1)/24 conjugate A4, when q ≡ ±3 mod 8;
(u) a single class of q(q2 − 1)/12 conjugate A4, when q is an even

power of 2;
(v) two classes each of q(q2 − 1)/120 conjugate A5, when q ≡

±3 mod 10.

2. The Lists of Mitchell and Hartley

2.1. Subgroups of PSL(3,q)(see [171], [64]). Mitchell q odd;
The following is a list of subgroups of PSL(3, q). A subgroup of
PSL(3, q) either fixes a point, a line, or a triangle (so is a subgroup of
(a), (b), or (c) below), or is one of the groups in (d) through (k);
(a) the stabilizer of a point, having order q3(q+1)(q−1)2/(3, q−1);
(b) the stabilizer of a line having order q3(q + 1)(q− 1)2/(3, q− 1);
(c) the stabilizer of a triangle, having order 6(q − 1)2/(3, q − 1);
(d) the stabilizer of a triangle with coordinates in GF (q3) having

order 3(q2 + q + 1)/(3, q − 1) (‘imaginary triangle’);
(e) the stabilizer of a conic, having order q(q2 − 1);
(f) PSL(3, q0), where q is a power of q0;
(g) PGL(3, q0), where q is a power of q3

0 and 3 divides q0 − 1;
(h) PSU(3, q2

0), where q is a power of q2
0;

(i) PU(3, q2
0), where q is a power of q6

0 and 3 divides q0 − 1;
(j) the Hessian groups of orders 216 (where 9 divides q−1 (isomorphic

to PU(3, 4))), 72 (isomorphic to PSU(3, 4)), and 36 (where 3 divides
q − 1, a subgroup of PSU(3, 4));
(k) groups of order 168 (when −7 is a square in GF (q) (isomorphic

to PSL(3, 2))), 360 (where 5 is a square in GF (q) and there is a non-
trivial cube root of unity) (isomorphic to A6)), 720 (when q is an even
power of 5 (isomorphic to A6.2)), and 2520 (when q is an even power
of 5 (isomorphic to A7)).
Hartley q Even.
For even order, Harley’s list is for the maximal subgroups.
Let q be even. The maximal subgroups of PSL(3, q) are as follows:
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(a) the stabilizers of a point, a line, a triangle or an imaginary
triangle (coordinates in GF (q3)), as for q odd, with the same orders;
(b) PSL(3, q0), where q is a prime power of q0;
(c) PGL(3, q0), where q = q3

0, and q0 is a square;
(d) PSU(3, q), where q is square;
(e) PSU(3, q2

0), where q = q6
0, and q0 is a non-square;

(f) groups of order 360, when q = 4 (isomorphic to A6).

2.2. Subgroups of PSU(3, q). The maximal subgroups of the
projective special unitary group PSU(3, q) (preserving a Hermitian
form) are also given by Mitchell and Hartley. Let H(2, q) denote the
Hermitian surface of absolute points.
Mitchell, q odd. Let q0 be odd and q = q2

0. The following is a
list of the subgroups of PSU(3, q), which either fix a point and a line,
or a triangle (so is a subgroup of (a), (b), or (c) to follow), or is one of
the groups listed in (d) through (i):
(a) the stabilizer of the center and axis of an elation (the stabilizer

of a point on H(2, q) together with its polar line), of order q3
0(q0 +

1)2(q0 − 1)/(3, q0 + 1);
(b) the stabilizer of the center and axis of a homology (the stabilizer

of a point not on H(2, q) together with its polar line), of order q0(q0 +
1)2(q0 − 1)/(3, q0 + 1);

(c) the stabilizer of a triangle, having order 6(q0 − 1)2/(3, q0 + 1);
(d) the stabilizer of an imaginary triangle, of order 3(q2

0 − q +
1)/(3, q0 + 1);
(e) the stabilizer of a conic, of order q0(q0 − 1)2;
(f) PSU(3, q1), where q is an odd power of q1;
(g) PSU(3, q1), where q is an odd power of q3

1 and 3 divides
√
q1 +1;

(h) the Hessian groups of orders 216 (where 9 divides q0+1 (isomorphic
to PU(3, 4))), 72 (isomorphic to PSU(3, 4)) and 36 (where 3 divides
q0 + 1, a subgroup of PSU(3, 4));
(i) groups of order 168 (when −7 is a non-square in GF (q0) (iso-

morphic to PSL(3, 2))), 360 (where 5 is a square in GF (q0) and there
is not a non-trivial cube root of unity) (isomorphic to A6)), 720 (when
q0 is an odd power of 5 (isomorphic to A6.2)), and 2520 (when q0 is an
odd power of 5 (isomorphic to A7)).
As with the subgroups of PSL(3, q), for q even, only the maximal

subgroups of PSU(3, q) are given, for q0 and q = q2
0.

Hartley, q even. The maximal subgroups are as follows:
(a) the stabilizer of a point, line, a triangle or an imaginary triangle,

as for q odd and with the same orders;
(b) PSU(3, q1), where q is an odd prime power of q1;
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(c) PSU(3, q1), where q = q3
1, and

√
q1 is non-square;

(d) groups of order 36 (when q = 4).

3. Finite Doubly Transitive Groups

We also list here the classification theorem of arbitrary finite doubly
transitive groups Ḡ.

Let v denote the degree of the permutation group.
The possibilities are as follows:
(A) Ḡ has a simple normal subgroup H̄, and H̄ ≤ Ḡ ≤ Aut H̄

where H̄ and v are as follows:
(1) Av, v ≥ 5,
(2) PSL(d, z), d ≥ 2, v = (zd− 1)/(z− 1) and (d, z) 6= (2, 2), (2, 3),
(3) PSU(3, z), v = z3 + 1, z > 2,
(4) Sz(w), v = w2 + 1, w = 22e+1 > 2,
(5) 2G2(z)′, v = z3 + 1, z = 32e+1,
(6) Sp(2n, 2), n ≥ 3, v = 22n−1 ± 2n−1,
(7) PSL(2, 11), v = 11,
(8) Mathieu groups Mv, v = 11, 12, 22, 23, 24,
(9) M11, v = 12,
(10) A7, v = 15,
(11) HS (Higman-Sims group), v = 176,
(12) .3 (Conway’s smallest group), v = 276;
(B) Ḡ has a regular normal subgroup H̄ which is elementary Abelian

of order v = ha, where h is a prime. Identify Ḡ with a group of affi ne
transformations x 7−→ xg + c of GF (ha), where g ∈ Ḡ0. Then one of
the following occurs:
(1) Ḡ ≤ AΓL(1, v),
(2) Ḡ0 D SL(n, z), zn = ha,
(3) Ḡ0 D Sp(n, z), zn = ha,
(4) Ḡ0 D Ḡ2(z)′, z6 = ha, z even,
(5) Ḡ0 D A6 or A7, v = 24,
(6) Ḡ0 D SL(2, 3) or SL(2, 5), v = h2, h = 5, 11, 19, 23, 29, or 59 or

v = 34,
(7) Ḡ0 has a normal extraspecial subgroup E of order 25 and Ḡ0/E

is isomorphic to a subgroup of S5, where v = 34,
(8) Ḡ0 = SL(2, 13), v = 36.

4. Primitive Subgroups of ΓL(4, q)

Theorem 301. (Kantor and Liebler [159, (5.1)])
Let H be a primitive subgroup of ΓL(4, q) for pr = q. Then one of

the following holds:
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(a) H ≥ SL(4, q),
(b) H ≤ ΓL(4, q′) with GF (q′) ⊂ GF (q),
(c) H ≤ ΓL(2, q2), with the latter group embedded naturally,
(d) H ≤ Z(H)H1, where H1 is an extension of a special group of

order 26 by S5 or S6 (here q is odd, H1 induces a monomial
subgroup of O+(6, q), and H1 is uniquely determined up to
ΓL(4, q)-conjugacy),

(e) H(∞) is Sp(4, q)′ or SU(3, q1/2),
(f) H ≤ ΓO±(4, q),
(g) H(∞) is PSL(2, q) or SL(2, q) (many classes),
(h) H(∞) is A5 (here H arises from the natural permutation rep-

resentation of S5 in O(5, q) and p 6= 2, 5),
(i) H(∞) is 2 · A5, 2 · A6 or 2 · A7 (these arise from the natural
permutation representation of S7 in O(7, q)),

(j) H(∞) = A7 and p = 2,
(k) H(∞) = Sp(4, 3), and q ≡ 1 mod 3 (this arises from the natural

representation of the Weyl group W (E6) in O+(6, q)),
(l) H(∞) = SL(2, 7), and q3 ≡ 1 mod 7 (here H(∞) lies in the
group 2 · A7),

(m) H(∞) = 4 · PSL(3, 4), and q is a power of 9,
(n) H(∞) = Sz(q), and p = 2.

5. Aschbacher’s Theorem

In this appendix, we list Aschbacher’s theorem with a few remarks
on the groups involved. We also give some results that rely on this
theorem, and to the main theorem of Guralnick-Penttila-Praeger-Saxl
[63]).

Let G0 be a non-Abelian simple group and let G0 E G ≤ AutG0.
In this case, G is said to be ‘almost simple.’ For example, if G0

is isomorphic to PSL(m, q) and G is a subgroup of PΓL(m, q) ≤
Aut(PSL(m, q)), the above situation would apply. Noting that a sub-
group M of ΓL(m,n) corresponds by M = M/(M ∩ (scalars)) to a
subgroup of PΓL(m, q), then for a group K of Γ = ΓL(m, q), we would
have G0 E K ≤ PΓL(m, q). In the following, we shall be describing
groups various subgroups of Γ or of Γ. In particular, there are eight
classes of such groups T either in Γ or Γ, which we shall denote by
C(T ).
Aschbacher’s theorem is:
Let Y0 be one of the following subgroups of GLd(q): SLd(q), Spd(q)

(if d is even), SUd(
√
q) (if q is a square), Ωε

d(q) (ε = ± is d is even, and
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ε = ◦ if d is odd). Let Y = GLd(q)∩Aut(Y0)◦Z, where Z ≤ Z(GLd(q)).
Then

Theorem 302 (Aschbacher). If d ≥ 2 and (d, q) 6= (2, 2) and
(2, 3) and let G be a subgroup of Y not containing Y0, then either
G ∈ ∪8

i=1Ci(Y ) or G ∈ S(Y ).

In the setting used for transitive t-parallelisms, Aschbacher’s theo-
rem would read:

Theorem 303. (Ashbacher (restricted form) Let G be a subgroup
of the classical group Γ ∼= ΓL(m, q). If PSL(m, q) � G, then either
G ∈ C(Γ) = ∪8

i=1Ci(Γ), or G ∈ S.
5.1. The Groups G ∈ ∪8

i=1Ci(Γ). In this setting, we assume that
there is a group H such that H0 E H ≤ AutH0, where H0 is a finite
non-Abelian simple group. We assume that G is a subgroup of AutH0

that does not contain H0 so that G ∈ ∪8
i=1Ci(Γ), or G ∈ S. Actually, in

the major part of our discussion for the transitive t-parallelism problem,
H0 will be PSL(k, q) and we may take G as a subgroup of PΓL(k, q) ⊆
AutH0. So, taking Γ as ΓL(k, q), and allowing that G is in Γ, we offer
an informal description of these preimage groups in ∪8

i=1Ci(Γ) taken
basically from [161], p. 3 table 1.2A.
C1(Γ) : a stabilizer of a totally singular or non-singular subspace (a

maximal parabolic group).
C2(Γ) : a stabilizer of a decomposition V = ⊕zi=1Vi, dimVi = a (e.g.,

a wreath product GL(a, qb) o St, k = at)
C3(Γ) : a stabilizer of an extension field of Fq ∼= GF (q) of prime

index (e.g., group extensions GL(a, qb).b, k = ab, b prime).
C4(Γ) : a stabilizer of a tensor product decomposition V = V1 ⊗ V2

( e.g., central products GL(a, q) ◦GL(b, q), k = ab).
C5(Γ) : a stabilizer of a subfield of Fq of prime index (e.g. GL(k, q0),

q = qb0, b prime).
C6(Γ) : normalizers of symplectic-type r-groups (r-prime) in ab-

solutely irreducible representations (Zq−1 ◦R1+2a).Sp2a(r), k = r2).
C7(Γ) : a stabilizer of a z-tensor product V = ⊗zi=1Vi, dimVi = a

(GL(a, q)◦GL(a, q)...◦GL(a, q)).Sz, k = az (where the central product
is taken over z-productands).
C8(Γ) : a classical subgroup (e.g., Spn(q), k even, Oε

k(a), q odd,
GUk(q

1/2), q a square).
Now to describe the class of groups of S, we consider the definition

given in Kleidman and Liebeck [161], p. 3.

5.2. The Subgroups of S. Although we shall consider more gen-
eral situations, assume that H0 is PSL(k, q), where we are adopting
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the notation of the previous subsection. In this setting, the subgroup G
of PΓL(k, q) or G in ΓL(k, q) lies in S if the following three conditions
hold:
(a) The socle S of G is a non-Abelian simple group.
(b) If L is the full covering group of S, and if ρ : L to GL(V ) is a

representation of L such that ρ(L)/ρ(L) ∩ scalar subgroup is S, then
ρ is absolutely irreducible.
(c) ρ(L) cannot be realized over a proper subfield of Fq.
In a more general setting, when H0 could be, say, PSUk(q), addi-

tional conditions are assumed. In general there are eight conditions to
fully describe the subgroups of S, for all possible situations.
Note also that we may consider G within ΓL(k, q) to be in S to

mean G is in S.
Remark 73. Some of the subgroups will be doubly notated by Pi.

This is also intended to indicate the stabilizer of a totally singular i-
dimensional subspace. Each such group is a maximal parabolic subgroup
(i.e., a maximal subgroup containing a Borel subgroup (see pp 179—181
[161] for further details)).

In particular, the groups P1 and Pn are then the stabilizers of a
point or a hyperplane in PG(n, q), respectively, assuming the original
vector space is of dimension n+ 1 over Fq.

Remark 74. If we assume that G is a subgroup of ΓL(n + 1, q),
then G acts on a projective space PG(n, q) as the lattice of subspaces
of a vector space V of dimension n + 1 over Fq. Again, recall that for
the preimage groups E in ΓL(n+ 1, q), we use E = E/(E ∩ (scalars)).

Now for a group R of Γ, define Ci(R) = Ci(Γ) ∩ R, and let C(R) =

∪8
i=1Ci(R). Then we let Ci(R) = Ci(R), so that C(R) = C(R).

6. Guralnick-Penttila-Praeger-Saxl Theorem

Theorem 304. (Guralnick-Penttila-Praeger-Saxl [63]) Let G ≤
GL(m, q) of order divisible by a primitive prime divisor of qe−1, where
1
2
m < e ≤ m. Then G is classified.

We sketch here the possible types. The classification is given in
terms of nine possible types, listed as examples (2.1)− (2.9).
It can be seen from the proof of Theorem 304 that, the geometric

classes Ci(Y ), where 1 ≤ i ≤ 8, yield to the Examples 2.1—2.5, while
the class S(Y ) yields to the Examples 2.6—2.9. The reader is directed
to the article for the details, but to give some idea of the results, we
give a brief description of the groups involved in this theorem, these
are as follows:
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Example 9. Let G∗ = G∩GL(n, q), for G considered within ΓL(n, q).
Let r be a p-primitive divisor of qn − 1, that divides |G|. Then exam-
ples (2.1) through (2.9) of [63] for p-primitive divisors of qn− 1 are as
follows:
(2.1) Classical examples. Assume also that r is a p-primitive divisor

of qe0−1, where GF (q0) is a subfield of GF (q). There are the four basic
types:
(a) SL(d, q0) C G, for d

2
< e ≤ d;

(b) Sp(d, q0) C G, for d
2
< e ≤ d, d even, e even;

(c) SU(d, q
1/2
0 ) C G, for d

2
< e ≤ d, q0 a square, e odd;

(d) Ω∈d (q0) C G, ∈= ±, when d is even, ∈= ◦, when d is odd, for
d
2
< e ≤ d.
(2.2) Reducible examples. If U is a subspace or quotient space of

dimension m ≥ e, and GU is the induced group on U of GL(U), and
GU has the primitive prime divisor property;
(2.3) Imprimitive examples. Let r = e + 1 ≤ d, the vector space

V = U1 ⊕ U2 ⊕ ... ⊕ Ud, where dimUi = 1, for i = 1, 2, .., d, G is a
subgroup of GL(1, q) wr Sd of GL(d, q) that preserves the decomposition
and G acts primitively on the set {U1, U2, .., Ud}. If e ≤ d−4, G induces
Ad or Sd on this set.
(2.4) Ac E G∗, where n+ 1 = c− 1 or n+ 1 = c− 2;
(2.5) M11 E G∗ < PGL(11, 3);
(2.6) M23 E G∗ < PGL(11, 2);
(2.7) M24 E G∗ < PGL(11, 2);
(2.8) J3 E G∗ < PGL(9, 4);
(2.9) PSL(2, w) E G, where n+ 1 = 1

2
(w + 1) and w is prime.

7. O’Nan-Scott Theorem

Theorem 305. If H is any proper subgroup of Sn other than An,
then H is a subgroup of one or more of the following subgroups:
1. An intransitive group Sk ×Sm, where n = k +m;
2. An imprimitive group Sk wr Sm, where n = km (a wreath prod-

uct);
3. A primitive wreath product, Sk wr Sm, where n = km;
4. An affi ne group AGL(d, p) = pd : GL(d, p), where n = pd;
5. A group of shape Tm.(Out (T ) ×Sm), where T is a non-Abelian

simple group, acting on the cosets of the ‘diagonal’subgroup Aut (T )×Sm,
where n = |T |m−1;
6. An almost simple group acting on the cosets of a maximal sub-

group.
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Finally, we mention:

8. Dye’s Theorem

Theorem 306. (Dye [50]) If r is a proper divisor of d, then the sta-
bilizer in GLd(q) of a r-spread of Vd(q) is a subgroup of GLd/r(qr) 〈σ〉,
where σ is a transformation of order r induced by an automorphism of
GF (qr).

9. Johnson-Montinaro t-Transitive Theorem

Theorem 307. Let P be a t-parallelism in PGn(q), q = ph, p a
prime, and let G be a collineation group of PG(n, q), which leaves P
invariant and acts transitively on it. Then t = 1 (the vector dimen-
sion is 2). Furthermore, the group G fixes a point or a hyperplane of
PG(n, q), and one of the following occurs:

(1) Z qn−1
q−1
E G ≤ Z qn−1

q−1
o (Zn.Zh);

(2) q = 2, P is one of the two regular parallelisms in PG(3, 2),
and PSL(2, 7) E G.

The main outline of the proof is as follows:
To be clear, we recall some definitions. Here a t-parallelism is a

partition of the t-dimensional subspaces of a finite vector space by a
set of mutually disjoint t-spreads.
We note that if we use the vector space dimension s for a s-parallelism,

the projective space version would be an s−1-parallelism. Here we use
the projective space dimension t, so that the result will show that t = 1.

Assume that G is a subgroup of PΓL(n+1, q) acting transitively on
a t-parallelism in PG(n, q). We then first show that G does not contain
the group PSL(n+1, q). In this situation, we may rely on Aschbacher’s
Theorem, which describes the subgroups of PΓL(n+ 1, q) that do not
contain PSL(n+1, q) as related to various classes of naturally occurring
groups. In particular, the maximal subgroups may be determined. In
our case, the group G will contain an element of order a p-primitive
divisor of qn − 1 and we may use the Guralnick-Penttila-Praeger-Saxl
Theorem 6 (types (2.4) through (2.9)) to eliminate possibilities that
arise using Aschbacher’s and Liebeck’s theorems. We have listed most
of the required technical results required for the reader to understand
the proof given here. However, the interested reader is advised that
there is also considerable reference to Kleidman and Liebeck [161],
and other technical material. As it is not practical to list here all of
the theory required, the reader is also directed to those articles for
explicit statements on the results used.
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We have listed some of the important results that are used in the
proof of the transitive theorem. For example, Dye’s Theorem 306 on the
subgroups preserving an s-spread, is listed as there is also considerable
use of this theorem.

There are some very strict Diophantine equations that arise when
dealing with transitive t-spreads. Since, we are using the projective
dimension, again a t-spread in PG(n, q) occurs only if t + 1 | n + 1.
Hence n+ 1 = (s+ 1)(t+ 1) for some positive integer s. Furthermore,
if W is a t-spread of PG((s+ 1)(t+ 1)− 1, q), then

|W| = q(s+1)(t+1) − 1

qt+1 − 1
.

If P is a t-parallelism of PG(n, q), it is easily seen that

|P| =
t∏

j=1

q(s+1)(t+1) − qj
qt+1 − qj .

Definition 126. Two t-parallelisms P1 and P2 in PGn(q) are iso-
morphic (or equivalent), if there is an element ϕ ∈ PΓLn+1(q) such
that P1ϕ = P2.

Now, consider a t-parallelism P of PGn(q) and a subgroup G of
PΓLn+1(q) acting transitively on P. Denote by Gˆ the inverse image
of G in ΓLn+1(q). So G is isomorphic to Gˆ reduced modulo Gˆ ∩
Z(GLn+1(q)). Let W be any t-spread of the parallelism P. Hence,
[G : GW ] = |P| as G is transitive on P. Denote by Gˆ

W the inverse
image in Gˆ of GW . Since the center of GLn+1(q) fixes each t-subspace,
then

|P| = [G : GW ] =
[
Gˆ : Gˆ

W
]
.

Now, let X = Gˆ ∩ GLn+1(q) and XW = Gˆ
W ∩ GLn+1(q). Then

Gˆ/X ≤ 〈f〉, where q = pf . Moreover, Gˆ
W/XW is isomorphic to a

subgroup of Gˆ/X, and

(43.1) |P| =
[
Gˆ : Gˆ

W
]

= f1 [X : XW ] ,

where f1 is a divisor of f .
Note that, as G is transitive on P, and

|P| =
t∏

j=1

q(s+1)(t+1) − qj
qt+1 − qj

then pfn − 1 divides the order of G and, of course, divides the order
of Gˆ. Now we would like to use basic theory of p-primitive divisors of
pz − 1, which exist unless pz = 64 or z = 2 and p+ 1 = 2a. Therefore,
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either we have pfn = 64 or there exists a primitive prime divisor u of
pfn−1 dividing the order of Gˆ. However, since, n+1 = (s+1)(t+1),
with s, t ≥ 1, the 64-case cannot occur.

Therefore, the order of Gˆ is divisible by a p-primitive divisor u. It
is not diffi cult to show that any group of order u is linear so u divides
the order of X, where X ≤ GLn+1(q). Now as we have a p-primitive
divisor of qn − 1 dividing the group in question, we may use Theorem
304 in order to determine the structure of X.
Finally, since GW leaves invariant a t-spread in PGn(q), we may

use Dye’s Theorem 306. (Note that the terminology is mixed here, in
Dye’s theorem an r-spread refers to the vector space dimension), so
that GW is a subgroup of GLn+1

t+1
(qt+1) 〈σ〉.)

Now the idea is to show that our group X in GL(n + 1, q) cannot
be one of the possible examples of Theorem 304, where the p-primitive
element divides qn − 1. Hence, since (n + 1)/2 < n ≤ n + 1, we may
apply Theorem 304. The reader should be alert to the fact that we
shall be using this theorem twice for what seems like the same groupX.
What we actually do is to begin with X as a subgroup of GL(n+ 1, q)
admitting a p-primitive divisor of qn−1 and basically rule out Example
2.1. We then realize X as a subgroup of GL(n, q) and push the group
through this sieve again to establish what shorts of subgroups X could
possible contain.
Continuing our discussion, the remainder of the proof without the

proofs are as follows:

Lemma 95. The group X is not listed in Example 2.1 of Theorem
304.

Proof. Assume that X is one of the groups listed in Example 2.1.
Then one of the following occurs:

(1) SLn+1(q) E X;
(2) SUn+1(q) E X for n even;
(3) SUn+1(

√
q) E X, for n odd and q square;

(4) Ωn+1(q) E X for n even and q odd;
Then we use Dye’s Theorem 306 on spreads and arguments

are p-primitive divisors to rule out the various cases.
�

Lemma 96. The group X is isomorphic to a subgroup of GLn(q).
Furthermore, X fixes either a 1-dimensional subspace or a hyperplane
of Vn+1(q).

Proof. For the p-primitive examples corresponding to the Exam-
ples 2.6-2.9 of Theorem 304 n+ 1 is a primitive prime divisor of qn−1,
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contradicting the fact that n + 1 = (t + 1)(s + 1), with s, t ≥ 1.
The remaining argument uses technical material principally from [161],
Proposition 4.1.17. �

Since X = Gˆ ∩ GLn+1(q), where Gˆ is the inverse image of G in
ΓLn+1(q), it follows from the previous lemma that, the group G fixes
a point or a hyperplane of PGn(q).
Since X is isomorphic to a subgroup of GLn(q) containing an ele-

ment of order a primitive prime divisor of qn−1, we may apply Theorem
304 in order to obtain further information on the structure of X. Note
that our previous lemma concerning Example 2.1 excluded the classi-
cal groups groups possible based on X as a subgroup of GL(n + 1, q),
where it would be asserted that X contains a particular group as a
normal subgroup. When considering X as a subgroup of GL(n, q), it
then might be possible to X to contain an analogous group of different
order. This is essentially what occurs.

Lemma 97. The group X belongs to either Example 2.1 or the Ex-
amples 2.4. (b) of Theorem 304

Proof. It is straightforward to see that the cases corresponding
to the Examples 2.2, 2.3, 2.4.(a), and 2.5 are immediately ruled out.
Furthermore, by Theorem 3.1 of [8] and by bearing in mind that n+1 is
a composite number, the cases corresponding to the Examples 2.6—2.9
of Theorem 304 lead to the following admissible cases for X:

(1) A7 E X ≤ PΓL3(25);
(2) Z3.J3 E X < PGL(9, 4);
(3) PSL2(7) E X ≤ PΓL3(q), where q = 2, 9 or 25;
(4) PSL2(11) E X ≤ PΓL5(4);
(5) PSL2(17) E X ≤ PGL8(2);
(6) PSL2(19) E X ≤ PΓL9(4);
(7) PSL2(41) E X ≤ PGL20(2).

Nevertheless, by using [35], none of (2)-(7) satisfies the equation
d(X) = |P|, where d(X) is a transitive permutation representation of
X. Hence, these cases cannot occur, and the proof is thus completed.

�

Lemma 98. t = 1, and one of the following occurs:

(I) P is one of the two regular parallelisms in PG3(2) and PSL2(7) E
G

(II) X ≤ GLn/b(q
b) · b.
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Proof. By Lemma 97, the group X is listed within the Example
2.1, or within the Example 2.4(b)) of Theorem 304. In particular, one
of the following occurs:

(1) SLn(q) E X;
(2) Spn(q) E X;
(3) SUn(q) E X for n even;
(4) Ω−n (q) E X for n even;
(5) X ≤ GLn/b(q

b) · b, b > 1, is an extension field example.
To see that the projective t-parallelism forces t = 1, we recall that

|P| =
t∏

j=1

qn+1−j − 1

qt+1−j − 1
.

Assume that t ≥ 2. Then n− 1 ≥ 4, and by arguing as in Lemma
95, we obtain (p, f(n − 1)) 6= (2, 6). Therefore, X is divisible by a
primitive prime divisor of qn−1 − 1, and hence only the case where
SLn(q) E X is admissible. Then, by (43.1), the group XW contains
a Sylow p-subgroup of X, which has order qn(n−1)/2. On the other
hand, XW ≤ GLn+1

t+1
(qt+1).Zt+1 by Theorem 306. Hence, a Sylow p-

subgroup of XW must have order q
n+1
t+1

(n−t) at most. Consequently,
n(n− 1)/2 ≤ n+1

t+1
(n− t), which is clearly impossible for t ≥ 2.

The remaining groups are ruled using Dye’s Theorem and technical
results from Kleidman and Liebeck [161]. �



CHAPTER 44

The Diagram

Of course, the diagram is supposed to simultaneously represent
flocks of hyperbolic quadrics as well as flocks of quadratic cones, and
maybe parallelisms of these structures.
The very obvious clue to decoding the diagram is ‘what does the

red indicate?’Those of you who knew me back in the day recall when
I had red hair as well as ‘una barba rossa’will explain the red. But the
red has a nice shape also, the hint being: What is 14? Unfortunately,
there is a bit more– what do the yellow points above the 14 suggest
(think noble thoughts)?
In any case, in spite of the tedious explanation of the diagram, I

very much hope you enjoyed the book
– Cheers, Norm Johnson
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